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Abstract

We apply the general results of companion paper [1] on
the relationship between identification and local tests,
to the estimation of convergence rates for MIMO system
eigenstructure identification using subspace algorithm-
s. We provide a new and practical estimator for such
convergence rates.

1 Introduction

This paper is a follow-up of [1]. In the latter reference
we examine relationships between the consistency of so-
called M-estimators, the local asymptotic normality of
statistics for change detection, and the asymptotic nor-
mality of estimators. And we use this relationship for
proposing an alternative approach to estimate the con-
vergence rate of identification procedures for general
M-estimators.

In this paper we apply this approach to the interesting
case of subspace methods for eigenstructure identifica-
tion. We first briefly review the results of [1]. Then
we state the problem of eigenstructure identification.
In section 2 we discuss system theoretic issues relat-
ed to eigenstructure identification. Then in section 3
we derive our main results by exploiting Central Limit
Theorems for local test statistics in order to derive esti-
mators for the convergence rates of subspace algorithms
for eigenstructure identification.

1.1 On the relationship between identification
and testing

Here we briefly review the results of [1], and cast them
under the notations of the present paper. We consider
an observation process (Y1,Y2,...) and try to estimate
parameter 6 of its distribution Py as a solution gn of
Z?:l H(ea}/l) =0:

~

O, = argy : > H(H,Y;)=0. (1)
=1
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Of course this is based on our knowledge that the true
parameter 6, satisfies!:

Ey [H(6,,Y:)] = 0. (2)

The obtained estimator is called an M-estimator [9].
This estimator corresponds sometimes to a quasi-
likelihood estimate 6,, = argming Y . | G(6,Y;), where
G is the quasi-likelihood 2. However, in some cases e-
quations like (1) are solved and H is not the gradient
of any function G. An interesting case is that of the
subspace methods, which we investigate in detail in this

paper.

In [1] we study the distribution under P, v of the

following statistics, which is directly related to M-
estimator (1):

We show that, for n large,

under Py U, ~N(0, 2(0)) (4)
under P, 5+ Up~ N (—h'(o) g, 2(9)) (5)
where
ww = +o. (vaey), )

= =V (Ep.[H(6,Y))) 6)

0, =16
where the two different, but equivalent, expressions for
h'(6) result from the identity

Ey [HB,Y;)]=0 iff §=0,.

The important point in (4,5) is that covariance matrix
¥(0) is the same under both distributions.

Next, assuming that the (Y;) are drawn from distribu-
tion Py, (i.e., Oy is the “true” underlying system pa-
rameter), then, for # — 6, small, one has

Un(6) (7)

L Notation Fy denotes expectation under distribution Py.
2 For f(x,y) a function, we shall denote by V., f the partial
derivative of f w.r.t. z, when it exists.




S ACARE (2 WH(e*,Yi)) (6 6.)vn

Since é\n is characterized by the equation Un(é\n) =0,
we get, using (7) and the law of large numbers,

~

\/T_l(en -6, = _hl(e*)_l Un(0) (8)

and we deduce immediately the Central Limit Theorem
for 6, from the asymptotic behavior of the statistics U,,.

Besides its interest for its own, this relationship between
0, and U, (6) has a practical interest. The Central
Limit Theorem for M-estimators states (see [1]) :
Vi, —0,) -5 N(0,h(8,) TS(0,)h (0,) ")
(9)

where h'(f) is defined in (6) and

S = R(0)+ > R(i)+R@)T (10)
i>0
R(i) = Cov(H (0, Y1), H(0x,Yis1)) (11)

While estimating or calculating the sensitivity matrix
h'(f) is most of the time easy, estimating or calculat-
ing matrix ¥ often leads to illconditioned estimates. In
contrast formula (8) suggests that it is enough to es-
timate the covariance matrix of U, (), which can be
safely achieved from drawing samples of this statistics.

In fact, a good estimate for ¥ is obtained by taking an
empirical estimate for the covariance matrix of U, ('),
for 8" close enough to the true system 6,. In partic-
ular, one can bootstrap this estimate by taking for 6’
the actual estimate 6 for 6,. One straightforward im-
plementation of this idea is as follows. Given estimate
f and a validation data sample Y7, ..., Yy where N is
large enough,

1. divide Y7,...,Yy into K blocks of length n

2. construct UF (5) for the kth block

3. estimate empirically the covariance of
(U (0))k=1,...x

In this paper, we apply the above general method to
the interesting case of subspace methods for output-only
eigenstructure identification.

1.2 The problem of eigenstructure identification
We consider linear multi-variable systems described by
a discrete-time state space model :

(13)

Xiy1 = FXp+eg
Y. = HXip -+

where state X and observed output Y have dimension-
s m and r respectively. The state noise process ()
is an unmeasured Gaussian white noise sequence with
zero mean. We assume noise € to be stationary, that is
of constant covariance matrix. The measurement noise
process (V) is assumed to be an unmeasured MA(¢)
Gaussian sequence with zero mean. In the sequel, we
use the notational convention that ¢ = —1 for no mea-
surement noise, and ¢+ = 0 for white (i.i.d.) measure-
ment noise. Note that, with this MA assumption for
its structure, measurement noise does not affect® the
eigenstructure of system (13).
def T .

Let G = E (XY,") be the cross-correlation between
state Xy and observation Y}, and let :

H
HF

0, = . and (14)
HFr !

¢, = (G FG Frl@ )

be the pth-order observability matrix of system (13) and
controllability matrix of pair (F,G), respectively. We
assume that, for p large enough, both observability and
controllability matrices have full rank m. The problem
we consider is

to identify the observed system eigenstruc-
ture, that is the collection of m pairs (A, ¢y),
where A ranges over the set of eigenvalues of
state transition matrix F, ¢ = Hp)y and @)
is the corresponding eigenvector.

In all what follows, we assume that the system has no
multiple eigenvalues, and thus that the A’s and ¢,’s are
pairwise complex conjugate. In particular, 0 is not an
eigenvalue of state transition matrix F'. The collection
of (X, ¢») provides us with a canonical parameterization
of the pole part of system (13). In the sequel, referring
to vibration monitoring [5], such a pair (A, ) is called
a mode. The set of the m modes is considered as the
system parameter 6 :

(L)

In (15), A is the vector whose elements are the eigen-
values A, ® is the matrix whose columns are the ¢,’s,
and vec is the column stacking operator. Parameter 6
has size (r+1)m. The problem is to identify parameter
vector 6.

Note that we take the important assumption that ex-
act model order m is known. Clearly this is not a

3 The same would not hold true with an AR assumption for
the measurement noise structure.



realistic assumption in practice. But this is an accept-
able assumption for the theoretical task of providing
convergence rates for subspace algorithms for MIMO
system eigenstructure identification.

2 System theoretic issues and eigenstructure
identification

In this section, we present a variant of subspace algo-
rithms for output only, eigenstructure identification for
MIMO systems. For general references on subspace al-
gorithms, the reader is referred to [10, 11, 12, 13]. The
variant we consider here is not using raw data as in-
put, but rather covariance matrices from data, but it
has been recognized that this is a minor modification.
Also, compared with [10], we do not consider weighting
matrices. The reason is that is has been shown in [5]
that weighting matrices play no role when exact model
order is known, which we assume here.

The arguments presented here are well known [12], we
just state them here for the sake of clarity and com-

pleteness. We are given a sequence of covariances :

R; L ) (Ykﬂ YkT) of output Y}, of a state space mod-

el (13). For ¢ > p+1, let Hpi1,4 be the block-Hankel
matrix :

Ri41 Rys ... Ry
RL+2 RL+3 N RH—q—i—l

fHP+Lq = : : .. (16)
Riipia Riipiq

As mentioned above, integer ¢ reflects the assumed cor-
relation in the measurement noise sequence (vg)i. It
should be considered as a design parameter for the pro-
posed algorithms.

Choosing the eigenvectors of F' as a basis? for the s-
tate space of model (13) yields the following particular
representation of the observability matrix introduced in
(14) :

¢

PA
Opr(0) = | . (17)

DAP
where diagonal matrix A is defined as A = diag(A),

and A and @ are as in (15). For any other state basis,
the observability matrix Oy, can be written as :

Opt1=0pa(0) T (18)

for a suitable m x m invertible matrix T". Because of the
definition of Hp41,4, Op and C; in (16) and (14), a direct

4 This is called the modal basis in the vibration monitoring
application [3].

computation of the R;’s from the model equations :
R,4j+1 = H F*H+L @G, for j > 0, leads to the following
well known factorization property :

Hpt1,g = Opp1 (FT1Cy) (19)

From (19), (17) and (18), we get that the following
property characterizes whether some parameter 6, a-
grees with a given output covariance sequence (R;);
[12]:

Op+1(6x) and Hpy1,4

have the same left kernel space, (20)
where we recall that the left kernel space of matrix M

is the kernel space of matrix MT. Property (20) can be
checked as follows :

1. From @ as in (15), form O,41(0).

2. Pick an orthonormal basis of the left kernel space
of matrix Op11(f), in terms of the columns of
some matrix S of co-rank m such that :

sTs = I, (21)
ST 0,41(0) 0 (22)

Matrix S has dimensions (p + 1)r X s, where
s = (p+ 1)r —m, and it is not unique; it can be
obtained, for example, by the svD-factorization
of Opt1(0). Even though S is not unique, in the
sequel we regard it sometimes as a function of
parameter § and denote it by S(6).

3. Then, (20) rephrazes as follows:
ST(Q*) Hpt1,4=0, (23)

compare with (2).

When only sample data are available, not the exact
covariance matrices R;, the idea is to replace, in the
step 3 above, the exact Hankel matrix H,41,, by its
estimate ﬁpﬂﬂ based on sample covariances from data.
Therefore we get the M—estimator

b = argy | ST (0) 7-Alp+17q = 0] (24)
compare with (1).

In (24), the empirical Hankel matrix 7-A[p+17q has not
rank m_but generically full rank, therefore equation
ST () Hpi1,4 = 0 is to be understood as follows: S(6)
shall be orthogonal to the subspace generated by the m
principal left singular vectors of H,11,4. Therefore the
map R R R R

Hpt1,g—+ S +— Opr1 — 0

is implemented via

~ ~ -~ ~

Hpt1,0 = (Opt1,Cy) —> 0



~ ~ AT
where Hyy1,4 = Op11 Co (CL = F'T' C,), is obtained
via the truncated SVD of ﬁpﬂyq. And this is (one ver-

sion of) the wellknown subspace algorithm for eigen-
structure identification.

3 Deriving convergence rates for
eigenstructure identification from subspace
tests

Here we show how the general procedure of the intro-
duction applies to this case. This is based on (1,2,3) on
the one hand, and (23,24) on the other hand.

3.1 Subspace-based tests

We first explain how subspace-based tests are designed.
Assume we have at hand a nominal model 6, and newly
collected data Yi,...,Y,. Compute the empirical co-
variance sequence : Ej ef 1/(n — j) ZZ;{ Vi YL
Then, perform steps 1 and 2 of section 2, and replace
step 3 by :

3. Define the residual vector :
Un(0) < Vi vee (ST(0) Hyiry ) (25)

where ﬁpﬂﬂ is the empirical block-Hankel ma-
trix obtained by substituting R; for R; in (16).

3.2 Estimating the convergence rate

We apply the general method described in the intro-
duction. Referring to (9) we need to estimate the pair
(h',%). Covariance ¥ is estimated using the procedure
(12). Therefore we only need to estimate h', this is
detailed next.

IEstimation of h'. n this section, we investigate the
estimation and the rank of the Jacobian matrix h'(6)
of a residual of the form (25).

From (6), second expression for h'(#), and denoting by
0, the true system parameter corresponding to Hankel
matrix H, we get :

W) = Vo vee(ST(0) Hprra)|,_y, -
which also writes :
W(@) = Vo, vec(ST(0) Opra(8) FT Co)|,y.
thanks to factorization (19) of the Hankel matrix.

Hence, denoting by O, ,(f) the derivative of Op1(6)
wrt. 6, we get :

1 (6) (26)
= (¢] F' T e15%(6) 0,,,(0.)
= 870 (Cg F'"' T & Ipsnyr) Oppr(6)

= ST0) (Hfrry O3 02 @ Ity ) Opi(02)

The last equality, where O;r, +1(0) is the pseudo-inverse
of Op+1(6), is obtained using factorization (19) again.
A consistent estimate M. , based on a data sample, is
obtained by substituting H for H in (26). We refer
the reader to [5] for an analytical expression for the
derivative O, (6), as well as considerations about the
rank of matrix h'(9).

4 Conclusion

In this paper we have proposed an estimator for the
convergence rate of output-only, MIMO system, eigen-
structure identification, using subspace algorithms. We
have assume full knowledge of model order. In addition,
the estimate we propose is well conditioned, practical,
and of reasonable cost. This was made possible thanks
to general results on the relationahip between identifi-
cation and local tests.
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