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Abstract —In subspace methods for linear system iden-
tification, the system matrices are usually estimated by
least squares, based on estimated Kalman filter state
sequences and the observed inputs and outputs. For
an infinite number of data points and a correct choice
of the system order, this least squares estimate of the
system matrices is unbiased. However, when using sub-
space identification on a finite number of data points,
the estimated model can become unstable, for a given
deterministic system which is known to be stable. In
this paper, stability of the estimated model is imposed
by adding a regularization term to the least squares
cost function. The regularization term used here is the
trace of a matrix which involves the dynamical system
matrix and a positive (semi-)definite weighting matrix.
The amount of regularization needed can be determined
by solving a generalized eigenvalue problem. It is shown
that the so-called data augmentation method proposed
by Chui and Maciejowski corresponds to adding reg-
ularization terms with specific choices for the weight-
ing matrix. The choice of the identity matrix for the
weighting matrix is motivated by simulation results.

Keywords: stability, subspace identification, regular-
ization, ridge regression

1 Introduction

The linear combined deterministic-stochastic identifica-
tion problem is concerned with systems and models of
the form:

Tpt1 = Az + Buy + wy, (1)
yr = Cuap+ Dug + vy (2)

IKatholieke Universiteit Leuven, Dept. of Electrical En-
gineering ESAT-SISTA, Kard. Mercierlaan 94, B-3001
Leuven, Belgium. T. Van Gestel, J.A.K Suykens and B.
De Moor are a Research Assistant, a Postdoctoral Re-
searcher and a Research Associate with the Fund for Scientific
Research-Flanders (FWO-Vlaanderen), respectively.  Email:

{tony.vangestel,johan.suykens,bart.demoor}@esat.kuleuven.ac.be.

Tel. +32 (16) 32.17.09. Fax. +32 (16) 32.19.70.

2pP. Van Dooren is Professor at the Catholic University
of Louvain, Dept. of Mathematical Engineering, Av. Georges
Lemaitre 4, B-1348 Louvain-la-Neuve, Belgium. Email:
vdooren@csam.ucl.ac.be. Tel. +32 (10) 47.80.40. Fax. +32
(10) 47.21.80

with!

E([ﬂ[‘“’f){%ﬂ%zo. o

Up Up

The vectors ur, € R™ and y; € R with discrete time
index k denote the m inputs and [ outputs of the sys-
tem respectively. The n states at the time index k of
the system with order n are denoted by the state vector
xzp € R™. The process noise wr € R” and the measure-
ment noise v, € R are assumed to be zero mean, white
Gaussian with covariance matrices as given by (3). The
model matrices A, B, C, D and the covariance matrices
@, S, R have appropriate dimensions. Both the deter-
ministic and stochastic identification problem are spe-
cial cases of the combined identification problem, with-
out noise inputs wy = 0 and v = 0 in (1)-(3) and no
deterministic inputs ug = 0, respectively.

The system identification problem is stated as follows:
given a large number of observations of the input uy and
the corresponding output y; generated by the unknown
system (1)-(3), determine the system order n of the
unknown system (1)-(3) and the estimates A, B,C, D
up to within a similarity transformation together with
the estimated noise covariances matrices Q, S , R so that
the second order statistics of the output of the model
and of the given output are equal (or equivalent in the
sense of Faurre [7]).

In the last decade, so-called subspace identification
methods [7] have been developed. Typically, in a first
step, Kalman filter state sequences X; € R"*J and
X’Hl € R"*J of the system are estimated directly from
input-output data using geometric operations of sub-
spaces spanned by the column or row vectors of block
Hankel matrices formed by input-output data. The out-
put data block Hankel matrix Yp|;_; is constructed from

the observations yo,y1,...,Yit+j—2 as follows:
Yo Y1 ..o Yj1
e R A
Yi-1 Yi - Yitj—2

where i is a user defined dimension with ¢ <« j and
the subscript 0|i — 1 denotes the time indices of the

LE denotes the expected value operator and dpq the Kronecker
delta. It is assumed that the process is stationary and ergodic:

Elaxb]] = 1imj%o[;¥ I_oaibl].



outputs in the first column of Yp;_;. The input data
block Hankel matrix Up|;_; is constructed in a similar
way. The calculations are performed in a numerically
reliable way, based on the singular value decomposition
(SVD) and QR-decomposition (see [7] for details).

After the _estimation of the Kalman filter states se-
quences X, and Xz+1 in the first step, the sys-
tem matrices (A, B,C, D) of the combined stochastic-
deterministic 1dent1ﬁcat10n problem are identified in the

second step:
A B X;
¢ D Uiji

Motivated by consistency results [7] for j — oo, this
optimization problem is solved in a least squares sense.
However, when identifying on a finite number of obser-
vations (finite j), the least squares estimate does not
always yield a stable system [2], while often the real
system is known to be stable. For a finite number of
data points, this may e.g. occur in the presence of high
noise levels or when overparameterizing the system by
choosing a too high system order. A discrete time linear
system is called stable when it has all its poles inside
the unit disk or when there exists a positive definite
matrix P = PT > 0 of appropriate dimension such
that APAT — P < 0. In this paper, stability of the sys-
tem is imposed by adding a regularization term to (4).
Usually, regularization is done by adding the norm ||6]|2
of the parameter vector 6 to the cost function J(8) of
the optimization problem [1, 3, 6]. The resulting 6 is
then obtained as the solution of the minimization prob-
lem ming J(8) + ¢||0]|2. In this paper, a new and spe-
cific type of regularization term is used: stability is
obtained by adding the trace of product of the system
matrix, a positive semi-definite matrix W > 0, and
the transpose of the system matrix, Tr(AW AT), to the
cost function (4). Upper bounds for the spectral ra-
dius are obtained and it is shown that the calculation
of the amount of regularization needed to obtain a spe-
cific spectral radius boils down to solving a Generalized
Eigenvalue problem.

N 2
Xit1

Yis (4)

min
A,B,C,D

F

Also for the stochastic identification problem, the least
squares estimate

2
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min ;i & [ Yi|i [ 19, . (5)
does not always yield a stable system. Since the

stochastic identification least squares estimate (5) is a
special case of the combined estimate (4) with U;; = 0,
in the sequel of the paper, the more general case of
stability of (4) is discussed.

This paper is organized as follows. In Section 2, the
use of regularization to impose stability is explained.
In Section 3, the use of regularization is motivated by

simulation results. This paper is a companion paper
of [8], which contains all the proofs. Instead, this paper
focuses on the simulation results.

The eigenvalues and singular values of a square matrix
A € R"™™ are denoted by A;(A) and o;(A) respectively,
fori =1,...,n. The spectral radius of A is denoted by
p(A) = max;—1. . n|Ai(A)]. The minimal and maximal
singular value of A is denoted by o(A) and 7(A), respec-
tively. The trace of the matrix A is denoted by Tr(A)
and the matrix norm (M AM 1), with M € R**" a
non-singular matrix of appropriate dimensions, is de-
noted by ||A||a. The Kronecker product of two matri-
ces X and Z is denoted by X ® Z.

2 Stability by using Regularization

The estimation problem that we consider is the follow-
ing: given the matrices Xz+1, Y‘Z, X; and U; i|i from the
first step, estimate the model A, B, C, D. The least
squares estimates (4) and (5) do not guarantee a sta-
ble A matrix for given finite data, while often the true
linear model (1)-(3) is known to be stable.

The least squares solution of (4) for [A B] is given by:

-1

X XT XU
' 1 (6)

48] = - i o) [ 15, M0

(3

For a finite number of data points, the estimates of X;
and X;41 may result in an unstable estimate of the
system matrix A in (6).

Stability of the model can be imposed by adding a reg-
ularization term to the cost function from which (6) is
determined, i.e.:

ming gz J(/IC,B) = JI(A(,')B) + CJQ(/IC): (7)

with
Wie,B) = |[Ken (4B ST ULY|[ @
R(A) = AQIF =AW, (9)

The amount of regularization is characterized by the
positive real scalar ¢ and by the positive semidefinite
matrix W = QQT > 0. The optimal solution to (7) is
then given by?:

[A. B] = [ABExu(Exu+cW)™t,  (10)
with
. X, X7 X; Ullz W Oixm
PxU= Uili)z? Uzlelz o We= |:0m><ﬁ 0m><m:| (1)

2In the sequel of this paper, estimates from (6) are denoted
by A and estimates from (7) by A.



In [3], regularization (ridge regression) is used to obtain
a reduction in the variance of the estimate, while allow-
ing for a (small) bias. The regularization parameter c
is chosen in such a way that a cross-validation weighted
square error is minimized. One typically uses W = I,
motivated by [4]. In this paper, the regularization pa-
rameter c is chosen such that a stable system matrix is
obtained, i.e. p(A.) < 1 or such that A, has a spectral
radius p(AC) smaller than =, i.e., A.PAT —~42P < 0,
with P=PT >0and v a p031t1ve real constant.

The use of regularization to obtain a stable system ma-
trix estimate A. is motivated by the following inequal-
ity:
1AW 3|3 = Te(AWAT) = S0 [os(AW3))?
> Y aW)os(Ao)P > a(W) i, (A

Let A, = ASxy(Sxu +cW.)~! denote the solution A,
of (7) for a given ¢, it follows from the optimality of the
least squares estimate (10) that Jy(A.,) < Ja(A,,) for
c1 < ¢, i.e., the regularization term evaluated at the
corresponding solutions for ¢ is a non-increasing func-
tion of ¢. However, the spectral radius p(A,) is not al-
ways a monotonically decreasing function for increasing
c. In the sequel of this Section, this behavior is charac-
terized in more detail by deriving an upper bound for
p(A.) and by calculating the amount of regularization
needed to obtain p(A.) = v < 1. We refer to [8] for all
the proofs.

The relation between A and A, is given by (10). By
defining

L [A B 4[4 B
A=, | a=|, | a2

mxﬁomxm meLOme

we have that the eigenvalues A(A.) of A, are equal to
the 7 eigenvalues of largest modulus of the (extended)
square matrix A.. Given (10), the influence of regular-
ization on the eigenvalues of A is given by the relation
A, = A ZXU(ZXU +cW,)~!. However, the increase in
dimensionality from 7 to 7 + m can be avoided:

Lemma 1 Let 3, be defined as
S = Xi X[ = XU (U U T U X (13)
then the eigenvalues of A are equal to

MAL) = MA S, (S + W)™, (14)

By using the QR-decomposition
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it is easﬂy shown that Es = R22R22 or Zs = X X
with X, - X; UT(U‘ZUZlTZ) U‘Z An upper bound

ie
for the spectral radius p(A.) can be formulated as fol-
lows:

Theorem 1 Let W > 0, then the following upper
bound holds for p(Ac):

7(Ry ARL)

p(Ae) <
1+ co(Ry WRy)

(15)

From this upper bound, it follows that
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p(Ac) <y for >

This Theorem tells us that the upper bound (15) for
the spectral radius p(A,) is a monotonically decreasing
function for increasing ¢. Hence, we can always find a
¢ to impose stability.

In the next Theorem, conditions are derived to obtain
p(A.) <+, with v > 0 a positive real scalar.

Theorem 2 Given XH_l, XZ, Uiji, Yiji and W. Let the

matriz 3, be defined by (13). Let v > 0 be a positive
real scalar and let A, and A, be estimated as in (4)
and (10). Let the matrices Py, Py and Py € R**" pe
defined as follows: Py = —yW @yW, P, = —AyW @, —
723 QW, Py = fif]s ®Afls —725 ®7fls. Define the set
of eigenvalues ¥ of the Generalized Eigenvalue problem

o ([ ][ RD: o

Then p(A.) < v, for ¢ > ¢y = max;y,cp+ Vi, with
p(Ae,) =7

For high order systems, a large Generalized Eigenvalue
Problem (16) of dimension 272 has to be solved, hence
requiring O(n%) operations. When 7 is large, an itera-
tive algorithm to determine the value of ¢, is proposed
in [8]. The algorithm requires O(n?) operations per it-
eration step and the simulation results indicate linear
convergence. The problem can also be formulated as a
real stability radius problem with one repeated block
for which a fast algorithm exists [5].

Now, we show that the so-called data augmentation
method of Chui and Maciejowski [2] corresponds to
adding regularization terms to the least squares cost
function with specific choices for the weighting matrix
W. In the method of [2], the non-steady Kalman filter
state sequences Xi, Xi+1 are iteratively augmented by
appending ,/c,V;, and 07x1 (\/Q[Vq V/] and 0jx2) re-
spectively, for each unstable pole A, (pole pair (Ay, A}))
with corresponding normalized right eigenvector V),
(right eigenvector V; and its conjugate V). The in-
puts U;); and outputs Yj); are extended by appending
null vectors of appropriate dimensions. The constant
¢p ( ¢q for a complex pole pair) is determined such that
the magnitude of the stabilized pole is M, where M > 0



is chosen by the user. The other eigenvalues are not
changed.

For the case of one real unstable pole, this method cor-
responds to minimizing the following cost function in
least squares sense:

_min || X1 —Aca X —BemUl| b+ cpl [ Acm V[,
Acwm,Bewm

with the regularization term c¢,||AcyV]|Z =
CCMTr(ACMVVTAgM). More regularization terms
are iteratively added for each other pole or pole
pair with amplitude larger than . Hence, the data
augmentation method of Chui and Maciejowski [2]
corresponds to the following weighting matrix in the
regularization term (7):

cTr(AWAD) = > ¢ Tr(AV,V,FAT)
unstable poles p
+ Z chr(ANC[Vq Vq*][vq Vq*]TAZ)v
unstable pole pairs ¢

or cW = Zp chprT + Zq cglVy Vi1V, Vq*]T, which

can be considered as a special case of ¢Jz(A4), with

J2(A) from (9).

3 Simulation results

In this Section, the use of regularization to impose sta-
bility of the estimated system is illustrated by means of
two examples. In the first example, the original system
has order n = 3 and the effects of high noise levels for
both process and measurement noise, over-estimating
the system order and a small number of given data
points are illustrated. In the second example, a model
obtained from data of an industrial dryer [2] with order
n = 10 is used.

For the first example, the original system is given by:

05 0 0 10 117
A= 0 065070|, B=|1|,c= 1], 17
0-0.700.65 1 1

with D = 1. The known input u; has a standard nor-
mal distribution. The influence of the noise level of
covariance matrices @, R, S (3) is illustrated. For the
weighting matrix W, the identity matrix W = I is
chosen [1, 3, 4]. The evolution of the spectral radius
p(A,) and the different parts of the cost function (7) as
a function of ¢ is depicted in Figure 1 for an estimated

unstable system with system order n = 3.

Monte Carlo simulations were used to compare the per-
formance of the following 3 identification methods: a)
N4SID [7] with full (SI) and with reduced system or-
der (SIr), where the system order was reduced until a

stable estimate was obtained; b) (full order) subspace
identification with regularization in the sense of Chui
and Maciejowski (CM); c¢) (full order) subspace identi-
fication with regularization with W = I; (Reg). The
following performance criteria were used:

1. the difference between the impulse response (IR)
of the true deterministic system (17) and of the
estimated deterministic system: ((D — D)% +
S HCATIB — CA1B)?)3, for k = 10 and
k = 50 respectively.

2. mean(var(A;;)): the mean of the variances the el-
ements of estimated system matrix A, where the
variance is taken over all Monte Carlo simulations
and the mean over all elements of A. This crite-
rion is used to illustrate the effect of regulariza-
tion on the variance of the estimates® [1, 3, 6].
The estimate A corresponds to fi, Acpy and A
for the estimates obtained by N4SID (SI) [7], the
methods CM and Reg, respectively.

The effect of the finite number of data points (finite
j), of a too high system order (or overparameteriza-
tion) and of high noise levels on a finite number of data
points are summarized in Table 1. For each experiment
100 unstable (full order model) estimates were gener-
ated. For each simulation, the percentage of estimated
models with order n that were unstable is reported.
Both regularization methods yield better results than
the SIr method. For high noise levels and for a small
number of data points, Reg performs better results than
CM. Notice that the Reg method reduces the variance on
the estimate A significantly, as is expected from regu-
larization theory [1, 4, 3, 6]. We see the influence of
the regularization on the distribution of the poles illus-
trated in Figure 2.

In the second example, a (stable) 10th order model was
used. The setup of the simulations corresponds to that
of the first example and corresponds to the approach
in [2]. Table 2 illustrates the effect of high noise levels,
the number of data points and overparameterization.
For 80 data points, Reg performs better than CM and
SIr, particularly for high noise levels. The variance on
the elements of A is kept low. For 160 data points, the
difference in performance between the two regulariza-
tion methods CM and Reg decreases. For n = 12, the
SIr yields the best results. The main cause for instabil-
ity are the 11th and 12th poles which do not correspond
to a pole of the original system.

We now summarize the results in Tables 2 and 3 ob-
tained with the methods CM and Reg, corresponding
to different choices for the weighting matrix W. It is

3Note that for j — oo all models are identified in the same
state space basis.



observed that the ridge regression approach Reg results
generally in a better performance than CM. The increase
in performance is rather small when compared to the re-
sults of both methods CM and Reg with the SIr method.
Together with imposing stability, the Reg method with
W = I significantly reduces the variance of the esti-
mate, especially for overparameterized systems. Recall
that regularization is typically used [1, 4, 3, 6] to reduce
the variance. Especially for overparameterized systems,
the weighting matrix W of the CM method is too specific
[4] and results in a smaller reduction of the variance.

Finally, we compare the speed up of the iterative algo-
rithm [8] with the solving the (large) Generalized Eigen-
value problem, by counting the mean number of flops
used by both methods. For n = 10, 12, the iterative
algorithm (with e = 107°) needed 6 x 10¢, 11 x 10°
flops respectively, while solving (16) took 660 x 10,
1950 x 10° flops respectively. The simulation results of
Table 3 indicate linear convergence for the iterative al-
gorithm [8].

4 Conclusions

In this paper, a regularization approach is proposed
to impose stability in subspace identification when it
is known that the true linear system is stable. The
regularization term used here is the trace of a ma-
trix which involves the dynamical system matrix and a
positive (semi-)definite weighting matrix. The amount
of regularization is calculated by solving a generalized
eigenvalue problem. The so-called data augmentation
method proposed by Chui and Maciejowski can be in-
terpreted as iteratively applying regularization with
specific choices for the weighting matrix. The choice
of the identity matrix for the weighting matrix is moti-
vated from results in regularization theory and by the
empirical results on two datasets.
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Figure 1: Top: evolution of p(A.) as a function of the
regularization parameter c. Bottom: evolution
of the two parts of the cost function (7) (for the
optimal solution) as a function of c: Ji (A., B)

(dashed-dotted line), J2(A.) (dotted line) and
the total cost function J(A., B) (full line).



IR: k=10 IR: k=50 mean(var(4;;))
SIr CM Reg SIr CM Reg SI CM Reg
#=10, Q=diag([111]), S=0, R=1, Np = 80, 72% unst.

: Mean| 3.34 2.01 2.04| 4.66 3.71 3.25| 0.14 0.12 0.07
Var 3.19 0.40 0.37| 4.59 3.42 1.11
#=10, Q=diag([101010]), S=0, R=10, Np = 80, 80% unst.
Mean| 4.84 5.20 4.23| 6.48 7.99 5.79| 0.13 0.11 0.07
h Var 1.81 3.05 1.36| 2.61 4.39 2.51
" n=12, Q=diag([111]), S=0, R=1, Np = 80, 99% unst.

Mean| 3.17 2.65 2.59| 4.47 4.66 4.08| 8.41 3.19 0.09
wem e H o ! e wem e H o ! e Var 3.38 2.56 1.13| 4.78 4.30 3.20
#=10, Q=diag([111]), S=0, R=1, Np = 160, 58% unst.

Mean| 2.98 1.15 1.18| 4.20 2.18 1.99| 0.11 0.10 0.07
Var 3.01 0.10 0.10| 4.55 0.48 0.47

Figure 2: Monte Carlo simulation of the distribution of
the poles p; = x; + jy; (i = 1,...,7) of the

estimated system with 7» = 3: a) no regulariza- =10, Q=diag([101010)), =0, R=10, Np = 160, 78% unst.
tion, b) with regularization. The original sys- Mean| 4.20 2.84 2.72| 5.63 4.77 3.90| 0.16 0.13 0.07
tem (17) is simulated with @ = diag([111]), Var | 2.17 047 0.50 | 3.52 2.51 1.58

S =0, R=1. The number of data points is 40, A=12, Q=diag([L 1 1]), $=0, R=1, Np = 160, 95% unst.

the maximal spectral radius p(4) is v = 0.96. Mean| 1.06 1.36 1.19] 1.75 2.62 2.39] 1.34 0.98 0.07
Var | 0.10 0.37 0.25| 0.32 1.17 1.56

Table 2: Monte Carlo simulations for a 10th order system:

see text for details.

IR: k=10 IR: k=50 mean(var(4;;))

SIr CM Reg | SIr CM Reg | SI CM Reg i ci o(Ae,) i ci p(Ag;)
A=3, Q=diag([1 11]), S=0, R=1, Np=40, 17% unst. 0 | 12.50355 | 0.454573 || 16 | 0.249664 | 0.899839
Mean| 5.43 2.12 2.01| 6.50 4.70 3.46 | 0.23 0.20 0.18 1 5.778337 | 0.624497 17 | 0.215949 | 0.902046
Var | 5.31 0.60 0.41| 9.61 3.50 1.46 2 | 3.662277 | 0.703507 || 18 | 0.185945 | 0.903517
A=4, Q=diag([1 11]), S=0, R=1, Np=40, 38% unst. 3 | 2.607907 | 0.745583 || 19 | 0.158968 | 0.913159
Mean| 4.01 2.75 2.67| 5.26 5.32 4.04| 0.93 0.18 0.14 4 1.959669 | 0.760395 20 | 0.139211 0.936727
Var | 6.07 1.28 0.82] 5.71 7.72 1.9 5 | 1.490683 | 0.784821 || 21 | 0.132518 | 0.944995
#=5, Q=diag([1 11]), S=0, R=1, Np=10, 77% unst. 6 | 1.159539 | 0.813874 || 22 | 0.130043 | 0.948090
Mean| 3.14 3.00 2.79| 4.66 5.46 4.12| 3.53 1.71 0.19 - | 0033313 | 0830814 | 23 | 0199105 | 0910268
Var | 359 3.93 0.72] 4.21 845 123 8 | 0.789826 | 0.848591 || 24 | 0.128747 | 0.949719
#=8, Q=diag([L11)), S=0, R=1, Np=80, 0.002% unst. 9 | 0.679955 | 0.859316 || 25 | 0.128610 | 0.949892
%,/[;fn 3222 é:gg é:ég g:?g é:gg g:gg 0-20 0.18 0.17 10 | 0.594060 | 0.867781 || 26 | 0.128557 | 0.949959
At O—dieg([ L1, 50, AL, N0, 27% umst. 11 | 0.515040 | 0.875583 || 27 | 0.128537 | 0.949984
Mean| 3.19 1.04 1.23] 4.59 2.50 2.30| 0.28 0.17 0.15 12 | 0.444105 | 0.882529 || 28 | 0.128529 | 0.949994
Var | 5.08 0.08 0.13| 5.14 0.62 0.47 13 | 0.383372 | 0.888348 || 29 | 0.128526 | 0.949998
=5, Q—diag([1 11]), S=0, R=1, Np—80, 69% unst. 14 | 0.332029 | 0.893072 || 30 | 0.128525 | 0.949999
Mean| 2.89 1.20 1.52| 4.27 2.96 2.60| 1.25 0.50 0.14 15 | 0.287973 | 0.896867

Var 2.27 0.17 0.25| 2.93 4.11 0.65

=3, Q=diag([10 10 10]), =0, R=10, Np=80, 0.004% unst. Table 3: Convergence of ¢; and of p(A.,) in the iterative
Mean| 11.84 3.79 3.50| 13.226.71 5.04| 0.18 0.17 0.16
Var 18.46 2.91 1.92| 42.56 11.60 5.61
A=4, Q=diag([1010 10]), S=0, R=10, Np =80, 31% unst.
Mean| 9.36 3.58 3.43| 11.786.01 4.73| 0.28 0.16 0.13 lem to determine cn,. These simulation results
Var 20.051.43 0.82| 36.846.49 1.51
#=5, Q=diag([10 10 10]), S=0, R=10, Np =80, 71% unst.

Mean| 8.75 4.43 4.04| 11.317.13 5.29| 3.51 1.18 0.13
Var 17.534.23 1.96 | 35.8 14.5 3.27

algorithm to determine c,, as an alternative for

solving the (large) Generalized Eigenvalue prob-

indicate linear convergence.

Table 1: Monte Carlo simulations for a 3rd order system:

see text for details.



