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Abstract

Several subspace algorithms for the identification of bi-
linear systems have been proposed recently. A key prac-
tical problem with all of these is the very large size of

the data-based matrices which must be constructed in
order to ‘linearise’ the problem and allow parameter

estimation essentially by regression. Favoreel et al [5]
proposed an algorithm which gave unbiased results only
if the measured input signal was white. Favoreel and De
Moor [6] suggested an alternative algorithm for general
input signals, but which gave biased estimates. Chen
and Maciejowski proposed algorithms for the determin-
istic [2] and combined deterministic-stochastic [3] cases
which give asymptotically unbiased estimates with gen-
eral inputs, and for which the rate of reduction of bias
can be estimated. The computational complexity of
these algorithms was also significantly lower than the
earlier ones, both because the matrix dimensions were
smaller, and because convergence to correct estimates
(with sample size) appears to be much faster. In this
paper, we reduce the matrix dimensions further, by
making different choices of subspaces for the decom-
position of the input-output data. In fact we propose
two algorithms: an unbiased one for the case of [ > n,
(where I: number of outputs, n: number of states),
and an asymptotically unbiased one for the case | < n.
In each case, the matrix dimensions are smaller than
in earlier algorithms. Even with these improvements,
the dimensions remain large, so that the algorithms are
currently practical only for low values of n.
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1 Introduction

Several subspace algorithms for the identification of bi-
linear systems have been proposed recently. A key prac-
tical problem with all of these is the very large size of

the data-based matrices which must be constructed in
order to ‘linearise’ the problem and allow parameter

estimation essentially by regression.

Favoreel et al [5] proposed a ‘bilinear N4SID’ algorithm
which gave unbiased results only if the measured in-
put signal was white. Favoreel and De Moor [6] sug-
gested an alternative algorithm for general input sig-
nals. Verdult and Verhaegen [11] pointed out that this
algorithm gives biased results, and proposed an alter-
native algorithm, which involved a nonlinear optimiza-
tion step. Chen and Maciejowski proposed algorithms
for the deterministic [2] and combined deterministic-
stochastic [3] cases which give asymptotically unbiased
estimates with general inputs, and for which the rate
of reduction of bias can be estimated. The computa-
tional complexity of these algorithms was also signif-
icantly lower than the earlier ones, both because the
matrix dimensions were smaller, and because conver-
gence to correct estimates (with sample size) appears
to be much faster.

In this paper, we reduce the matrix dimensions further
for the combined deterministic-stochastic case, by mak-
ing different choices of subspaces for the decomposition
of the input-output data. In fact we propose two al-
gorithms: an unbiased ‘three-block’ algorithm for the
case of | > n, (where [ is the number of outputs and n
is the number of states), and an asymptotically unbi-
ased ‘four-block’ algorithm for the case [ < n. In each
case, the matrix dimensions are smaller than in earlier
algorithms. Even with these improvements, the dimen-
sions remain large, so that the algorithms are currently
practical only for low values of n. We include three
examples, which illustrate the cases (I = 1,n = 2),
(l=2,n=2),(=1,n=3).

The outline of the paper is as follows. Some nota-
tions for block data matrices are introduced in section
2. Some important new notations (compared with [3])
are introduced. Some theoretical results are given in



section 3. The three block algorithm for the case [ > n
is introduced in section 4. The four block algorithm
for the case [ < n is presented in section 5. Section 6
contains the examples. All proofs are omitted here, but
can be found in [1].

2 Notation

The use of much specialised notation seems to be un-
avoidable in the current context. Mostly we follow the
notation used in [7, 2], but we introduce all the notation
here for completeness.

We use ® to denote the Kronecker product and ® the
Khatri-Rao product of two matrices with £ € R'*P
and G € R**? defined in [8, 10]:

F@Gé[f1®g1,f2®g2w“ 7fp®gp]

+,® and N denote the sum, the direct sum and the

intersection of two vector spaces, - denotes the or-
thogonal complement of a subspace with respect to the
predefined ambient space, the Moore-Penrose inverse is

written as -, and the Hermitian as -*
In this paper we consider combined deterministic-
stochastic time-invariant bilinear system of the form:
T4+l — ACL’t + NUt X xy + But —+ wy
yr = Czp+ Dup + vy (1)

where z; € R",y, € Ry, € R™, and N =
[Ny N3 ..N,] € R">*"™ N, € R"™" (i =1,...,m).
The input w; is assumed to be independent of

the measurement noise v; and the process noise wy.
The covariance matrix of w; and v, is:

o[() (%) =14 5 ]mz0

We assume that the sample size is N, namely that
input-output data {u(t),y(t) : t 0,1,...,N} are
available. For arbitrary ¢ we define

A .
Xy = [J?t Ttg1 -e- xt+j_1] e R™

but for the special cases t = 0 and ¢ = k we define, with
some abuse of notation,

X, & [zox1..xj_1] €R™Y

Xe 2 [z Thg1 o Tprjo1] € R
X; & [wop Togs1 - Topgj1) € R™Y
X, £ [T3k T3kg1 - Toppj—1) € R™

where k is the row block size. The suffices p, ¢, f and
r are supposed to be mnemonic, representing ‘past’,
‘current’, ‘future’ and ‘remote future’ respectively. We
define Utv Upv va UT; Y’ta Ypa Yf; Y;"; Wta Upv va
W, Vi, Vi, V¢, V., similarly. These matrices will later

be used to construct larger matrices with a ‘generalised

block-Hankel” structure. In order ‘io use all the av; 1lable
ata in these, the number of columns j is such that

N:3k+j—11nthecaseoflZnandN:4k+j—1
in the case of | < n. Let d; = X _;(m + 1P, e =

b=t (MADPIm, fio = ex+ 5 (m+1)" +1[(m+1)* 1]
and g, = ej, + €3.

For arbitrary q and i > g + 2, we define

= X, (m+1)nxj
Xglg = ( U, @qu ) €ER j
£ Xi-alg (mA1)""nxj
Xi*1|q - ( Ui—l ® i—2lq cR
Yalq 2 Y,
. Yoy
Yiogg = Yiz)g € Ré-a%
Uifl © Y;_2|q
+ 2
Uq\q = Uy
+ A Uth ' )
Uy, = Ui c Rei-aXJ
Uz—l ® Uit2|q
Uq,l © Uq
Ug2 ©Uqy(2:m,2)
UJlrJr Y Upz ©Ug(3:m,:) | ¢ R™5
alq :
U(I m @ Uq m
U, (mt1)’
++ L i q m (1) %
Vil Ui-1© U;“g‘q €R>
Uitk—1)q+k
U £ +k—1lq
i+k—1|g+k ( U:kk—1|q+k O Ui_1jq
Y a2 g+
Uifl\q = Uz 11 @ Y,
Ustrtlkta
Uzu+lllc 1k+q 2 Ui+k71|k+q
uY
it+k—1|k+q
XC é XQk 1‘k) Xf ng 1|2k’ X X4k 1|3k
Up < Uk*ll()’ U £ U2k71|k7 U £ U3k71|2k
ury £ yUtero Y,, UY LAt oy,
vay L U+f ® Yf;
ur Ue
pgprwy A utte |, ey & [ prite
Up-y ey
. U¢ _ U’
vt = (U+C®Up>’Uf/ué<U+f®Uc>

Ur,Yr, Y, Y YT, We, WL W Ve, v VT Ut
U+fa U+7"7 U++Ca U++fa Uifl\qa Wifl\qa ‘/ifl|q7 Uﬁu’y
and U™" can be defined similarly.



Remark 1. The meaning of UJr 1lq is different from
. ++ u,y
that in [4]. U;" 1|q’ U k—1jg+n Uy 1]g’ Uz-i—k 1k+q & and
U™ etc are newly introduced in this paper.
Finally, we denote by U, the space spanned by all the
rows of the matrix U,. That is,
U, := span{a*U,, «ac R}

UCa ufa u?"a yp7 yCa yfa yT'7 up7 yp7 Z/{f’ yf7 Z/?p7u’y7
UHwY and U™ etc are defined similarly.

3 Analysis

Lemma 1 The system (1) can be rewritten in the fol-
lowing matriz equation form:

X1 = AX;+ NU; ® Xy + BU, + W,
Y, = CX,+DU+V, (2)

Lemma 2 For j > 0, and the block size k, we have
x (viex )
iy = + )
Sl U145 © X
Lemma 3 For F,G,H,J of compatible dimensions,

F e R G eRX™ HeRPX JeRX™:

(FGoHJ) = (FeH)(G®J)
(FGoHJ) = (FH)(GO6J)

Lemma 4 (Input-Output Equation) For the com-
bined deterministic-stochastic system (1) and j > 0, we
have the following Input-Output Equation

X U
Xirjr1 = D Xpjli—1 + Dp Uk
+O Wi—14415
X U
Yiviti = Lk Xktjli-1 + L Uktjjj—1

LY Wigjlj—1 + LY Vigjl1

where

AX 2 [AANX [ NIAX .. NpAX
AF 2 [ANy,..., Ny
Ag £ (B, AAn 15 Ag 1;---7NmAr[{—1]
AV 2 B
AV 2 [Luwn, ADY [ NIAY | NG AV
AV 2 I,

CAY, O 0

cy 0 0
cx e 0 Ly, 0

0 0 Ly

D caY, o 0
0o LY, 0 0
o2 0 0 £y 0
0 0 0 £y
0o CcaY, 0 ... 0
0o LV, 0 ... 0
v oa 0 0 Ly, 0
|0 0 0 cy¥,
Il><l 8 0
Lo 0 ... ¥,
with

,C{( £ [C, lem]v 'ng £ Da ﬁ‘ljv £ Ol><7“ ’Cl - Ile

Lemma 5 For system (1), if

)\:jr(r):[ax A—i—z:u]z )| <1, (3)
then
Xy = AgUt—l\t—k + ATVLVWtfl\tfk +e(A")

where T is the maximum sigular value of a matriz and
e(A¥) is used to denote a matriz M, such that |[M||; =
o(\F).

4 Three Block Algorithm

In this section, a three-block algorithm is set up for the
case of [ > n. Here only data blocks ‘p’, ‘c’ and ‘I’ are

used (hence ‘3-block’) and N = 3k +] -1

Theorem 1 (Three Block Form Equation) The
system (1) can be written in the following ‘three block’
form:

YP = OpX, + TrUP™Y

+TPUTP @V, + LY WP + L) VP (4)
Ve = OpX,+ U™

+TUT OV + LY WE+ LY Ve (5)
Yf = Oka +Tku0f’u’y

+TU oV + L w4 Ly v (6)
X, = FiX, +GrUrY + GRUYP OV, + A WP

X; = FX. A+ GU +GUT 0V + AV WS



where O, T*, T;Y . Fi., Git and G are system-dependent
constant matrices.

Theorem 2 If the linear part of the system (1) is ob-
servable and

YP

{pusy
Uc,u,y (7)
Ufuy

is a full row rank matriz, then suppose condition (7)
holds. Denote S = YP + UP™Y + YUY + USHY and
R =1y +U*"Y, then,

s MV = T, UF Y (8)

The orthogonal projection operator I1 is defined as in [4]

Algorithm: R
1. Decompose Y/ into Oy X and TXU/*¥ using or-

thogonal projection: from (8) of Theorem 2, estimate
T" as
k

T = (1. )Y )(Ilg. O o)
2. Obtain the SVD decomposition and partition as

[MgYa_1)26 LgYanoni1] — o [U;;,;y,l‘gk U;};?lgk+1i|
_. * 1 0 O
RETEENE

Since we expect

YO = FlElﬂI = Ok [ngfl ng]
from (4-6), (rank(X;) = n and rank(X35) = 0), form the
estimates @), = I‘lE}/Q and [ng,l X}k] = 21/291‘,

retaining only 7 significant singular values in 3. ((’jk
is not needed later.)

3. Estimate the parameters A, B,C, D, N on the basis
of equation (2), by solving

A X
X _[A N B 3k—1
[ KSksi: ] o [ ¢ 0 D } USk—1£7)53k71 (10)

in a least-squares sense.

4. Estimate the covariance matrix by calculating

] -
€o Y31
AN B X1
e o D U3k71:§37)1(3k71

then estimating @, S, R from the sample covariance of
e en]”

5 Four Block Algorithm

In this section, a ‘four-block’ algorithm is proposed for
the case [ < n. Now all four data blocks: ‘p’,‘c’, ‘f” and
‘r’ are needed (UP is involved in the definition of U%"

etc). Here N = 4k +j — 1.

Theorem 3 (Four Block Form Equation) The
system (1) can be written in the following form:

V¢ = OpiXe+THU+THUT OV,
THUT WP + LYW+ LYV +e(AF)

VIio= O Xp+THU+ T U 0V
TEUT oWe+ LYW+ LYV +e(\F)

Y' = Opa X, +THU™ + T U 0V,
TEUT W + LYW + L]V +e(\F)

X; = FaXe+GL UM +GL U0V,
GLUT O WP + AW +e(AF)

X, = FuaXp+ G UMM+ G U oV

GUT oW+ AW +e(0F)

where (’)k71,7;§f1, %ﬁl,ﬁfl,fk,l,gg,l,gﬁl and g;;l are
system-dependent constant matrices.

Remark 3 This differs from Theorem 1 of [3] by the

use of U%* instead of US™¥, U/ instead of U/"*¥ and
U™" instead of U™V,

Theorem 4 Suppose that the linear part of the system
(2) is observable and
YC
Uev
Ufu (11)
Un
is a full row rank matriz. Denote S, = Y°¢ + U™ +
UH U™t and Ry = s, Y + U™, Then

g lls, V' = T M U™ 4 e(AF) (12)

Algorithm:
1. Decompose Y" into O 1X, and ’]ZflU”’“ using or-

thogonal projection: from (12) of Theorem 4, estimate
T, as

Ty = (Mg g, V) ([ U™)F (13)

2. Obtain the SVD decomposition and partition ac-
cordingly by selecting a model order as shown in the
three-block algorithm.

Tu u U
[ILs, Yar—1j3% s, Yagjaes1] =744 [U4k71|3k U4k|3k+1}

=I5 =Ty I‘2]{2())1 202}[92}



3. Estimate the parameters A, B,C,D,N,Q,S,R as
in steps 3 and 4 of the three-block algorithm in the
previous section.

Remark 4 The ‘full row rank’ requirement in Theo-
rems 2 and 4 can only be met if & > n.

Remark 5 We envisage that one would usually start by
using the ‘four-block’ algorithm. If the singular values
indicated that [ > n might be a possibility, then one
could try the ‘three-block’ algorithm.

6 Examples

The first two examples are taken from [4, 7], respec-
tively.

Example 1. The true system is
0 05 1
A:(—0.5 0)732(1)702(1 1),

D=2, N1:(004)v N2:<0(.)3)

and the noise covariance matrices are
Q=("° ou ) R=000,5=(0) (9

Since [ < n, the four-block algorithm is applied. In [4],
the input was white noise and £ = 3,7 = 8191 were
used. In the cases of I and II, the system input is a
uniform distribution with mean value 0, variance 1, and
A = 0.7809. Case I is for the system noise (14). For
case II we increased the signal to noise ratio:

0= ( 00016 o4 ),R: 0.0009, S = ( 0 ) (15)

For cases III and IV, we used a coloured noise input
signal u with mean 0, standard deviation 1.1664, \ =
0.7906 and 1y = Fugug4q = 0.59, ¢ =0,1,2,.... Case
IIT had noise covariances (14) and case IV had noise
covariances (15). For all the cases I-IV we used j = 595
with our new algorithm. The results are shown in Table

eig(A) eig(N)

True 0.5 0.4, 0.3
N4SID | —0.0027 & 0.4975; | 0.4011, 0.3055
Case I | —0.0076 £ 0.4960; | 0.3838, 0.2829
Case IT | 0.0000 £ 0.50007 0.4005, 0.3030
Case 1T | 0.0044 * 0.4847; 0.4048, 0.2638
Case IV | 0.0089 + 0.4945; 0.3906, 0.3149

Table 1: Example 1: Results with different inputs, noise
ratios and algorithms

Example 2. The true system is defined by:

A:(005 0(.)3)’32(—01 (1))702<(1) (2))

D = 1, N; = diag[0.6,0.4], N2 = diag[0.2,0.5], Q =
R =0.011, S = 0. Now [ = n, so the three-block al-
gorithm is applied. The input was a two-dimensional
uniform distribution notation for cases V and VI and
coloured noise input u with Eu;ui4q = 0.9°1, for cases
VII and VIII, with N = 1000,k = 2 in all cases. In
cases V and VII, ordinary least-squares was used in
solving (10), while in cases VI and VIII a constrained
LS method was used, to take account of the known
structure of the solution (the zero block). Table 2 sum-
marises the results, including a comparison with the
results obtained in [7], where N = 4095 and k = 2 were
used. From Table 2, we know that there is no signifi-
cant difference solving equation (10) by using ordinary
least-squares and constrained LS method.

eig(A) eig(N1) | eig( No)
True 0.5, 03106, 041]0.2, 0.5
N4SID 0.5001 0.4020 0.1914
(N = 4095) 0.2979 0.5994 0.5016
case V 0.4936 0.6020 0.5030
(N =1000) 0.3022 0.4124 0.1965
case VI 0.5020 0.5990 0.4903
(N =1000) 0.3006 0.4028 0.2045
case VII 0.5002 0.5997 0.5005
(N =1000) 0.3009 0.4003 0.1996
case VIII 0.5000 0.6000 0.5009
(N =1000) 0.3011 0.4004 0.2000

Table 2: Example 2: Comparisons with different algo-
rithms, LS and constrained LS

Example 3. The true system is:

0 05 0 1
A = (—0.5 0 0 ),B:(l),C:BT,
0 0 04 1
0.5 0 0
D:3,N=(0 —0.2 o)

0 0 02

and the noise is the same as (15). The four-block algo-
rithm is used, since [ < n. Here, a coloured input with
mean 0, variance 0.01, Eugug4q = 0.59 and A = 0.8689
was used. Results with different block and sample sizes
are given in Table 3.

(k,N) eig(A) eig(N)

True 0.5, 04 0.5, £0.2
(3,800) | 0.00 + 0.494, 0.29 | 0.47, 0.17, -0.08
(4,800) | —0.01 £ 0.494,0.41 | 0.47, 0.22, -0.12
(3,1200) | 0.00 = 0.504, 0.40 | 0.49, 0.19, -0.09
(4,1200) | 0.00 £ 0.501,0.40 | 0.48, 0.22, -0.20
(3,1500) | 0.00 £ 0.504, 0.40 | 0.49, 0.18, -0.12
(4,1500) | 0.00 £ 0.504, 0.40 | 0.51, 0.19, -0.19

Table 3: Example 3: Effect of sample size and block
size



Remark 6 Our new algorithm has considerably lower
computational complexity than the algorithms pro-
posed in [6] and [3]. The major computational load
is involved in finding the right-inverse in (9) and(13).
The row dimensions of the relevant matrices which ap-
pear in the algorithms presented here, in [6], and in [3],
are shown in Table 4 for the three examples. The algo-
rithm presented in this paper is denoted as ‘Algorithm
I’, where the row dimension is g = e + €3 (I < n) for
Examples 1 and 3, and fi, = ep+(m/2)(m+1)*+1[(m+
1)* —1] (I = n) for Example 2. The algorithm from [3]
is denoted as ‘Algorithm II’; in this case the row dimen-
sion is ey, + (m/2)(m + 1)* + I[(m + 1)* — 1] + €. For
the bilinear N4SID algorithm of [6] the row dimension
is (di + 2e + erdy + ei). In Table 4 it is assumed that
k = 2 for examples 1 and 2, and k = 3 for example 3.

Dimensions | Algorithm T | Algorithm IT | N4SID
Example 1 12 17 27
Example 2 33 97 152
Example 3 56 67 119

Table 4: Comparison of dimensions of matrices for Ex-
amples 1-3 and various algorithms

7 Conclusion

A new subspace identification algorithm which consists
of two sub-algorithms is proposed for the identification
of bilinear systems.

The main advantage of this algorithm over earlier ones
is that the computational complexity is lower, since the
matrices involved are of smaller dimensions.
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