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Abstract

Convergence rates and related Central Limit theorem-
s have been the subject of numerous papers. In [1] a
systematic link was first established between 1/ system
identification, and 2/ model validation or testing for s-
mall changes. Similarities and relations are discussed
in [2], part I, chap 5, and this so-called local approach
has proved very successful in practical applications. In
this paper, we first revisit and clarify this relationship,
and propose in addition new simple proofs for station-
ary systems. Except for specific algorithms (e.g., re-
gression models) estimating the convergence rate of an
identification procedure is difficult. Even if there are
general Central Limit Theorems available, building the
corresponding estimators in practice is not easy. We
propose a practical alternative, based on the relation
between identification and local testing, and we propose
a bootstrap-like estimator for the convergence rate.

Keywords : identification, local asymptotic normality,
testing, model validation.

1 Introduction

In this paper we examine relationships between the con-
sistency of M-estimators, the local asymptotic normal-
ity of statistics and the asymptotic normality of esti-
mators. And we use this relationship for proposing an
alternative approach to estimate the convergence rate
of an identification procedure for general M-estimators.

1.1 M-estimators

M-estimators have been introduced in the 60s by Huber
(cf [6]). We consider an observation process (Y1,Y5,...)
and try to estimate a parameter ¢ of its distribution as
a solution ,, of >_1" | H(#,Y;) =0:

0, = argy : > H(#,Y:)=0. (1)
i=1

Of course this is based on our knowledge that the true
parameter 6, satisfies

E[H(9,,Y:)] = 0. (2)
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The obtained estimator is called an M-estimator [7].
This estimator corresponds sometimes to a minimum
contrast or quasi-likelihood estimate

n

0, = arg meln;G(t‘), Yi) (3)
where G is the quasi-likelihood [5]. Obviously, if G
is smooth enough, the solution of (3) is a particular
solution of (1) by taking!: H = VG. However, in
some cases equations like (1) are solved and H is not
the gradient of any function G, cf section 5. We prove
in the first part of this paper the consistency of the
procedure (1) under reasonably weak assumptions on
H, and in the context of dependent sequences.

1.2 Local asymptotic normality

The concept of local asymptotic normality was intro-
duced by Lucien LeCam in the 50s for comparing
parameterized distributions Py over infinite sequences
(Y1,Y5,...). The idea is that generically, under suitable
conditions, although the Pys for different fs are singu-
lar with respect to each other, the marginal density A,
of P(H_g/\/ﬁ(Yl, ..Y,,) with respect to Py(Y7,..Y,,) exists;
furthermore it is a random variable A,,(Y7,..Y,,) which
converges in distribution, under P5, when n tends to
infinity to some limit (in this context € is fixed and
v/n happens to be the correct normalization for ob-
taining such limit theorems). This limit may be seen
as a kind of differential which characterizes the way
in which Py varies in the direction 6; LeCam’s theory
shows how the identification of this limit leads to var-
ious limit-theorems concerning general statistics based
on samples drawn from Py, when 6 varies in such a
O(n~'/?)-rescaled neighborhood of a given value. We
will not go that far since we will only study the distri-
bution under P9+(7/ﬁ of the following statistics, which

is directly related to M-estimator (1):
1 n
U, = — H(,Y; 4

We show that, for n large,
Un ~N(0, 2(6)) (5)

IFor f(x,y) a function, we shall denote by V. f the partial
derivative of f w.r.t. =, when it exists. Also, the derivative of f
will sometimes be denoted by V f.

under Py




under P,

g Un~ N (—Eg[ng(o,Y)]é, 2(9))

(6)

where the important point is that covariance matrix
¥(0) is the same in both cases. This remark is the
basis for the testing methods built upon general M-
estimators, as introduced in [1, 2]. The advantage of
this direct approach is to lead to similar conclusions for
the behavior of statistics in a much simpler framework,
allowing to deal with dependent sequences (LeCam’s
theory for dependent processes is quite complicated,
and difficult to use in practice since it is generally very
difficult to have a formula for the score, and even for the
information matrix; however interesting results appear
in [8]).

1.3 The relationship between identification and
testing

Here follows a sketch of the main steps of our argument
on the relationship between identification and testing in
the asymptotic local framework. First, we need that the
law of large numbers 1/n ) H(#,Y;) — E[H(0,Y)]
holds uniformly in €, this is guaranteed under mild
conditions, as stated in Section 2. This allows us to
establish, in the same section, the consistency of the
M-estimators for stationary dependent sequences. Sec-
tion 3 focuses on testing under the local approach: the
asymptotic behavior of Uy, is given under P, N dis-
tribution, using mild mixing conditions. The key step
in enlightening the link between local tests and identi-
fication is given in section 4, it consists of the following
elementary argument : first, make 6 explicit in

U.(0) = % > HO,Y) .

Assuming that the (Y;) are drawn from distribution Py,
(i.e., 64 is the “true” underlying system parameter),
then, for 8 — 8, small, one has

Un(6) (7)

~ U0+ (2 WH(e*,Yi)) (6 -8,V

Since é\n is characterized by the equation Un(@\n) =0,
we get, using (7) and the law of large numbers,

Vil —0.) ~ —E[NgH®,,Y)] " Unb) (8)

and we deduce immediately the Central Limit Theorem
for 6,, from the asymptotic behavior of the statistics U,,.
This argument is detailed in section 4. The use of these
theorems is illustrated in section 5 on the Instrumental
Variable method for estimating the AR part of an AR-
MA process with time-varying MA parameters, a prob-
lem first investigated in [10] in a more difficult setting.
Deeper use on so-called “subspace methods” for eigen-
structure identification in vibration monitoring will be
reported elsewhere.

1.4 A practical consequence: estimating con-
vergence rates for identification

Besides its interest for its own, this relationship between
0, and U, (6) has a practical interest. The Central
Limit Theorem for M-estimators states (see theorem
4):

Vi (B, =0 -5 N1 (0, TS0)R (6,) 1) (9)

where
W) = E[VyH(,Y)], and (10)
S = R(0)+ Y R(i)+R()", where
R(Z) = COV(H(e*,Yl),H(0*7E+1)) ’ (11)

and h' denotes the derivative of h. While estimating
or calculating the sensitivity matrix E[VgH (64,Y)] is
most of the time easy, estimating or calculating ma-
trix ¥ often leads to illconditioned estimates. In con-
trast formula (8) suggests that it is enough to estimate
the covariance matrix of U,(f), which can be safely
achieved from drawing samples of this statistics. In
fact,

a good estimate for ¥ is obtained by taking
an empirical estimate for the covariance ma-
trix of U, (0'), for 6’ close enough to the true
system 6,. In particular, one can bootstrap
this estimate by taking for 6" the actual esti-
mate 6,, for 6, where n is large.

1.5 An example
The following example is analysed in details in section
5. Consider the following scalar ARMA (m, ) process:

m r—1
Yn = Zaiynfi +Zb]£n7]
i=1 j=0

077, 1 €n

» Ypo1 = (yn—la---yn—m)T

0 = ((1,1, ...am)
where £, is an i.i.d sequence.

For some nominal model 6y, consider the following s-
tatistics, for some p > m:

1 n
w(lo) = — ) H(0o,Y 12
Un(60) \/ﬁ; (60, i) (12)
H(ao,yk) = (yk - 93?1;—1)!%—(1
Uh—gq = Wk—g>--Yh—qpt+1)"
Vi = (Ykr-Yhogpi1)’

note the close relationship with the Instrumental Vari-
able method, see [2], part I, p 183. Formula (5,6) de-
scribe the behaviour of U, (), for n large.



On the other hand, the instrumental method for esti-
mating 6 consists in

solving for @ the equation U,(#) =0,

with p = m. The classical formula for the convergence
rate of this estimator is given by formula (9,10,11). An
estimate of ¥ based on formula (11) is unfortunately
illconditioned, and typically not positive definite. In-
stead, based on the remark at the end of subsection
1.4, it is much preferred to draw an empirical estimate
of the covariance of the statistics U,,(6), where 6 is some
large sample estimate of parameter 6, since guaranteing
a good conditioning for such an estimate is straightfor-
ward.

2 Consistency of the quasi-likelihood
procedure

We state here separately the Uniform Law of Large
Numbers since this result is of major importance in the
theory of M-estimators.

We focus on proposing simple and “optimal” assump-
tions, namely: ergodicity (A2) and regularity (A3).
These assumptions may be compared to others pro-
posed in the litterature, such as [4] where the ergod-
icity is replaced with a mixing condition and (A3) is
replaced with the A-smoothness (Theorem 1 p.515).

In this paper we consider the case where © is bounded,
if it is not the case, an additional lemma has to be used
for proving first the boundedness of the sequence of
estimates; this latter lemma, unlike the following one,
involves quite technical assumptions (cf [7] p.131), and
that is why we feel simpler to stick to the compact case,
for which we give a rather direct proof.

We consider the following assumptions:

(A1) O is a compact subset of the Euclidean space
R™ and H(#,y) is a vector-valued measurable function
defined on © x R™.

(A2) Process (Y;)i<; is a strictly stationary ergodic
sequence of random variables and

E[ sup|H(0,Y1)| ] < oo.
e

(A3) For each 0 the function # — H(#,Y) is con-
tinuous at @ for almost all value of V' (i.e. this full
probability set may depend on 6) 2.

Lemma 1 (Uniform Law of Large Numbers)
Set h(8) = E[H(0,Y)]. Then, under assumptions

2This assumption allows us to handle a H(f,Y) involving
quantizers, see [2], p. 33.

(A1,A2,A3),

1

lim sup [h(0) — — H(#,Y;)| =0 13
meup (6) = 1 3 H(.Y) (13)
holds.
Proof: See [3]. |

Theorem 1 Let assumptions of (A1,A2,A8) hold.

Then any sequence (6,,) of random vectors, o(Y71,..Yy,)—
measurable, such that

. 1o ~
i 330,79 =1
satisfies R

lim h(6,) = 0.

Note. Obviously, adding an identifiability assumption
like (C2) below implies the consistency of 8,,.

Proof: Theorem 1 is an immediate consequence of lem-
ma 1. |

3 Local asymptotic normality and testing

In this section, we consider a family of probability
measures Py on the space 2 of the sequences of m-
dimensional vectors; these measures are indexed by
0 € ©. We are interested in the asymptotic distribution
of the statistics

1 n
U, \/’r_?,; (0 ,)

when 6 is fixed (6p represents the nominal value of the
parameter) and (Y}, ;)1<; is drawn from the distribution
Py, where

0

Vi’
and 6 is fixed. The normalization 1/4/n is necessary
in order to get a non-trivial limit distribution. The ob-

tained asymptotic variance will allow us to build change
tests for the parameter 6.

0, =60y +

Let us state first some prerequisite result on central
limit-theorem for arrays of variables.

Definition 1 (uniformly mixing array) We shal-
[ say that a process (Y i)i<i, n > 1, is a uniformly
mizing array if for some C,e,d > 0, and oll k,[,n > 1
1Yo kll24e < C (14)
1B st Fagllls < C k70712 (15)



where Fp; = 0(Yp1,..Yn,). We shall say that (Y;)1<;,
is a mizing sequence if (Zn:) = (Vi) is a uniformly
mizTing array.

Theorem 2 Let (Y,,;)1<i<n e a strictly stationary u-
niformly mizing array and

1 n
Spn=— Y, .
ﬁ; N

If the limit
V = lim E[S,,ST] (16)

exists, then

S, —5 N(0, V). (17)

Proof: This theorem is established in [9] in its one di-
mensional version with a more general setting (the cor-
respondence in notations is: X, ; = Y, ;/v/n, kn(t) =
[nt], oni = 1/n, ¢y, = k=9-1/2). If we apply this one
dimensional version to the inner product {S,,, u) for any
vector u, we obtain the convergence in distribution of
(Sn,u) to N(0,u”Vu), which implies, using character-
istic functions, the convergence of S, to N(0,V). &

Let us now introduce the assumptions we shall need for
the local asymptotic normality of Uy,.

(B1). O is an arbitrary subset of the Euclidean space
R™ and H(#,y) is a vector-valued measurable function
defined on © x R™. Given any 8 € O, process (Y;)
drawn from Py is stationary; for any sequence 6,, con-
verging to 6, and (Y}, ;)1<i, n > 1 processes drawn from
the distributions Py, , the array of variables (Z, ;)1<i,
n > 1 defined by :

Znyi = H(On,Yn,i) — Eg, [H(On, Yn,)],
is uniformly mixing with 6 > 1/2 (cf equation (15)) .
(B2) The function
(6,6x) — ho, (6) = Ey, [H(6,Y)]

is continuous on O x O, its gradient Vyh w.r.t. 0 is a
continuous function of (6,6,), and

he() =0, VOe€0O.
We shall denote by

h'(8) = Vyghe, (8) for B, =6
the value of Vyh on the diagonal of © x ©.
(B3) The function H(6,y) satisfies

sup Ep, [|[H(0,Y)*] <0, V8e€O.
0.€0

And for each 6 the function § — H(6,Y") is continuous
at 6 for almost all value of Y (i.e. this full probability
set may depend on 6).

The condition § > 1/2 in assumption (B1) will allow
us to check directly that condition (16) is satisfied for
our processes. Since next theorem involves only values
of 6 close to some nominal value 6, these assumptions
will actually need to be satisfied only for © being some
neighborhood of 6.

Theorem 3 (Asymptotic normality of test)
Assume that (B1,B2,B3) are satisfied. Consider

6n200+i

Jn

for 0 fized (we assume that 6, € ©, n > 0), and

1 n
Up=— H(HOa Yn,i)

where (Y,,,;) is drawn from the distribution Py, , and set
Ro(l) = COV@(H(Q(): }/1)7 H(007 }/i+1)) )

where Covy denotes the covariance under distribution
Py. Then

Up ~%5 N (=1 (80)8, % (6o)),

where

¥(0) = Rp(0) + Z (Ro(i) + Ro(1)") .

i>0

Proof: See delyon97.

The reader is referred to [3] for further discussions on
Assumptions B1-B3 and related examples.

4 Asymptotic normality of M-estimators

In this section we prove a asymptotic normality result
on the estimates of 6, from observations (Y;) generated
under a fixed probability measure P. We are thus back
in the semi-parametric setting. Consider the following
set of assumptions:

(C1) O is an arbitrary subset of the Euclidean space
R™ and H(0,y) is a vector-valued measurable function
defined on © x R™.

For any 8 € ©, the sequence of variables



where (Y;)1<; are drawn from the distribution P, form
a stationary mixing sequence (in the sense of defini-
tion 1).

(C2) Set h(f) = E[H(8,Y)]; the unique solution 6, of
h(f) = 0 is an interior point of @. Moreover, for any
sequence 6,,, lim,, h(6,) = 0 implies lim,, 8,, = 6,.

(C3) For any compact subset K of ©, the function
H(0,y) satisfy
E[H®,Y)] <00, V€O,

and h(f) = E[H(#,Y)] is continuously differentiable.
Moreover, for each 6, the function H(8,y) is, for almost
all value of y, continuously differentiable w.r.t. 6 and
its derivative Vo H (0,y) w.r.t. 6 satisfies

E[s%p|V9H(6,Y)|] <00, (18)
and h'(0) = E[VoH(,Y)], (19)

where h' denotes the derivative of h.

Assumption (C2) is clearly an identifiability condition.
Note that we have taken the dimension of  to be the
same as that of H(,Y) for reasons that will become
clear in the theorem to follow.

Theorem 4 (asymptotic normality of M-estimators)

We assume that (C1,C2,C3) are satisfied. Consider a
sequence (Y;)1<; drawn under P; then any sequence

(0,,) which is a solution of
n ~
> H(B,,Y:) =0
i=1

which remains a.s. in a compact subset of ©, converges
almost surely to 0. Furthermore, h is continuously dif-
ferentiable and if h'(0,) is invertible, the following lim-
its in distribution hold :

where
|6n(0)| < Cn(g) , lir% sup Cn(g) =0, a.s.,
and
v (0n—0,) -5 N, R(6,)"TSH (0,7
where

S = R(0)+ > R(i)+ R()"
i>0
COV(H(H*, Yl), H(Q*, Yvi—i—l)) .

R(i)

Proof: See delyon97.

5 Application—example

Consider the following scalar process
m
Yn = Z @;Yn—i + €n (21)
i=1

where the noise e, is a g-dependent sequence® of zero-
mean variables such that

Ele,] =0 (22)
Eley,] < o0 (23)

A

and the polynomial A(z) = 1 — 3 a;z% has its root-
s strictly outside the unit circle. For example, equa-
tion (21) may represent an ARMA (m,r) process with
time-varying MA part:

m r—1
Yn = Z aiYn—i + Z bj (n)gn—j
i=1 j=0

where ¢, is an iid sequence and b(n) =
(bo(n),...b,_1(n)) is some g-dependent random
process with values in R". Rewrite y,, as

Yn = eTyn—l + €n
6 = (ar,..am)”
ynfl = (ynfla "'yn*m)Ta

and make 6 explicit whenever needed in

Ag(z) = I—Zaizi.

We shall assume that these variables are observed under
their stationary distribution, i.e.,

U= Ab(en—i,0,...,007 (24)
k=0

where Ay is the m x m companion matrix built with 6
on its first row.

5.1 Parameter testing
We would like to decide between the hypotheses :

H() N 9:90
H1 N 9:90-{-5/\/7;

For this purpose, we consider, for some p > m, the
statistics

U = %;H(eo,m (25)

H(00,Yi) = (yk— 00T 1)k q
gqu = (yqua ---yqufp+1)T
Yk = (yk: "'yk—q—p-‘rl)T )

3This means that for any [ > q, en+1 is independent of
(en,en—1,...).



Note the close relationship with the Instrumental Vari-
able method, see [2], part I, p 183. Note that under Hy,
the sequence Y} is drawn under the O(n~1/?)-rescaled

distribution Py, , 8, = 8 + 6/+/7.

In order to use theorem 3, we need an estimate of h'(6y)
and X(6p). The following result proves the consistence
of a simple estimate; we emphasize the dependency
w.r.t. n by writing Y, ; instead of Y, :

Lemma 2 Under Hy as well as under H,, the estima-
tors

I?n = _ZVQH 907 n,k ___Zyk qyk: 1
k=1
i\:n = _Z Z 007 nk (QO:Yn,IH-j)T
k=1j=—m
satisfy

Ko S 1 (6), Sn-23(6).
(We set H(6y,Y,,;) =0fori<1ori>n).

Proof: See [3]. The proof uses the uniform law of large
numbers. 1

Theorem 5 Under the above assumptions (equation-

s (21,22,23) and the stability of polynomial Ag,), the

statistics Uy, (equation (25)) satisfy
S22, <5 N, 1)

S22 (U, = Ka) =5 N (0, 1)

under Hy

under Hj.

Proof: See [3]. The proof uses theorem 3 and lemma 2.
|

5.2 Parameter estimation
The instrumental method for estimating 6 consists in
solving for € the equation U, (#) = 0, with p = m, where

Vi) = 2= HO.Y)
k=1

Since p = m, ¥y, coincides with ¥,, and the estimate gn
satisfies :

n

Z H(é\nayk)

k=2m
H(0,Y}) (yr — eTykfl)yqu
Y, = (yka ---yk—q—m+1)T-

I
o

We have the following convergence theorem

Theorem 6 If the matriz

Tq—1 .. e Tgdbm-—2
’ . . . . .
h (0*) - i ’
Tg—mt1 . . .
Tq—m Tg—m+1 . Tg—1

where r; = Cov(yk,Yr—i), is invertible, then
Vi (0, —6.) -5 N(0,1'(6,) " TSh (6,) ")

where

S = R(0)+ > R(i)+R()"
i>0
R(i) = Cov(H(fo,Y1), H(bo,Yit1)).

Proof: We shall use theorem 4; note that (C1) and
(C3) are satisfied (cf section 5.1). We have only to
check (C2). Since h(f) is here a linear function of 6,
(C2) follows from the invertibility of h'(6,). |
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