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Abstract

This paper deals with the problem of driving the po-
sition of a point-robot to a goal point, using measure-
ments provided by a single camera. The camera can
be moved to compensate for the ambiguity in depth.
It is shown that, although the system consisting of the
point robot together with the moving camera is observ-
able, there is no output-feedback controller capable of
asymptotically stabilizing an equilibrium point of the
closed-loop system. However, it is possible to design a
controller that drives the robot to the goal, provided
that the position of the camera does not converge. We
give a hybrid controller—combining logic-based switch-
ing with continuous dynamics—that accomplishes this.
The stability of the controller is also analyzed when
there is miscalibration between the robot and the cam-
era.

1 Introduction

Consider the problem of moving a point-robot to a goal
position, using measurements provided by a pin-hole
camera. The camera is able to see both the point-robot
and the goal position. It is well known that the mea-
surements provided by a single fixed camera are not
sufficient to solve this problem. In fact, a single camer-
a does not provide sufficient information to determine
whether or not the task has been accomplished since
it cannot distinguish between points in a straight line
passing through the optical center of the camera. This
is often referred to as the depth ambiguity. To resolve it
one can use a pair of fixed cameras or a single camera
that is allowed to move. We pursue here the second
approach.

We will see below that the use of a single camera leads
to a more complex control problem, yet the image pro-
cessing becomes faster and simpler. This is because
(i) the number of images that have to be processed
per unit of time is halved and (ii) the “image corre-
spondence” problem is much simplified. Note that in
a single-camera system one only has to establish corre-
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spondences between images taken by the same camera
at time instants separated by a few milliseconds. In this
case, the shape of the objects does not change substan-
tially from one image to the next and correlation-based
tracking algorithms are very effective in solving the cor-
respondence problem (cf. e.g., [1]). The simplification
of the vision algorithms due to (i) and (ii) greatly out-
weighs the increase in complexity of the control algo-
rithms.

For simplicity, in this paper we deal with the planar
case and place the point-robot, the camera, and the
goal position all in the same plane. It is importan-
t to emphasize that even in this planar case there is
depth ambiguity because the camera is coplanar with
the robot and the goal position. We will see that this
ambiguity can be resolved by letting the camera move,
e.g., along a straight line.

The setup considered here is shown in Figure 1. The
robot can move in any direction to reach the goal po-
sition, but the camera is constrained to move along a
straight line. Without loss of generality we place the
first axis of the coordinate system aligned with the line
over which the camera moves and the second axis per-
pendicular to the first and passing through the goal
point. The Cartesian coordinates of the robot are de-
noted by (z1,22), the Cartesian coordinates of the cam-
era by (z3,0), and the Cartesian coordinates of the goal
position by (0,r). Both z, and r are assumed positive.
The robot/camera system admits the following simple
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Figure 1: Planar Robot/Camera System
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where = [ml To ZU3]I and z = [u1 Us u;;]'.
The pin-hole camera is able to sense both the robot and
the goal position. The corresponding measurements are
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respectively. Here, we assumed that the camera’s focal
length is equal to 1 and that its optical axis is aligned
with the second axis of the coordinate system. If this
was not the case, the above variables could still be com-
puted from the camera measurements.

The task is to move the robot to the goal position. This
is equivalent to driving x; to zero and z» to r, using
only the measurements y := [y, yg]l for feedback. To
accomplish this task we propose a controller that com-
bines logic with continuous dynamics. The resulting
closed-loop system is therefore hybrid (cf. surveys [2, 3]
and references therein). The motivation for this type
of control law comes from the fact that, as we shal-
1 see shortly, standard asymptotic stabilization of the
closed-loop system around an equilibrium point is not
possible.

The problem addressed in this paper falls under what
is often called wvisual servoing [4]. Although the use
of vision in the control of robotic manipulators was
proposed at least 20 years ago, only in the last few
years it has been possible to satisfy the computation-
al demands posed by the image processing it requires.
Once fairly reliable real-time image processing became
available, this field exhibited a large growth apparen-
t in the survey papers [5, 6]. Most visual-based con-
trol of robotic manipulators reported in the literature
employ a pair of cameras to resolve depth ambigui-
ty [7, 8,9, 10, 11, 12, 13]. In some cases a single cam-
era is used when the robot moves on a plane and the
optical center of the camera is placed away from that
plane [14, 15]. However, this type of planar configu-
ration does not suffer from depth ambiguity and the
camera measurements are sufficient to uniquely deter-
mine the Cartesian coordinates of the points seen in the
image space.

This paper is organized as follows. In Section 2 we
present some fundamental limitations in the design of
feedback controllers for robot positioning using a single
camera. We show that, when utilizing output-feedback
from a single camera, standard techniques based on
asymptotic stabilization of the closed loop to a equilib-
rium point will fail. This, in spite of the fact that the
system is observable through the single-camera mea-
surements. Section 3 describes a hybrid controller that
can be used to solve the visual servoing task and in
Section 4 we show that this controller is robust with re-
spect to hand/eye miscalibration. Concluding remarks
and directions for future research are given in Section 5.

2 Limitations on asymptotic stabilizability

One could be tempted to solve the problem formulated
above by linearizing the process (1)—(2) around some e-
quilibrium point z := [0 r a], a € R, and designing
a stabilizing controller for the linearized system. If this
were possible, the resulting controller would asymptot-
ically stabilize the closed-loop system (at least, locally)
and therefore drive z; to zero and zs to r. Howev-
er, this is not possible since the linearization of (1)—(2)
around Z, which is given by
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is not detectable. It turns out that this is a manifes-
tation of a more fundamental limitation on the class of
output-feedback controllers that asymptotically stabi-
lize (1)—(2).

Consider a n-dimensional dynamical system defined by

7= A(%,t), z eR". (3)
We say that a set G C R" is uniformly stable for the
system (3), if for every € > 0 there is some ¢ > 0 such
that, for any initial time t, > 0 and any initial state'
Z(tp) € R® with d(Z(tp),G) < 0, the solution to (3)
exists globally and d(Z(¢),G) < € for all t > ¢y [16].
Moreover, if d(Z(t),G) — 0 as t — co we say that G is
asymptotically stable.

We will see next that there is no output-feedback locally
Lipschitz controller

i=F(z,y,t), u=G(zyt), zeR', (4
that renders any set of the form
Go :={[0 r a 2] :zeR"}, (5)

with a € R, asymptotically stable for the closed-loop
system defined by (1), (2), and (4). This means that
there is no output-feedback locally Lipschitz controller
that is capable of driving the state of (1) to an equilib-
rium point of this system for which our task is achieved.
The following lemma, taken from [17], formalizes this
observation.

Lemma 1 There exists mo integer n and functions
F,G:R" x R? x [0,00) — R" that are locally Lipschitz
with respect to the first two arguments and continuous
with respect to the third one, for which the set G, de-
fined in (5) is uniformly asymptotically stable for the
closed-loop system defined by (1), (2), and (4).

LGiven a point v € R™ and a subset V of R, we denote the
distance from v to V by d(v, V), i.e., d(v,V) = infzey ||v — 7|



Remark 1 Although Lemma 1 was proved for finite
dimensional, time-varying, Lipschitz continuous con-
trollers, it can be generalized to much larger classes of
controllers. These include, e.g., infinite dimensional,
hybrid, discontinuous®, etc.

The difficulties in designing an output-feedback con-
troller presented before do not arise from the lack of
observability for the system (1)—(2). In fact, this sys-
tem is observable in that any two initial states can be
distinguished from each other by observing the output
over a finite time interval [18]. This is proved below.

Lemma 2 For every r > 0 the system (1)—~(2) is ob-
servable on R®. Moreover, there exists a constant input
which can be used to distinguish any two states and de-
termine the value of r by observing the output over a
finite time interval.

Proof: To prove this proposition it is sufficient to
find a constant input to the system (1)—(2) which allows
one to uniquely determine the initial state z(to), to > 0,
and the value of » > 0 by measuring the output y on
the finite interval [tg, to+ 7], T' > 0. One possible input
with this property is

U,l(t) =0, U,Q(t) =0, U,3(t) =1, te [to,to +T].

It is straightforward to show that, with this input, we
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from which z(t9) and r can be uniquely determined.
The value of z at the final time ¢y + T can also be

2When the conditions that guarantee uniqueness of solu-
tion are dropped, one needs to adapt the definition of stabil-
ity by demanding that all solutions satisfy the usual continu-
ity /convergence properties.

easily determined since

T (t() + T) = (t()), (10)
CEQ(tO + T) = HZQ(t()), (11)

We have seen that it is not possible to build a feedback
controller that asymptotically stabilizes the closed-loop
system to an equilibrium point [0 T a], a € R of
the process (1), i.e., to make the set G, asymptotically
stable. Fortunately, to accomplish the task at hand
this is not necessary since we do not require the camera
to converge to some pre-specified position. In fact, it
suffices to make z; converge to 0 and z» converge to r
or, to be more precise, to make the set

g::Uga:{[O r o« z’]I:ZE]R",aER},
a€ER
(13)

asymptotically stable. In the next section we construct
a controller that does precisely this. This controller will
not make x3 converge to an equilibrium value because
this would violate Lemma 1.

Remark 2 In the prove of Lemma 2, to recover x(to)
and r from the value of y in the interval [to,to + T, it
would be possibly to use only the initial and final values
of the output, namely y(to) and y(to + T). However,
using integrals of the output over the whole interval, we
obtain estimates for x(to) and r that are less sensitive
to measurement noise. This will become an issue below
when we use (6)—(9) to construct an output feedback
controller.

3 Hybrid controller

We have seen in Lemma 2 that it is possible to deter-
mine both the state z of the system and r by observing
the output over a finite interval, while a constant input
is applied to the system. A controller could then be
designed in the following way:

1. Apply the constant input and estimate the state
and r over an interval of length Tjoox > 0.

2. Apply an open-loop control that takes the system
from the estimated state to [0 r 0] in a finite
time Thove-

In an ideal situation, after the second step, the robot
would be precisely in the desired position. However,
this is unlikely to happen because of noise and unmod-
eled dynamics in the manipulator. To “robustify” this
algorithm we make this procedure iterative by adding
a third step
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The resulting controller is hybrid with a discrete state
variable o that takes two distinct values, one for each
step. The set where o takes values is called the discrete
state-space and we take it to be S := {“look”, “move” }.
This controller also requires five continuous states: a
variable 7 that will function as a timer to define the
transitions between the two discrete states and four
variables z1, 22, 23, 24 that will be used to keep track
of the integrals in (6)—(9) needed to estimate the s-
tate. Formally, the hybrid controller—which we denote
by Cg—is defined by the following rules:

e The controller is initialized with

o(0) = “look”,

7(0) = 0,
i€{1,2,3,4}.

e While o(t) = “look” we have

ul(t) = 07 u2(t) = 07 u?)(t) = ]->

and
T=1, s1=uy1(t), 2z =ty(t),
zz=y2(t),  Za = tya(t).
e While o(t) = “move” we have
T=1, z1 =0, 29 =0,
25 =0, 5 =0

and wui,us,u3 constant so that z will reach
[0 T 0]’ in an interval of length Tiove, start-
ing from the position estimated through (6)—(12).
The values of the integrals in (6)—(9) are obtained
directly from the z;.

e ¢ switches from “look” to “move” when 7 reaches
Tiook- At the same time 7 is reset to zero.

o switches from “move” to “look” when 7 reaches
Tmove. At the same time 7, and the z; are reset to
Zero.

It would be straightforward to express this hybrid sys-
tem, for example, in the formalism of [3]. However, the
simple description above is sufficient for our purposes.
We can now state the following:

Theorem 1 The hybrid closed-loop system, defined by
the dynamical process (1)—(2) and the hybrid controller
Ch, renders the set G in (13) asymptotically stable®.

3There is some abuse of notation here since set stability was
define for dynamical systems but we are using it now for a hybrid
system. However, the extension is straightforward.

This theorem is a simple consequence of the fact that,
while the controller is in the “look” discrete state, both
z1 and z2 remain unchanged, and when the controller
switches to the “move” discrete state, (z1,z2) go to
(0,r) along a straight line. This means that the dis-
tance from the state to G never increases and actu-
ally converges to zero in finite time (at least in the
idealized situation addresses in this section). Figure 2
shows the evolution of the closed-loop system for r =1,
Tiook = 1/27 and Tmove = 2.
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Figure 2: Closed-loop response with the hybrid controller.

4 Robustness with respect to hand/eye
miscalibration

Theorem 1 assumes that there is no noise and the cali-
bration between the robot (hand) and the camera (eye)
is perfect. In practice, this will never be exactly true.
We now analyze the effect of miscalibration between the
robot and the camera in the stability of the closed-loop
system.

When the coordinate systems of the robot and the cam-
era are not perfectly aligned, the velocity commands u
and us sent to the robot will make it move along a di-
rection different than the one expected. In this case,
the process dynamics (1) must be replaced by

E12 = w12 + A(u12), T3 = us, (14)
where T12 = [1’1 1’2]1, Ui = [Ul Ug]l, and A :
R? — R? denotes a possibly nonlinear function that
models the miscalibration. We assume that the mis-
calibration does not introduces bias and therefore that
A(0) =0.

Suppose that at time ¢,, > 0 the robot starts the “look”
phase. During this whole phase, no velocity commands
are sent to the robot and therefore

z12(tn + Tiook) = T12(tn)-

Moreover, since A plays no role here, the estimation of
the state is still accurate. During the “move” phase,
the controller will send to the robot a constant velocity
of
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U12(t) =

(=Z12(tn)),

Tmove
vVt € (tn + Tlook: tn + Tlook + Tmove)a
where T12 = %12 — [0 r]', to make it move to the

position (0,r). However, due to the miscalibration, we
have that

le(tn + Tiook + Tmove) = le(tn)

tn+Took+Tmove 1
+ / < - Z12(tn)
t

w4 Tiook Tinove

1

Tmove

+ A( - 5;12(tn))> dt,

and therefore

- 1
le(tn + Tiook + Tmove) = TmoveA <_ le(tn)> .
move
(15)
Suppose now that
A
18@0 _
zerz 2]l
and therefore that
1
[moved (Criz?)|
sup = sup =y<1
-€R? Kl zerz |2l

Because of (15) we then obtain

||j12(tn + iTlook + Tmove)H S 7||5712(tn)||

Iterating the above inequality, one concludes that &
converges to zero exponentially fast as time goes to in-
finity. The following was proved.

Theorem 2 The hybrid closed-loop system, defined by
the miscalibrated dynamical process (14), (2) and the
hybrid controller Cy, renders the set G in (13) asymp-
totically stable, provided that

NG

<1
erz 2l

Figure 3 shows the evolution of the closed-loop sys-
tem (14), (2) with the hybrid controller Cp, for r =
1, Tlook_ = 1/25 Tmove = 2, and A = Ipyy —
[cos —sinfTTL1 O with 6 := 20 degrees. Figure 4
shows a similar simulation but with the camera mea-

surements corrupted by white noise.

5 Conclusions

In this paper we propose a hybrid controller to drive
the position of a point-robot to a goal point, using
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Figure 3: Closed-loop response of the miscalibrated sys-
tem without noise.
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Figure 4: Closed-loop response of the miscalibrated sys-
tem with measurement noise.

measurements provided by a single camera. Under this
controller the position of the camera does not converge
asymptotically. This is shown to be necessary for the
system at hand.

We provide a stability analysis for the hybrid closed-
loop system when there is miscalibration between the
robot and the camera. We are in the process of al-
so analyzing the robustness of the system with respect
to noise and other types of unmodeled dynamics, e.g.,
miscalibration in the intrinsic parameters of the cam-
era. Extensions of the results here to three dimensions
and to a dynamical model for the robot seem straight-
forward.
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