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Abstract

We consider a class of single-input single-output stochas-
tic nonlinear systems in strict-feedback form with a risk-
sensitive cost criterion and with only the output of the sys-
tem being available for feedback. We design an output-
feedback controller under which the closed-loop signals
maintain an arbitrarily small average risk-sensitive cost.
Moreover, all closed-loop signals remain bounded in prob-
ability, and under certain conditions we obtain asymptotic
stability in probability.

Keywords: Stochastic adaptive control, strict-feedback sys-
tems, risk-sensitive identification.

1 Introduction

A recent research topic has been the design of feedback con-
trol laws to achieve stabilization or tracking for nonlinear
systems where the additive uncertainties are random. In
the literature, the most common mathematical model used
for such systems consists of a set of stochastic differential
equations interpreted in the 1td sense; see [7]. The design
techniques available for robust control of nonlinear deter-
ministic systems cannot necessarily be used for stochastic
systems, mainly because of the presence of the the extra
quadratic variation terms resulting from the 1t6 differenti-
ation rule (see [6]). Moreover, different notions of stability
and performance indices need to be used to determine the
usefulness of the feedback controllers in a stochastic setup.
The most natural stochastic counterparts of the ‘determin-
istic’ concepts such as boundedness and (asymptotic) sta-
bility can be found in [3], whereas a more recent concept
“noise-to-state stability”, where the word “noise” refers to
the intensity of the additive random noise, can be found in
the recent book [4], which has several chapters on stabiliza-
tion of stochastic nonlinear systems. Again, in the context of
noise-to-state stability, the papers [1] and [2] have developed
adaptive controllers, equipped with state and output infor-
mation respectively, for stochastic strict feedback systems,
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where the adaptive nature of the controllers is related to the
unknown intensity of the additive random disturbances. A
concept more relevant to our work, however, is the “risk-
sensitive cost criterion” in which not only the mean value
but also the variance of an integral cost is penalized; see [11]
and [8] in the linear context. In the nonlinear context, we
cite [9] as the key reference that has presented a control de-
sign with full state measurements that results in closed-loop
signals achieving an arbitrarily small average risk-sensitive
cost. In this paper, we extend the results of [9] to the case
where only output is available for feedback. By employ-
ing the backstepping design technique on the output and the
estimates of the unmeasured states, we develop an output
feedback controller that guarantees an arbitrarily small aver-
age risk-sensitive cost. Furthermore, the controller achieves
boundedness of the closed-loop signals (in probability), and
asymptotic regulation of the closed-loop signals (again in
probability) under certain conditions, which are delineated
in the paper.

Finally, we should stress that since we deal with a stochastic
nonlinear output-feedback control problem (under an ex-
ponential cost criterion), there is no separation result that
would apply here. Therefore, an optimum risk-sensitive
controller where the cost function contains a priori fixed
weights on the states and the control action does not seem to
be within reach. In fact, such an optimum controller could
be infinite-dimensional. Our approach leads to a subopti-
mal yet computable finite-dimensional output-feedback con-
troller. In our risk-sensitive cost, there is almost total free-
dom in choosing the weights on the state variables, and the
level of the average risk-sensitive cost that can be achieved.
We do not include, however, a cost on the control action,
as is the case in many backstepping designs, and as a re-
sult the controller could be a high-gain one especially when
the state variables are heavily penalized and a small average
risk-sensitive cost is aimed. Therefore, the designer should
choose the parameters, such as the design functions and the
average risk-sensitive cost, judiciously to trade off between
a good transient response of the states and the control action.

In the sequel, we first introduce some notation that is used
throughout the paper; see Section 2. Then, in Section 3,
we define our objectives in more precise terms. Following
this, we introduce, in Section 4, the estimator used in the



paper. In Section 5, we present the controller design steps
with output measurements, which use the estimator of Sec-
tion 4. In Section 6, some simulation results are included
to demonstrate the effectiveness of the proposed control de-
sign. Finally, the paper ends with the concluding remarks of
Section 7.

2 Notation and Ter minology

e For any positive integer m, R ™ denotes the m dimen-
sional Euclidean space.

e |.| denotes the standard Euclidean norm.

o Xj = [X1,...,%]T, where x; is a scalar V] € {1,...,i},
and the notational artifact x(q is ignored.

e Tr[.] denotes the trace of a square matrix.

e Omxn denotes a matrix of dimension mx n, with all
entries zero.

e |y, denotes the m-dimensional identity matrix.

¢ A continuous function f(X) : [0,0) — [0,) is said to
be class K if f is increasing and f(0) = 0.

e A function f(x) : R"+ [0,e) is said to be positive
definite if f(Onx1) =0and x# Onx1 = f(X) > 0.
3 Problem Formulation

We start with a strict-feedback nonlinear system described
by the following It differential equations:

dx = Dipatfi(y)ldt+h (y)dw i=1,..,n—1
dx, = [b(y)u+ fa(y)ldt +hl (y)dw (1)
y = X

where X 1= [xl,...,xn]T is the n-dimensional state vector, u
is the scalar control input, y is the scalar output, w is the
R 9-valued standard Wiener process, and the initial condi-
tion x(0) is fixed. The nonlinear functions f;, hj, b, and 1/b
are known, and sufficiently smooth. Our goal is to design an
output-feedback controller such that the closed-loop signals
are bounded in probability, and the following risk-sensitive
performance inequality holds:

%InEexp [S/OT[yz+l(t,x)]dt]
<7(x(0),X(0) = %) +RT, VT >0 (2

where 6 > 0 is an arbitrary risk-sensitivity parameter, R >
0 is an arbitrary constant representing the average risk-
sensitive cost, 1(t,x) > 0 is some weight function, v(.,.)
is some positive definite function, and X, is an initial esti-
mate for x(0). We further require that when h;(0) = Oqgx1,
Vi € {1,..,n}, Rcould be picked as zero and the closed-loop

signals asymptotically approach origin in probability. Al-
though we will not be able to pick the weight function I (t, x)
arbitrarily, the design procedure will give us a great deal of
flexibility in shaping this function. We finally make the fol-
lowing assumptions, which are required to hold throughout
the paper.

Assumption 1. f;(0) =0, Vi € {1,...,n}.

Assumption 2. D(y)D(y)" < Mpl, (in the matrix sense) for
some Mp > 0, Yy € R, where D(y) := [hy(y), ..., hn(Y)]".

The first assumption is made to ensure that the origin is the
equilibrium point of the system in the absence of random
noise, whereas the second technical assumption is necessary
to bound the variance of the filtering error by appropriate
terms, which will be clear later.

4 The Estimator

Since [Xg,..., X" is not measured, it has to be estimated us-
ing the available on-line information. For this purpose, we
rewrite the plant dynamics (1) as:

dx = [Ax+F(y)+B(y)udt+Ddw
y = C'x
where
f1(y)
On-1x1  In-1 :
{ O1x1 O1xn-1 ]’ : ’

fn(y)

_ On—1x1 _ T

B = [ b(y) ],C— [101xn-1] -

To estimate the unmeasured states, we introduce the follow-
ing estimator, which also generates for convenience an esti-
mate for the measured state x;

0k = [AR+F(y)+Byu kiy C'Rldt, (3

%(0) = Xo.

We first note that the gain vector k := [Kq,...,ka]" can be
picked in such a way that there exists a positive definite ma-
trix P that satisfies the following generalized algebraic Ric-
cati inequality:

0
PA) + Al P+ 5 (N+1)MpPP < —(2+n)l,

where Ay := A+kCT. Let k be such a vector. Then, the
estimation error X, defined as X := x — X, satisfies:

dX = ApXdt+ Ddw.



For future reference, we introduce W := T'X" PX/2, where
we pick T" as

f::min{l,#

PD(0)DT(0) } if Tr[PD(0)D"(0)] >0,

and as T := 1 otherwise. The 1td differential of W satisfies:

N =1

dW = = [{ (PAg + AJ P)Xdlt -+ 25" PDdw + Tr[PDD" |dt]
< —T(1+n/2)|%?dt + X' PDdw

—%(n%— 1)6MpX" PPXdt + (R/2n)dt + X Dy dt

where the positive valued function y,(x1) is such that
Tr[PD(x)D(x1)"] < 2Tr[PD(0)DT (0)] + 2X§ W (X1)-

We note that the estimator (3) is not the only choice to
achieve our objective (2). In fact, to achieve the same ob-
jective (2), we can use a state estimator which itself is risk-
sensitive optimal (but more complex than (3)) or a reduced-
order estimator whose order is one less than that of (3).
Nonetheless, we will prefer the full-order estimator (3) be-
cause of its simplicity, and construct, in the next section, an
output-feedback controller which will use the state estimates
generated by (3).

5 Controller Design

In this section, we present design steps of an output-
feedback controller that achieves an arbitrarily small posi-
tive average risk-sensitive cost for plant (1), by employing
the backstepping design methodology.

Sep 1. We start by defining z; := x1, whose 1td differential
is
dz; = (xp + f1)dt +h] dw (4)

where the functions with an over-bar symbol denote the
equivalents of those without an over-bar symbol in terms of
the new variable z;. This notation will be used throughout
to denote the equivalent forms of the functions in terms of
Z,...,Zn. We write (4) as:

dz; = (R +r1 + p; X)dt + s dw
where
r(z):= fi(z1), pr:=[0,1,0,..,0]", s1(z1) :=hy(z1).

We next introduce V; := F12§/2, where we pick I'y as T'; =
R/(2n|s1(0)[?), if |s1(0)|? > 0, and as 'y = 1 otherwise. The
1t6 differential of V; satisfies:

1\81\2

avi = Flzl[(>"<2+r1+pI>?)dt+sIdw] dt

N

INziXe+r1+Tzlp |2/(21:)_+ Zlle]dt
+T1z18] dw+ (R/(2n))dt + (T|%%/2)dt ~ (5)

where the inequality in (5) follows from the fact that the
function |s;|2 can be bounded as: |s1]? < 2|s1(0)|2 + 2Zy1y
for some smooth function y1y(z) > 0. We now define the
error term 2z, between X, and its desired value, —ai1(z1), as:
2 =R+ a1 (z1), where

Tiz1|pyf? z \lfhv
o +Z1yY1vt+ ———

+(n+ 1)9r121|81|2/4+ (]31 + 1)21/1"1, and

oy = I+ —l—(n—l)Z]_/F]_

B1(z1) > 0 is some design function. With this, we can write
(5) in terms of 2 as:

dvi < —Z(1+Tyn)dt+T1z[(z— (n—1)z/Ty
—Blzl/l"l — (n+ 1)61“121|01\2/4)dt + GIdW]
+(R/(2n))dt + (T[|?/2)dt

where 61(z) := s1(z1), which completes the first step.

Sep 2: The It6 differential of z is

- . 0
dzz = (Re+ f—kCTR)dt+ %[(ZZ —o+n
+pI>~<)dt+sIdw]+—M\Sl|2dt

2 07

which could be written as:

dz; = (R +r2 + prK)dt + s dw (6)
where
doy 1 9%,
I’z(Z[Z]) = f2+a—[ — o +rg+ 2 22|Sl|2
1
Ja. doiy
m(z) = —sz+a—lep1, 2(2) =g, .

Since 5;(z) is a smooth function, we can find a smooth
function yay(z1) > 0 such that |]? < 2/,(0)|? + 22y
Let us now define the positive definite function V; :=V; +
E,25/2 where Z5(z;) := T3 /(1 +Toway(z1)), and T2 > 0 is
picked as T, = R/(2n|s,(0) ?), if |s2(0)|> > 0,and as T, = 1
otherwise. The 1t0 differential of \% satisfies:

dV, = dVi+E22[(Rs+ 12+ Py R)dt + sy dw]
3=
+§a_2[(22—(x1+r1+plx)dH—sldW] (7)
d
= |dt+f7|81|2dt+22 sl st

4 0z
dvy +5222[(X3 + my)dt + oF dw]
+(T[%2/2)dt + Zdt + (R/(2n))dlt ®)

IN



> 02

mp(zy) = 25, 8—2(22—061+f1)

Zg a =y 2 1 8_2

Z% Ist| +_ 9z 5152

2} 205, |°

ToE,r Bt 5 5 P
. V2) aEz
02(2[2}) = 2=, 071

We define the error term zz between X3 and its desired value,
—02(2Z)), as: 23 1= X3+ 012(Z)), where

Oy = NMp—Npy+ (n+ 1)95222|(52|2/4

E5mbe2e

+(B222 + (n — 2)22 + 2R/n

+T121) /2o,

Mo := Mp(02x1), and B2(z3)) > 0 is some design function.
We should mention that the term Myo on the right-hand-side
of the definition of o, above is included to cancel out the
bias, so as to make the origin an equilibrium point of the
closed-loop system in the absence of random noise. With
this, we can write (8) in terms of z; as:

_ 2
~Z(1+ Tyn)dt + Zo 2250t + Y [(—BiZ
i=1
—(n+1)2262Z|ci|%/4)dt + Eiz o] dw]
+20(%[2/2)dt — (n— 2)[z |dt
+(3R/(2n))dt

dv, <

where Z; := I'7, which completes the second step.

Sep k (k=3,...,n—1):
from the previous step:

Assume the following structure

z1 = X, andz =%+ 0 1(Zj_y)) such that
®i-1(Zj—1) =0i-1x1) =0, 1=2,...,k
dz = (zp1—oi+ri+p%)dt+s dw,
i=1,..k 1
k-1
Vicr = Y Eiz/2 suchthat Zi(z_y) >0 isa

i=1
smooth function i =1,...,k—1
dVi1 = [722(1+F\Tfhv) + Ek-_1Z—1zdt

+2[ ((N+1)0E2(ci|2/4 + Bi)Zdlt

+zEio] dw] + (k—1)(T|%)%/2)dt
—(n—k+1)[zx_q/°dt + (R(k—3/2)/n)dt

From this, we obtain the 1t0 differential of z as:

3k1

dzc = (Re1+ fk—kCTS) dH—Z pE [(Zis1
—0 + 1 + P X)dt + 5 dw]
l a Olk—1 T
+ Y S sjdt
2| et koty 9707
which can be written as:
Az = (Rs1+ M+ PER)E + S dw 9)
where
_ k— laa
(zy) = fk+2 ak l[z.+1 o + 1]
-1 94
1 aZO(k,
+5 ) .az.l siT j
i7j€{17 7k71} Z| J
L ooy
Pk(Zx-1) = —kaJrZ = 1I0n
19a
S(Zk-1) = z s

Since s«(zx_y)) is a smooth function, it can be bounded
as [s|? < 2[s(0)]% + 2|y [*Wiv, Where Wiy(zx_1j) > 0
is also a smooth function. Let us now define the positive
definite function Vy := Vk_1 + Ekzﬁ/Z where Ex(Z_1)) =
/(1 + Tkwi(Zk-1))), and Tk > 0 is picked as T'x =
R/(2n|s¢(0)]?), if |s(0)|?> > 0, and as Tk = 1 otherwise. The
10 differential of \ satisfies:

dVik = dVk 1+ Ekz|(Res1 -+ e+ peX)dt 4 spdw]
ZE k— la—

D P K[(@is1 — 0 +1i + pl R)clt

i=1

= 2 k— 18—
+s' dw] + k|sk| dt+zkz s1 T scdt
% PEk 1
+= ¥ 5 sjdt
4 ek 070z,
< dVie1 + Bz (R 1 + M) dt + oy dw]
+(TI%|?/2)dt + |zg_q|*dt + (R/(2n))dt (10)
where
k-1
Z 0=k
z = Ikt o= o+
M(zy) K Z:ki:zi o (Ziy1—0i+T19)
Z 82-—k T
+= § Sj
4~k| el k—1} aZ,aZJ
k— 18 K
= =k T
+ < & 3z =5
19z, [
Zk uk
=N ) 2
klo=
oW(z) = Kt e >0



We define the error term z, 1 between X1 and its desired
value, —ock(z[k}), as: Z1 i= Xkr1 + ock(z[k]), where

ox = M— m(o+(n+1)65kz;<\ck\2/4+[3kzk/5k(11)
+((n k) + Z¢mio/ (2(R/N)))Z+ Ek-12-1
k

[1]

Mo = Mk(Okx1), and Bk(zy) > 0 is some design function.
With this, we can write (10) in terms of z ; as:

dVik < —Z(1+Tyn)dt + Ezzig 1 dt
K
+ Y [(—BiZ — (n+1)E70Z|ci|?/4)dt
i—1

+Eizo] dw + [KTIR2/2 — (n— K[z At
+((k—1/2)R/n)ct.

Since all of the relevant definitions and results of Step k are
consistent with the induction hypothesis, we conclude that
the induction hypothesis holds true for all k € {1,...,n—1}.

Step n: We note that the results of Step k hold true also for
k= nif we set X1 = bu, where u s the actual control input.
Thus, we can make z,,1 = 0, by picking the control input as:

~ On(Zn)
b(z1)

where oy, is obtained by setting k = n in (11). Thus, the
control input (12) renders the 1td differential of the smooth
positive definite function V = X' | 5z /2 +W, where W is
as defined in the previous section, as:

(12)

n —
dv < —Zdt— BiZdt—T|%°dt + Rdt
i=1
n -
+| > Eizo! +TKPD| dw
i=1

_(n+1)6
4

2 22|0i)? + TMpX" PPX] dt
i=1

n -
< —Zdt- Y BiZdt—T|X%dt+o' dw
i=1
—(6|c]?)/4dt + Rdt (13)

where ¢ := Y ; Eizoi + I'DTPX It is straight-forward
to show that hj(0) = Ogx1, Vi € {1,..,n} = |s(0)|%, Vi €
{1,..,n}, and if this is the case R could be chosen exactly
equal to zero to achieve a zero average risk-sensitive cost.
This now brings us to the following result, using a relation-
ship established in [9] between (13) and risk-sensitive cost.

Theorem 1. Consider the nonlinear system described by (1)
under Assumptions 1 and 2, and pick the design functions

Bi such that they are uniformly bounded away from zero,
i.e, Bi > ks Vie {1,...,n} for some ks > 0, Then, for any
given risk-sensitivity parameter 8 > 0 and desired average
risk-sensitive cost R > 0 (which could be chosen as zero,
i.e, R=0, when hj(0) = 0qx1, Vi € {1,..,n}), the designed
controller (12) achieves:

n

T _
T) +/0 Z+ BiZ +T|%?]dt

2 0
—InE = |V
g INEexp 2 2,

<V(0)+RT, VT >0.

2. The closed-loop signals are bounded in probability, i.e.,
limsupP {|&(t)| > c} =0,
Jim supP {[£(t)| > c}

where

Et) :=[21(t), ey Zn(t), Ka (1), o, Kn(D)] T

3. If hi(0) = Ogx1, Vi € {1,..,n}, then the equilibrium point
& = Oanx1 of the closed-loop systemis globally and asymp-
totically stable, i.e., Ve > 0 there exists a class K function
v(.) such that

PLE® <(&O))} > 1—¢, Vt>0, VE(0) R,

and P {IIL@O|§(t)| - o} ~1.

Proof. From (13), we write: VT >0,
T n -
D+ [ B+ 3B+ D%
i=1
T o T
<V(0)+RT +/ o dw— —/ o2,
0 4 Jo
This implies:

2 0
—InEexp- |V(T
g NEexp - (

"2+ B2+ TR
)+A[1+§ﬁ-+|m]ﬂ

2 L 0 [T
flnEexp /cdwff/ |o|-dt
0 0 4 Jo

+V(0) +RT,

for all T > 0. From Theorem 11 in the Appendix of [9], we
conclude that

or/T +. O[T ,
Eexp / odwa/ o2dt| <1, VT >0
0 0

which proves the first part. The second and third parts di-
rectly follow from Theorem 5 of [9] and Theorem 3.2 of [4],
respectively.



6 An lllustrative Example

To illustrate the results of Section 5, a second-order system
of the form (1) is considered, where:

fi = X, fp=xc0s(x), b=1
hy [2x1/(1+x2),0]T, hp = [2tanh(x.),2sin(x1)] "

The design parameters are picked as: p; = 0.01, B, = 0.01,
and k = [-3,-2]". To illustrate the effect of the risk-
sensitivity parameter, the simulation is performed for two
different values of 6: 6 =0 and 6 = 1.5. Figures 1 and 2
show the sample paths of the states and the control action
under the same random disturbance for 6 = 0 and 6 = 1.5,
respectively. Clearly, in both cases, the controller asymptot-
ically stabilizes the system. In the risk-sensitive case, i.e.,
6 = 1.5, the controller becomes a high gain controller and
the state variables experience less fluctuations than the ones
in the risk-neutral case, i.e., © = 0. This illustrates the trade-
off between the transient performance of the system and the
available control action via the risk-sensitivity parameter 6.

(@)

5
(b)

Figure2: (8 =1.5): (a) x1(t), x2(t) (b) u(t).

7 Conclusions

We have presented an output-feedback controller design for
stochastic strict-feedback systems. The controller design
procedure involves the estimation of unmeasured states, the
backstepping design methodology, and the use of radially
unbounded functions. The resulting controller achieves an
arbitrarily small average risk-sensitive cost at the expense
of increased control effort, as stated in Theorem 1. Also,
the closed-loop signals remain bounded in probability, and
if the functions multiplying the noise terms vanish at the
origin, then the closed-loop signals asymptotically converge
to zero (again in probability). The paper has also included
some simulation results to numerically demonstrate the ef-
fectiveness of the proposed controller. One extension of this
work would be to obtain the counterparts of these results for
the case where the system model includes additional linearly
parameterized uncertainty.
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