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Abstract

We deal with nonlinear dynamical systems, consisting
of a linear nominal part perturbed by model uncertain-
ties, nonlinearities and both additive and multiplicative
random noise, modeled as a Wiener process. In par-
ticular, we study the problem of finding suitable mea-
surement feedback control laws such that the resulting
closed-loop system is stable in some probabilistic sense
and a given cost functional is minimized. We give a
Lyapunov—based separation result which splits the con-
trol design into a state feedback problem and a filtering
problem.

1 Introduction

According to the existing literature ([15], [16], [11], [12],
[13]; see also the textbooks [8] and [14]), by stability is
usually meant that

e the probability that the trajectory, stemming
from zq, leaves an e-ball around the origin goes
to zero as xg tends to the origin

e the trajectory, stemming from x(, goes asymptot-
ically to zero almost surely.

This stability, usually known as stability in probabil-
ity, is either local or global according to whether
Zo is in some (small) neighbourhood of the origin or,
respectively, it is any point of the state space. In [8]
Lyapunov—based conditions are given for guaranteeing
stability in probability and require the solution of par-
tial differential inequalities (PDI’s). In [10]and [12] it
has been proved that a step—by—step algorithm (back-
stepping) can be successfully implemented for solving
globally these PDI’s, whenever the state is available for
feedback, while in [11] for a class of systems with out-
put nonlinearities the problem of global output feed-
back stabilization in probability is solved. For deter-
ministic systems, the complexity and the conditions for
solving these PDI’s can be weakened by relaxing the
stability requirements of the closed—loop system. In
a deterministic setting semiglobal stabilization was in-
troduced in [3]and requires a local asymptotic stability

of the closed—loop system plus a region of attraction
containing any a priori given compact set of the state
space. The basic ingredients for achieving semiglobal
stability via output feedback are control saturations and
high—gain observers ([5], [7]): large values of the ob-
server gain guarantee that the error between the state
and its estimate, generated by the observer itself, goes
to zero “sufficiently fast”, while input saturations rule
out destabilizing effects such as peaking ([4]), which is
a phenomenon occurring when one is trying to force
some state variables to zero as fast as possible causing
an impulsive-like behaviour of some others.

A first objective of our paper is to extend the notion of
semiglobal stabilization to the following class of nonlin-
ear stochastic systems

& = Az+ Byu+ B1®(t,u,x) + H(t, z)w
Cox + C10(t,u,x) + K(t,x)w (1)

where w € IR® is a Wiener process, u € IR™ is the con-
trol, z € IR" is the state, y € IRP are the measurements
and ® € IR" are model uncertainties and nonlinearities
(in section 2 we will make precise in which sense @ and
w are meant). Moreover, we will consider families of
admissible controllers

= n(F(k)o)
= L(k)o(k) + Bau+ G(k)y,

for k € IR™ and for some matrices F'(k), L(k) and G(k)
and a CY function n : IR™ — IR™, linear near the origin.
This is a reasonable structure for the controller since
near the origin (1) behaves as its own linearization.

oceR" (2)

As a second step, we define our optimality and robust-
ness criteria. First, we give a set of admissibility con-
straints, which impose precise characteristics to ®, H
and 7, generally satisfied under mild assumptions. As
it will be clear, these constraints lead to an optimal
controller (2) in which

u = F(k)o

» = Lko(k) + Bau+ Gy, o€ R (3)

is a worst—case linear controller for the nominal system.



The optimality criteria are formulated in terms of
achieving either a guaranteed value or the minimum
value of some cost functionals, according to whether
multiplicative or additive noise is taken into account.
These functionals penalize the “distance” from a refer-
ence situation for which the worst—case linear controller
(3) is designed and in the linear case they reduce to
a standard quadratic cost (see [13]and [14]for compar-
isons with other inverse optimal schemes for determin-
istic and stochastic nonlinear systems).

As a counterpart of the deterministic case studied in [1],
we show that the problem of finding a stabilizing opti-
mal controller can be split into two lower dimensional
problems: one is related to the case in which the state x
is available for feedback and the other to the possibility
of constructing an observer for estimating the state x.

2 Notations and basic notions

First, we give some notations extensively used through-
out the paper.

e by SP" (resp. SN™) we denote the set of n x n
positive (resp. negative) definite symmetric ma-
trices; by SSP" we denote the set of nxn positive
semidefinite symmetric matrices; IR* denotes the
set of positive real numbers and IRZ the set of
nonnegative real numbers;

e for any given set S, we denote by S its closure
and by S its boundary; moreover, given 6 > 0
and a set S, by é—neighbourhood of S we denote
the set S5 = {2z : infyes ||z — y|| < 6}

e for any sequence of sets {Sg}, liminfy o Sp =
Upey Nisk S; and lim supy,_, o, Sk = N2y Uisk S;.
It is easy to see that if liminfg_ .. Sg D V then
there exists k° such that Sy O V for all k& > k°.
Similarly, if limsup,,_, ., Sk C V then there exists
k° such that S, CV for all k > k°.

In the remaining part of this section, we shortly re-
call some notions of stochastic processes, referring the
reader for the basic concepts to standard textbooks
([18]). We assume that the reader is familiar with
the basic notions of probability theory and stochas-
tic processes {z:,t € IR} on a given probability space
(Q,F,P). We denote by E{-} the expectation.

By a stochastic differential equation we mean the fol-
lowing equation

dre = f(ae, t)dt + g(a, t)dwy (4)

with initial condition z;, = T, where {ws,t € IR} is a
Wiener process. The solution {z;,t € IR}, whenever it
exists, is a Markov process satisfying

t t
si=aiy+ [ fans)is+ [ glewsdw,  (5)
to

to

almost surely (a.s.). The last integral, whenever it is
well-defined, is called Ito integral. It is well-known that
if f(s,t) and g(s,t) are locally Lipschitz functions on
the domain B x [tg, T], with B a compact set containing
T, then there exists an a.s. unique stochastic process
x4, sample continuous and satisfying (5) on [to, 78.7(t)],
where 73 7(t) = min(t, 78.7), 78,7 = min{7,T} and
71 is the stopping time defined as the first time at which
x¢ reaches the boundary of B ([18]).

For any given process n; we will use 1 instead of dn;.
Accordingly, we denote the stochastic equation (4) by

&(t) = f(z(t),t) + g(x(t), t)u(t) (6)

and by x (¢, tg, T) its solution (5) at time ¢ starting from
.

Given a C? function V : IR" — IR, define

LV((0).1) = T (@) (D). 1)

2
ST (0,05 % (w()ge(0).0) (1)

where z(t) satisfies (6).

Proposition 2.1 [8] Let T € B a.s. The solution x(t)
of (6) satisfies on [to, 78,1 (t)] the following equation

8,7 (t)
B{V (2(75,7(1), 0, 7))}~V () = B / LV (a(s))ds }
° (8)

3 Problem formulation

Let us consider nonlinear stochastic systems X of the
form (1), where z(t) € IR"™, u(t) € R™, y(t) € IRP, w(t)
is an s—dimensional Wiener process and ® € IR" repre-
sents model uncertainties and nonlinearities. Moreover,
for each sequence of real positive extended numbers
{A(k)}, with k € R", we define the class of candidate
controllers {C(k)}

w = n(F(k)o)

= L(k)o(k) + Bau+ G(k)y, o€ R" (9)

with
1
L(k)=A+ 72—(k)BlBlTPSF(k) —G(k)Oy  (10)

for some sequences of matrices {F'(k)} and {G(k)}, pos-
itive numbers {y(k)} and symmetric positive definite
matrices{ Psr(k)} and n : R™ — IR™ is any C° func-
tion such that

[n(s)ll < A(k), Vs (11)
n(s) =s, sl < so (12)



for some sg > 0. In other words, any candidate con-
troller is the composition of a linear controller with a
static nonlinearity n, which is bounded by A(k) (un-
bounded if A(k) = oco) and it is the identity function
near the origin. While n is designed in such a way to
counteract the destabilizing effects due to large values
of G(k) (peaking), A(k) accounts for possible limita-
tions on the control u (as an example, saturations of
the control actuators).

For the analysis of stability of the closed—loop system
(1)—(9), we also define a class of candidate Lyapunov
functions {V}

Vi(z,0) =

2155 1y + 0l = ol 1)) (13)

where {P,,(k)} is a sequence in SP" and ¢ : IRZ —
IR is any (at least) C2, positive definite and proper
function such that

02 )
S8 <0< () <1 (14)

for all s > 0. Conditions (14) imply that over any com-
pact set containing the origin any candidate Lyapunov
function is bounded from below and above by a quadratic
function and are is instrumental in enlarging the region
of attraction of the closed—loop system.

Next, we define some admissibility constraints for the
noise coefficients H and K and for the uncertainty term
®. For, define the following compact sets

Q) = {eeR: [l o <k}
Usay = {ueR™:|ul <AR)}  (15)

Let {E(k)}, {Ri(k)} and {ci(k)} be sequences in
SSP™, SP™ and IRZ, respectively. Define

Pl(tvuvmaevk) = ﬁl(t,u,%e,k)
1 T
5 )_72—(]{) Bl PSF(I{')LU

o T

— By — P,

Js s:||e\|2pm(k)( 1= Gk }H
Put,u,z,e,k) = =7 (B)|B(t w, ) | + [|2] 5
HlullZ, ) + c1(k) (16)

and let F(k) be the class of C° functions ® : IR x IR™ x
IR" — IR" such that P;i(t,u,z,e, k) > 0 for all ¢t > 0,
u € Uny, € k) and e € IR".

Let {ﬁ](k)}, j=1,...,s, be a sequence in IR™*™ and
{ca(k)} a sequence in IR=. Define

Pg(t,’ll/,df,e, k) =

+> a"H] (k
j=1

—Tr{H” (t,2)Psr(k)H(t,x))}

)Psp (k) H;(k)x + ca(k) (17)

Note that P, penalizes the distance of
Tr{HT (t,2)Psr(k)H(t,7))} from a sum of quadratic

functions.

Let H(k) be the class of C° functions H : IR x IR" —
IR™** such that Pa(t,u,z,e,k) >0, for all t > 0, u €
Uk, © € Q(k) and e € IR™. Since Q(k) and Un ) are
compact sets, the admissibility constraints on ﬁl and
Py can be always met whenever ® and H are locally
Lipschitz, uniformly w.r.t. ¢.

Let {Qm(k)} and {c3(k)} be sequences in SP™ and IR~
respectively and let
M(t,x, k) = H(t,z)— G(k)K(t, x) (18)

Define K (k) and D(k) as the class of C° functions K :
IR x IR™ — IRP*® and, respectively, the class of pairs
of C° functions n : R™ — IR™ and ¢ : RZ — IR
satisfying (11), (12) and (14) and such that

Ps(t,u,z,e,k) = —|In(F(k)(z — e)) = F(k)x|%,
H|@ Gy + c3(k)
9

2 2
3s ls= eI, [ Reli, g + el o

_Tr{MT(t,x,k)Pm(k)M(t,x,k))}} >0
(19)

for all (z,e) € (k) x IR™)\(0,0) and Ps(t,u,xz,e, k)
s lower bounded by a quadratic positive definite func-
tion of x and e near the origin. This assumption implies
that the argument of the cost functionals we define later
is locally lower bounded by a quadratic positive definite
function of x and e (up to constant terms). The func-
tion 7 is typically designed for avoiding the peaking
phenomenon while ¢ is instrumental in enlarging the
region of attraction of the closed—loop system.

Finally, let

1 Jyp
7) t7 .z, ’k; = -
1(t,u, e, k) v2(k) Os s=llell3,
8<p ! 2
10 -5 (B = GR)C1)" P (e

s=llell?,

HIGT (R P (B)el2, ) o7 |

8290 T 2
- M7 (t, 2, k) P (K)e| (20)

D52 ell2,
for some sequence {Ry(k)} in SP? such that Ry(k) >
C1CY. Note that, by (14), (20) is nonnegative for all
e € IR™ and if C;C] is nonsingular then we can take
directly Ry(k) = C1CT. Note also that P4 penalizes
the distance from the situation for which ¢ is linear (i.e.
quadratic Lyapunov functions) and Ra(k) = C1CT.

s=||

In what follows, we will refer to ® € F(k), H € H(k),
K € K(k) and (n,¢) € D(k) as admissible func-
tions. Moreover, any choice of {Psp(k)}, {Pn(k)},



{Qsr(k)}, {Qum (k) AR (F)}, {Ra ()}, {v(k)}, {E(R)},
{c;(B)}, 7 =1,2,3, {H;(k)}, j = 1,...,s, for which
® ¢ F(k), H € H(k) and K € K(k) will be referred to
as admissible parametrization.

Denote by zf(t) = col(x(t), ox(t)) the trajectories of
Y o C(k) at time t > to stemming from the initial con-
dition z§ = col(zg,00) and let ex(t) = xi(t) — ox(t).
We introduce two sequences of cost functionals {J5(k)},
h =1,2, defined as follows

and

D(k) = lim /TE{ZPj}dt (22)

T—oo -
Jj=1

Note that Jp(k) > 0,h = 1,2, for any ® € F(k), H €
H(k), K € K(k) and (1, ¢) € D(k). While J; (k) is more
suitable in the case of both additive and multiplicative
noise, Jo(k) is not suitable for the case of additive noise,
since the constant ¢;(k) # 0 for at least one j would
cause Ja(k) to diverge.

The aim of this paper is to study under which con-
ditions it is possible to modify the behaviour of (1) in
such a way that J; (k) achieves a guaranteed value (resp.
Ja(k) achieves its minimum) and to obtain stability in
some “stochastic” sense. To make the last point precise,
let us give the following definition ([2]).

Definition 3.1 Let o, 3 € [0,1) and Q°,B° C IR*"
be compact sets containing the origin. The system
(1) is said to be (Q°, B¢ «a,[)-stabilizable in proba-
bility ((Q2¢,B¢, «, 3)-SP) if there exist a sequence of
candidate control laws {C(k)}, a sequence of compact
sets {Q°(k)}, Q¢(k) C IR®™, and open sets {B(k)},
B¢(k) C IR?™, both containing the origin, such that

(1) iminfy_ Q°(k) D Q° D B° D limsup,,_, ., B°(k);

(1) for each 6§ >0
lim inf P{Vz§ € B (k), V® € F : x5 (t) € By
VE>t} >1—4 (23)
(#i3) for each 6 >0
lim inf P{Va§ € Q°\B*(k), V@ € F :

25 (t) € (k) Vt > to and 25 (t) € By}
Vt € [TRen\Be k), 00) = (1 — a)(1 — B)(24)

If, besides
likrggf O°(k) D Q°
likrgng{Vacg €N, Ve e F:
() eQ(k)VE>tg} > 11—« (25)
the following holds:
o conditionally to the event x§(t) € Q°(k),

E{[l2f()]%} < A(k)[laf|[?e™ 1) (26)

for all t > tg and for some sequences of positive

numbers {A(k)} and {v(k)}

then we will say that (1) is (Q°, a)-stabilizable in
quadratic mean.

The set Q¢ gives the guaranteed region of attraction of
Y o C(k), while B represents the guaranteed target set.
The numbers « and (§ are given risk margins: the first
one quantifies the risk of leaving the compact set Q¢ (k)
with initial condition in Q° rather than getting close to
the target, while the second one gives a Tisk margin for
remaining close to the target.

This definition of stability in probability recovers, ac-
cording to the different choices of B¢, Q°¢, o and (3, the
classical definitions given in ([8]) and [3].

All the above remarks can be straightforwardly ex-
tended to the definition of stability in quadratic mean.

We are ready to formulate our problems.

Problem I: Nonlinear Stabilization in Proba-
bility with Guaranteed Cost. Let ® € F(k),
H e H(k), K € K(k), B¢ C Q° be compact sets of
R*™, o, € [0,1), z§ € Q° and {A(k)} and {w(k)}
given sequences in (0, 00| and IRZ, respectively. Find
an admissible parametrization and (7, ¢) € D(k) such
that

o (Guaranteed cost) along the trajectories x¢(t) of
the closed—loop systems ¥ o C(k),
liminf Pr{Ji(k) <@(k)} = (1-a)  (27)
o (Stability) XoC(k) is (¢, B¢, a, 3)—stable in prob-
ability.
Problem II: Nonlinear Stabiliza-
tion in Quadratic Mean with Optimality. Let
o e F(k), H € H(k), K € K(k), B¢ C Q° be compact
sets of R?", a, 3 € [0,1), 2§ € Q¢ and {A(k)} a given
sequence in (0, cc0]. Find an admissible parametrization
and (n, ) € D(k) such that

e (Optimality) along the trajectories xf,(t) of the
closed-loop systems X o C(k),

lim inf Pr{Jz(k) < J(k)}>(1—a) (28)



where J,(k) is the value of Jo(k) corresponding
to any other admissible parametrization;
o (Stability) ¥ o C(k) is

mean.

(Q, a)-stable in quadratic—

4 Main results

Let H(t,z) = (Hi(t,x) Hi(t,z)), K(t,x) =
(Ki(t,x) K,(t,x)) and, without loss of gener-
ality, assume that B;C{ = 0.

Theorem 4.1 Assume that there exist an admissible
parametrization and (n,¢) € D(k) such that

¢ (state feedback (SF))
ATPSF(]C) + Psp(k)A
1
+—5775 Psr(k)BiBY Psr(k) + E(k)

72 (k)
—FT(k)R )+ Z HT (k)Psp(k)H; (k)
= —Qsr(k) (29)

where F(k) = —Ry ' (k)BT Psp(k);
e (output injection (OI))

Po(k >(A + (k)3131 20)
T
+(a+ (k) o BB Pop (k) Pu(k)
+FT (k)R F (k) + me(k)BlB{ Py (k)
2 (k)C3 Ry ' (k)Co = —Qun (k) (30)

e (risk margins (RM)) if

(k) = {(z,0) € R" x R": V¢(z,0) < k}

(31)

and {B¢(k)}, a sequence of open sets of IR*", are
such that

limsup B¢(k) C B° C Q¢ C likrn inf Q°(k) (32)

k—oo

then for each § > 0

Ve
Sup  limsup £~ (z,0) <a (33)
(z,0)€Q° k—oo k
lim sup sup Vi (2,9)

k—oo  (2,0)€88° (k) Inf(s, sp)emen\Be Vi (51, 82)

<p (34)

and
4 3
ij(tvn(F(k)U)axvx_av k)_zc](k) > Qi(l‘,O’)

(35)
for all t and (x,0) € Q°(k)\B°(k) and for some
sequence of locally quadratic C° positive definite

functions {Q5,}.

Under the above assumptions, the controller (9) with
F(k) as above and G(k) = ~+*(k)P,'(k)C3 Ry (k)
solves problem I with w(k) = Z?Zl ci(k). If, in ad-
dition, cj(k) =0 for all j = 1,2,3, and K(t,z) =0 for
all t,x and j = 1,...,7, the same controller (9) solves
problem II.

Proof. (sketch) Throughout the proof, unless otherwise
stated, we will omit k£ and the arguments of &, K and
H. Moreover, we can assume k > k*, where k* is such
that Q°(k) D Q° D B¢(k) for all k > k* (this is always
possible by (32)).

Let Vsp, Vi, M and e as in section 4, d = @ —

5 B{ Pspa and u = n(Fo). We have
dp 2 2% 112
Y+ = Fe — 7| ®
5ol gy, 1l =13

¢ 2
- F
s lo=perg, 1

—P3—Ps+c3 (36)

= —|lu— Fz|%, + x5, +

~P1+ P
and
LVsr = |[u— Fa|g, =212 - llz]3s,
—P1—Pa+ei+o (37)
Summing up together (36) and (37), we conclude that

4
LVE+Y Pi=w (38)
j=1
We are left with proving the following facts:

(a) Ji(k) < w(k) (resp. Jo(k) achieves its minimum),
conditionally to the event zf(t) € Q°(k) for all t > to;

(b) liminfy_,o Pr{(z{(t) € Q°(k)} > 1 — « for all t >
to;

(c) L oC(k) is (Q°,B° a, ) stable in probability (X o
C(k) is (¢, «) stable in quadratic mean, respectively).

First, we prove (a). By (38) and (8) for each T > ¢
4

T
T i to /t E{ ZPJ‘(&ani(S), k)}ds

j=1

1

ST 4 (Vi (@) — BLVE (5(T)} ) + @(k)(39)



for all 2§ € Q°(k). From (39), letting T — oo and since
V¢ > 0, we obtain 0 < Jy(k) = w(k). If, in addition,
cj(k) = 0 for all j = 1,2,3, and K(¢t,z) = 0 for all
t,x, it is easy to see that (39) holds with @(k) = 0.
Moreover, since zf,(t) is defined for all ¢t > ¢¢, by (8)

t
Eﬂf@ﬂﬂﬂ*%ﬂﬁkzlfﬁ0$@ﬂ$ﬁ%(w)
0

and, since Ps is lower bounded by a quadratic posi-
tive definite function of z and e on Q¢(k), (35) holds
with Q¢(k)\B¢(k) replaced by Q¢(k). Differentiating
both sides of (40), since V)¢ is lower bounded by a
quadratic function of x and e, we obtain for some se-
quences {A(k)}, {7(k)} of positive numbers

E{VE (25 (1)} < MRV (ag)e 901 (41)

conditionally to the event zf (t) € Q°(k). We conclude
that E{V¢(z¢(t))} — 0 as t — oo and Jo(k) = V(o).

Since

4
LVE+Y P;>0 (42)

j=1
for any other F'(k) and G(k), we derive (a).

Finally, (b) and (c) follow as in [2]. On the other hand,
if in addition, ¢; = 0 for all j and K(¢,z) = 0 for all
t and z, from (41) we conclude the (Q°, ) stability in
quadratic mean of ¥ o C(k). o

Remark 4.1 (Linear case). Consider the class of sys-
tems (1) with H;(t,z) = H;x and K,(t,z) = K,z for
all j =1,...,s, x and t and, in addition, with ®(¢,u, x)
satisfying Py >0 for all z, u and t. With admissi-
ble n(s) = s (i.e. linear controllers) and ¢(s) = s (i.e.
quadratic Lyapunov functions), we recover the stabi-
lization result of [9]. Moreover, if H; = 0 and K; =0
for all j (i.e. deterministic case) then the constraint on
Ps is trivially satisfied (see [1]). o

Remark 4.2 (Feedback linearizable systems). We re-
mark (without proof) that the conditions of theorem
4.1 can be satisfied with arbitrarily large region of at-
traction and small target set for the following class of
systems

&t = Ax+ B(u+h(t,x)w+ ®(t, u,z))
y = Czx (43)

with (A, B,C) invertible with no invariant zeroes,
®(t,u,z) and h(t,z) norm—bounded from above by a
locally Lipschitz function of x and wu, uniformly w.r.t.
t. It turns out that control saturations and high gain
observers are instrumental for doing this exactly as in
the case of deterministic systems ([5], [7]). =
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