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Abstract

In the present work a discontinuous control law for
chained systems of order n that yields global asymptotic
regulation and local exponential stability in the sense
of Lyapunov is proposed. As a consequence of the Lya-
punov stability property the new control law assures
robustness against the e�ect of (small) measurement
noise and of external disturbances. Simulation results
complement the theoretical developments.

1 Introduction

The problem of asymptotic stabilization or regulation
of nonholonomic systems has been widely studied in
recent years. A possible stabilization tool has been in-
troduced in [2], where discontinuous1 control laws for
chained systems has been designed using the so-called
�-process [1]. A similar idea has been developed inde-
pendently in [20] and [15]. This methodology has been
further used to cope with robustness issues and with
more general classes of systems. In particular, the ex-
tension of this approach to high-order chained forms
has been reported in [13] and some robustness consid-
erations have been studied in [21]. Finally, the same
ideas have been used in [11] to develop discontinuous
control laws for a large class of nonlinear systems.

1The term discontinuous is here used in a special sense, see
[2] for detail.

Despite the substantial research e�ort, some fundamen-
tal problems still remain open. In particular, all the
control laws presented in the above mentioned papers
(see also reference therein) are non-robust against mea-
surement noise. This means that for any initial condi-
tion �x the trajectory of the closed loop system with the
nominal control u(x) converges exponentially to zero,
whereas, for any non-zero ", the trajectory of the sys-
tem with the perturbed control law u(x+") is in general
not close to the nominal trajectory and may diverge.
Moreover, the control laws presented in these papers
do not yield Lyapunov stability, but only exponential
attractivity, and not all initial conditions are driven to
the origin. This implies, in particular, that the pres-
ence of arbitrarily small exogenous disturbances may
generate unbounded trajectory, see e.g. [4].

In the present work we partially address these issues.
More precisely, we propose a simple modi�cation of the
control law considered in [2] for chained systems which
yields global asymptotic regulation, local exponential
stability in the sense of Lyapunov and local robust-
ness against measurement errors and exogenous distur-
bances.

We focus our attention on n-dimensional chained sys-
tems with two controls (see [17] for detail), i.e. systems
described by equations of the form

_x1 = u1;

_x2 = u2;

_x3 = x2u1;
...
_xn = xn�1u1:

(1)

As observed in several research papers, system (1) is a



classical example of a system which is completely con-
trollable but not asymptotically stabilizable by smooth
(or even continuous) static or dynamic feedback laws.
For this reason the problem of designing stabilizing con-
trol laws has attracted a lot of interest, see [2-12, 14,
16-19, 21] and references therein for further detail.

2 Preliminary results

In this section we discuss a few preliminary facts which
are instrumental to prove the main results of the paper.
Consider the system (1), the control law

u1 = u1A(x) = �x1

u2 = u2A(x) = p2x2 + p3
x3

x1
+ p4

x4

x21
+ � � �

� � �+ pn
xn

xn�21

;

(2)

with

�
xi

xi�21

� �����
(0;0)

= 0, and the matrix

A =

2
66666664

p2 p3 p4 p5 � � � pn�1 pn
�1 1 0 0 � � � 0 0
0 �1 2 0 � � � 0 0
0 0 �1 3 � � � 0 0
...

...
...

...
...

...
...

0 0 0 0 � � � �1 n� 2

3
77777775
: (3)

It has been proved in [2] that the closed loop system
(1)-(2) admits a unique forward solution for any initial
condition x(0) such that x1(0) 6= 0, and that if

�(A) � C� (4)

such a solution converges exponentially to zero. How-
ever, more structure can be exposed as detailed in the
following two simple facts.

Lemma 1 Consider the system (1) with initial condi-
tion x(0) such that x1(0) 6= 0 and the control law (2).
Let pi be such that

�(A) \ R� 6= ;: (5)

Then there exist real numbers �1, �2, ... ,�n�2 and a
positive number � such that the variable

z = x2 + �1
x3

x1
+ �2

x4

x21
+ � � �+ �n�2

xn

xn�21

(6)

is such that _z = ��z, i.e. the manifold z = 0 is invari-
ant and (exponentially) attractive. Moreover, if x(0) is
such that jz(0)j � k then, for any t > 0, jz(t)j < k, i.e.
the region jzj � k is positively invariant.

Lemma 2 Consider the matrix (3) and assume that
the pi's are such that �(A) � C� : Then p2 < 0.

3 A new discontinuous controller

One of the main results of the paper is summarized in
the following statements, which provide a simple and
natural modi�cation of the control law presented in [2].
It must be noted that, despite the simplicity of the mod-
i�cation, this new control law possesses very appealing
properties, as detailed in the next section.

Proposition 1 Consider the system (1) and the con-
trol law

u1 =

(
u1A(x) = �x1 jzj � k

u1B(x) = sign(x1) jzj > k

u2 =

8>>><
>>>:

u2A(x) = p2x2 + p3
x3

x1
+ � � �

� � �+ p4
x4

x21
+ pn

xn

xn�21

jzj � k

u2B(x) = ��x2 jzj > k

(7)
with the pi such that conditions (4) and (5) hold, � > 0,
k > 0, z de�ned as in (6), and 2

sign(x1) =

�
1 x1 > 0
�1 x1 < 0

: (8)

Then the closed loop system (1)-(7) admits a unique
forward solution for any initial condition x(0) and such
a solution converges exponentially to zero.

Proof: The prove can be arranged in two cases:
i) jz(0)j < k and ii) jz(0)j > k. In the �rst case the
control law (2) is used for all t > 0; hence, as discussed
in Section 2 the state converges exponentially to zero.
In the second case, the control law

u1 = u1B = sign(x1)

u2 = u2B = ��x2
(9)

is initially active. Therefore, a direct integration of the
closed loop system (1)-(9) yields8>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

x1(t) = x10 + t;

x2(t) = x20e
��t;

x3(t) = x30 +
x20

�
(1� e��t);

...

xn(t) =
Pn

j=3

xj0 t
n�j

(n� j)!
+

+
Pn

j=4

(�1)j�4 x20 tn�j+1

�j�3 (n� j + 1)!
+

+
(�1)n�3 x20

�n�2
(1� e��t);

(10)

2Note the somewhat non-standard de�nition of the sign func-
tion.



when x1(0) � 0, and

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

x1(t) = x10 � t;

x2(t) = x20e
��t;

x3(t) = x30 �
x20

�
(1� e��t);

...

xn(t) =
Pn

j=3

(�1)n�j xj0 t
n�j

(n� j)!
+

+
Pn

j=4

(�1)n�j x20 tn�j+1

�j�3 (n� j + 1)!
�

�
x20

�n�2
(1� e��t);

(11)

when x1(0) < 0.
It is simple to verify that in both cases limt!1 z(t) = 0,
so there exists a �nite time t� > 0 such that jz(t�)j <
k. Therefore, in t� there will be a switch from the
controller (9) to the controller (2). For the properties
of z(t), the control law (2) will work for all t > t�,
which allows to conclude, also in this second case, the
exponential convergence.

Remark 1 The control law (7) is obviously discontin-
uous. However, the nature of the discontinuity is dif-
ferent from the nature of the discontinuity of the con-
trol law in [2], because the control law (7) provides a
bounded control action for any bounded x, and this is
not the case for the control law in [2]. Despite this sub-
stantial di�erence the control law discussed in this work
inherits some of the properties of the control laws in [2].
In particular, the closed loop trajectories are natural,
and no oscillatory behaviour is observed.

Remark 2 It is worth noting that if x1(0) 6= 0 (resp.
x2(0) 6= 0 and jx2(0)j < k) and xi(0) = 0 for i =
2; 3; � � � ; n (resp. xi(0) = 0 for i = 1; 3; � � � ; n ) then
x1(t) = x1(0) exp

�t and xi(t) = 0 for i = 2; � � � ; n (resp.
x2(t) = x2(0) exp

�p2t and xi(t) = 0 for i = 1; 3; � � � ; n)
and for all t � 0, i.e. the x1-axis is invariant and inter-
nally stable (resp. the x2-axis is locally invariant and
internally stable).

Proposition 2 Consider the closed loop system (1)-
(7) with the pi such that conditions (4) and (5) hold,
� > 0 and k > 0.

Then there exists a function V (x) di�erentiable almost
every where, with V (0) = 0 and V (x) > 0 for every
nonzero x, such that along the trajectories of the closed
loop system one has (almost everywhere)

_V = �(x21 + x22 + � � �+ x2n) = �jjxjj2 < 0;8x 6= 0

i.e. the closed loop system (1)- (7) is locally asymptoti-
cally stable in the sense of Lyapunov.

Proof: It has been proved in Proposition 1 that the
closed loop system trajectories are exponentially stable.
Hence, the function

V (x(t)) = V (x(0)) +

Z t

0

(�jjx(�)2jj)d�

is such that V (0) = 0 and V (x) > 0;8x 6= 0. It should
be noted that the function _V (x) is a continuous function
and it is almost every where C1.

Remark 3 The properties summarized in Proposition
2 is instrumental to carry out a satisfactory robust-
ness analysis. It must be observed that this prop-
erty is not possessed by the control laws presented in
[7, 2, 15, 4, 11, 21], which are therefore potentially less
robust to model errors, measurement noise and exogen-
uous disturbances.

Remark 4 The function V (x) in Proposition 2 is pos-
itive de�nite, but it is not obvious that it is radially
unbounded. Therefore it is not possible to infer global
asymptotic stability in the sense of Lyapunov of the
closed loop system (1)-(7).

4 Robustness results

As observed in the previous section the control law (7)
is such that the closed loop system (1)-(7) is locally
asymptotically stable in the sense of Lyapunov and the
origin is globally attractive. This properties can be ex-
ploited to prove some interesting robustness properties.
In particular, we study robustness of the closed loop
system against measurement noise and external distur-
bances.

Proposition 3 Consider the system (1) and the con-
trol law (7) in which x is substituted by 3 x+ ", i.e. the
control law

u1 =

(
u1A(x+ ") = �(x1 + "1) jzj � k

u1B(x+ ") = sign(x1 + "1); jzj > k

u2 =

8>>>>>>>><
>>>>>>>>:

u2A(x+ ") = p2(x2 + "2) +

+ p3
x3 + "3

x1 + "1
+ � � �

� � �+ pn
xn + "n

(x1 + "1)n�2
jzj � k

u2B(x+ ") = ��(x2 + "2); jzj > k

(12)
with the pi such that conditions (4) and (5) hold, � > 0,
k > 0 and z de�ned as in (6).

3This is the case if the state measurements are a�ected by
noise.



Then there exists a neighborhood of the origin 
 � Rn

such that for any neighborhood of the origin 
1 � 

there exists a positive "
;
1

such that if k " k1< "
;
1

any trajectory of the closed loop system (1)-(12) start-
ing in 
 enters 
1 in some �nite time T and stays in

1 for all t � T .

Proof: The closed loop system (1)-(12) can be syn-
thetically rewritten as

_x = g(x)u(x + "): (13)

Moreover, along the trajectory of the closed loop system
one has

_V = Vx(g(x)u(x+ "))

= Vx(g(x)u(x)) + Vx"
@(g(x)u(x+ "))

@"
j"=0

= � k x k2 +"'(x):
(14)

Letting

M = max
x2


'(x)

and

M1 = max
x2
1

k x k2;

in 
�
1 one has _V � �M1 + "M . Therefore, for all "
such that

k " k1<
M1

M
= "

1

;

the Lyapunov function is such that _V < 0 in 
�
1. As
a consequence the trajectory of the closed loop system
(13) starting in 
, converges to 
1, when

k " k1< "

1
:

Remark 5 The previous proposition shows that the
e�ect of small measurement noise on the close loop tra-
jectories is small, at least if the initial condition is suf-
�ciently close to the origin.

Proposition 4 Consider the system

_x1 = u1 + d1;

_x2 = u2 + d2;

_x3 = x2u1 + d3;
...
_xn = xn�1u1 + dn

(15)

in closed loop with the control laws (7) with the pi such
that conditions (4) and (5) hold, � > 0 and k > 0.

Then there exists a neighborhood of the origin 
 � Rn

such that for any neighborhood of the origin 
1 � 
 one

can �nd a positive number K
;
1
such that the condi-

tion
jjdjj1 < K
;
1

implies that any trajectory of the closed loop system
(15)-(7) starting in 
 enters 
1 in some �nite time
T and stays in 
1 for all t � T .

Proof: Along the trajectory of the closed loop system
one has

_V = Vx(g(x)u(x) + d) = Vx(g(x)u(x)) + Vxd

= � k x k2 +d'(x);
(16)

hence the proof is similar to that of Proposition 3.

Remark 6 It is worth stressing that the control law
(7) is able to (locally) counteract (small) exogenous
disturbances. As a result, the e�ect of small constant
disturbances remains small. Note that, as detailed in
[4, 21], most of the existing control laws for chained
systems are unable to yield this property.

5 Simulations

For illustrative purposes some simple simulations, for
a �ve dimensional chained form, are included. In all
simulations we set the parameters p2, p3, p4, and p5
such that the matrix A de�ned in (3) has eigenvalues
(�1;�2;�3;�4) and we select � = 1.

Figure 1 displays the state history of the nominal
chained system (1) in closed loop with the control law
(7) from an initial condition with x1(0) 6= 0; whereas
the state history of the closed loop system (1)-(7) when
x1(0) = 0 is showed in Figure 2. Finally, Figures 3 and
4 display the state histories in presence of measurement
noise and external disturbances.

6 Conclusion

A novel discontinuous state feedback control law for
chained systems has been proposed and the properties
of the resulting close loop system have been discussed in
detail. It is shown that the proposed control law yields
global exponential regulation and local asymptotic sta-
bility in the sense of Lyapunov. As a consequence of
the Lyapunov stability property the closed loop sys-
tem is robust against the e�ect of (small) measurement
noise and of external disturbances. Simulations results
complement the theoretical development.

Further study is in progress to design a control law
yielding global asymptotic stability in the sense of Lya-
punov and to verify the robustness of the proposed con-
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Figure 1: State histories of the closed loop system (1)-(7)
with k = 5 and x(0) = [1; 2;�2; 1;�1]0.

trol law in the presence of model errors and unmodelled
dynamics.

References

[1] V. I. Arnold. Geometrical Methods in the Theory
of Ordinary Di�erential Equations. Springer-Verlag,
Second edition, 1987.

[2] A. Astol�. Discontinuous control of nonholonomic
systems. System and Control Letters, 27:37{45, 1996.

[3] A. Astol�. Discontinuous control of the Brockett
integrator. European Journal of Control, 1998.

[4] A. Astol�, M.C. Laiou, and F. Mazenc. New
results and examples on a class of discontinuous con-
trollers. In 5th European Control Conference, Karl-
sruhe, Germany, 1999.

[5] M.K. Bennani and P. Rouchon. Robust stabi-
lization of 
at and chained systems. In 3rd European
Control Conference, Rome, September 1995.

[6] A. M. Bloch and S. V. Drakunov. Stabilization
and tracking in the nonholonomic integrator via sliding
modes. Systems and Control Letters, 29:91{99, 1996.

[7] C. Canudas de Wit and H. Khennouf. Quasi-
continuous stabilizing controllers for nonholonomic sys-
tems: design and robustness considerations. In 3rd Eu-
ropean Control Conference, Rome, September 1995.

[8] F. Conticelli, B. Allotta, and P.K. Khosla. Image-
based visual servoing of nonholonomic mobile robots. In
38th IEEE Conference on Decision and Control, pages
3496{3501, 1999).

0 2 4 6 8 10 12
−50

−40

−30

−20

−10

0

10

20

time(s)

x
4
 

x
5
 

x
1
 x

3
 

x
2

Figure 2: State histories of the closed loop system (1)-(7)
with k = 20 and x(0) = [0; 2;�2; 1;�1]0.

[9] J.M. Godhavn and O. Egeland. A Lyapunov
approach to exponential stabilization of nonholonomic
systems in power form. IEEE Transaction on Auto-
matic Control, 42(10), July 1997.

[10] J.P. Hespana. Stabilization of nonholonomic inte-
grators via logic-based switching. In 13th IFAC World
Congress, volume Non Linear System I, pages 467{472,
June 1996.

[11] Z.P. Jiang. Robust exponential regulation of
nonholonomic systems with uncertainties. Automatica,
36:189{200, February 2000.

[12] I. Kolmanovsky and N.H. McClamroch. Hybrid
feedback laws for a class of cascade nonlinear con-
trol systems. IEEE Transaction on Automatic Control,
41(9), September 1996.

[13] M.C. Laiou and A. Astol�. Discontinuous control
of high-order generalized chained systems. Systems and
Control Letters, 37:309{322, 1999.

[14] P. Lucibello and G. Oriolo. Stabilization via it-
erative state steering with application to chained-form
systems. In 35th IEEE Conference on Decision and
Control, Kobe, Japan, pages 2614{2619, 1995.

[15] J. Luo and P. Tsiotras. Exponentially convergent
controllers for n-dimensional nonholonomic systems in
power form. In American Control Conference, Albu-
querque, NM, pages 398 { 402, 1997.

[16] P. Morin, C. Samson, J.B. Pomet, and Z.P. Jiang.
Time-varying feedback stabilization of the attitude of a
rigid spacecraft with two controls. System and Control
Letters, 25:375{385, 1995.



0 2 4 6 8 10 12 14 16 18 20
−2

−1

0

1

2

3

4

5

6

time(s)

Figure 3: State histories of the closed loop system (15)-(7)
with k = 4, x(0) = [4; 0:5;�2; 1;�1]0, d1(t) =
0:3, d2(t) = 0:2, d3(t) = d4(t) = d5(t) = 0:1.

0 2 4 6 8 10 12 14 16 18 20
−2

−1

0

1

2

3

4

5

time (s)

x
4

x
3
 

x
2
 

x
5

x
1
 

Figure 4: State histories of the closed loop system (1)-
(12) with k = 4, x(0) = [4; 0:5;�2; 1;�1]0, "1 =
0:1 sin(10t), "2 = 0:05 sin(5t), "3 = 0:2, "4 =
0:15 sin(10t) and "5 = 0:2.

[17] R. Murray and S.S. Sastry. Nonholonomic motion
planning: Steering using sinusoids. IEEE Transaction
on Automatic Control, 38(5), May 1993.

[18] J.B. Pomet. Explicit design of time-varying sta-
bilizing control laws for a class of controllable systems
without drift. System and Control Letters, (18):147{
158, 1992.

[19] E.D. Sontag. Control of systems without drift via
generic loops. IEEE Transaction on Automatic Control,
40:1210{1219, 1995.

[20] P. Tsiotras, M. J. Corless, and J. M. Longuski. In-
variant manifold technique for attitude control of sym-
metric spacecraft. In 32nd Conference on Decision and
Control, S. Antonio, Texas, pages 1470 { 1475. IEEE,
1993.

[21] E. Valtolina and A. Astol�. On the robustness
of a family of discontinuous controllers. In 3rd IFAC
Robust Control Design, Prague, Czech Republic, June
2000.


