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Abstract

We address the problem of output regulation for nonlin-
ear systems driven by a linear, exosystem whose natural
frequencies are not known a priori. We present a classi-
cal solution in terms of the parallel connection of a ro-
bust stabilizer and an internal model, where the latter is
adaptively tuned to the device that reproduces the con-
trol required to maintain the output-zeroing condition.
We obtain robust regulation (i.e. in presence of param-
eter uncertainties) with a semiglobal domain of conver-
gence for a significant class of nonlinear minimum-phase
system.

1 Introduction

The problem of having the output of a system asymp-
totically tracking prescribed trajectories and/or asymp-
totically rejecting unwanted disturbances, in the pres-
ence of (possibly large) uncertainties, is ubiquitous in
control theory. In case the trajectory to be followed, or
the disturbance to be rejected, are not known, then the
control strategy must reconstruct in some way this in-
formation also, which is usually done by means of feed-
back schemes based on the so called “internal-model
principle” [5, 7]. Internal-model based control schemes
efficiently address the problem of tracking/rejecting
those families of exogenous inputs that can be gener-
ated by a fized autonomous finite-dimensional dynam-
ical system. However, the main limitation of these
schemes is that a precise model of the system that gen-
erates all exogenous inputs must be available, to be
replicated in the control law. This limitation becomes
immediately evident in the problem of rejecting a si-
nusoidal disturbance of unknown amplitude and phase.
An internal-model based controller is able to cope with
uncertainties on amplitude and phase of the exogenous
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sinusoid, but the frequency at which the internal-model
oscillates must exactly match the frequency of the ex-
ogenous sinusoid: any mismatch in such frequencies re-
sults in a nonzero steady-state error. Motivated by
the wish to remove such a limitation, we address in
this paper the problem of designing an internal-model
based control scheme in which the “natural frequen-
cies” of the internal model are automatically tuned so
as to match those of an exosystem which is totally un-
known (except for an upper bound on its dimension). In
this context, we provide a control scheme that is able
to successfully address the problem of asymptotically
tracking/rejecting any family of exogenous inputs gen-
erated by some (fixed dimensional, but otherwise com-
pletely unknown) autonomous dynamical system, for a
significant class of nonlinear systems, in the presence of
possibly large parameter uncertainties.

2 Problem formulation

The systems we consider in this paper are single-input,
single-output finite-dimensional nonlinear systems, de-
scribed by equations of the form

& = f(mauawnu’)
y = h(a:,w,u),

with state x € R™, control input u € R, and output
y € R. The system depends on a vector of unknown
parameters u € R?, whose values are assumed to range
over a known compact set P. Without loss of generality,
P contains the origin in its interior. The vector field
f(z,u,w, u) and the output map h(z,w, ) are assumed
to be smooth, with f(0,0,0,x) = 0 and h(0,0,u) =
0 for every value of pu. The system is driven by an
exogenous input w € R? generated by a neutrally stable
linear time-invariant exosystem of the form

w=S(o)w. (2)

(1)

The exosystem depends on a vector o € R” of unknown
parameters, assumed to range over a known compact



set ¥. We denote with e = y — ¢(w, 1) the regulated
error, being g(w, u) a smooth function of its arguments.
The control input to (1) is to be provided by an error-
feedback controller modeled by equations of the form

£ = e 3)
u = 0(6),

with state & € R™, in which (&, e) and 6(§) are smooth,

with 1(0,0) =0, #(0) = 0. The problem we consider in

this paper is the following: given arbitrary fixed com-

pact sets K, C R?, K, C R?, find a controller of the

form (3) and a compact set K¢ C R™, such that

1. The equilibrium (z,£) = (0,0) of the unforced
closed loop system

¢ = n(&h(z,0,u)

is asymptotically stable for every u € P, with
domain of attraction containing the set K, x K.

2. The trajectory (z(t), £(t)) of the closed loop sys-
tem
w = S(o)w
& = f(z,008), w,p) (5)
§ = U(fah(ﬂf:waﬂ))

originating  from any initial = conditions
(z(0), £€(0), w(0)) € Ky x K¢ x Ky, exists for all
t > 0, is bounded and satisfies lim;—, e(t) = 0,
for every u € P and every o € X.

We stress the fact that, as opposite to the classic for-
mulation of the regulator problem, both in the nonlin-
ear and the linear setting, the controller has to be de-
signed on the basis of an uncertain exosystem. A triv-
ial necessary condition for the existence of a solution
to the above problem is the solvability for every value
of ¢ € ¥. This, in turn, implies that, given a fixed o,
there exist mappings © = 7, (w, ) and u = c,(w, ),
with 7,(0,4) = 0 and ¢,(0, ) = 0, defined in a neigh-
borhood of the origin, satisfying

Ws(a)w = (o (w, 1), co (w, 1), w0, 1)
0 - h(ﬂ-a(w,u),’w,,u)—q(w,u)’
(6)

and such that the autonomous system with output v

w = S(o)w
1 = 0 (7)
vo= co(w,p)

is immersed into a zero-state detectable system [3].

3 Standing assumptions

The class of systems we consider are those modeled by
differential equations of the kind (1) which are glob-
ally diffeomorphic, via a possibly parameter-dependent
change of coordinates, to a system of the form

z = fo(Z,Z’l,’LU,,LL)
5&1 = T2
(8)
Ty = fr(Z,iL’l,...,l'r,’LU,,LL)+b(,LL)U
y =

with regulated error given by

e=1x —q(w,p) 9)

where b(p) > bp > 0 for all g € P. To ensure the
problem is well-posed, we need the following

Assumption 3.1 For every o € X, there ezists a glob-
ally defined solution (,(w, p) to the equation

0y (w, 1)

ow S(U)w = fO(C«T(va’)7Q(w7u)7w7p’)' (10)

Assumption 3.1 and the triangular structure of equa-
tion (8) imply the existence of a unique, globally
defined solution (7, (w,u),cs(w,pn)) of the regulator
equation (6) for the system (8), where 7 (w,u) =
col((y(w, 1), ¥y (w, n)). The function ¢, (w,p) is as-
sumed to satisfy the following:

Assumption 3.2 There exist ¢ € N and a set of real

numbers ag(0),a1(0),...,a,-1(0) such that the identity
g—1

L%(o’)wca(w’p’) = Zai(U)Lg‘(a)ch(wau) (11)
i=0

holds for all (w,p) € R? x P all 0 € X.

Assumption 3.2 implies that, for any fixed o, there ex-
ists a mapping 7, (w, 1) satisfying

LS(U)wTU(w>/J‘) = (I>(0')T0—(U),/J,)

Co (U), /J‘) = FTG’ (U), /J‘) 9 (12)

in which {®(0),'} are in companion form. As a result,
(7) is immersed into the linear observable system

o= @) (13)
u = Inm.

The matrix ®(o) can be chosen so that its spectrum

contains all simple eigenvalues on the imaginary axis,

for any o € ¥. The spectrum of ®(o) must contain

the distinct natural frequencies of the exosystem and

a number of higher order harmonics generated by the



nonlinearity of the plant [6, 8]. Assumptions 3.2 and
?? are satisfied if the function ¢, (w, p) is a polynomial
in the components of w with coefficients dependent on
u and o, and of a degree not exceeding a fixed number,
independent of p and o [6]. Throughout the paper,
we let B, and B, denote respectively the open and the
closed ball of radius r around the origin of R"”, where
the number n € N will be clear from the context.

4 The canonical internal model

In this section we describe a particular parameteriza-
tion of the internal model (13), which will prove to be
crucial to the solution of the problem. A major source
of inspiration comes from [10], and precisely from the
following lemma:

Lemma 4.1 ([10]) Given any Hurwitz matriz F €
R7*? and any vector G € R? such that the pair (F,G)
is controllable, the Sylvester equation

M,®(c) — FM, = GT

has a unique solution M, , which is non singular.

Then, indeed
M,®(0)M;' = F +G¥,,

where ¥, = M _!. Therefore, ®(o) is similar to F +
GY,. Note that, since (F,G) is controllable, and G
has just one column, the row vector ¥, is precisely the
unique solution to the problem of assigning to F +G¥,,
the poles of ®(o). The system (7) is immersed into the
system

U (F+G¥)n
v = U,n.

(14)

We refer to (14) as the canonical parameterization of the
internal model. Specifically, the immersion map from
(7) to (14) is given by 7o (w, ) = My7s(w, u), which
satisfies ¢, (w,u) = ¥,7,(w,n). This relation plays a
crucial role in the sequel, as the relation ¢,(w,u) =
7, (w, 1) does in the non-adaptive case.

5 Regulation via partial-state feedback

We design a controller the solves the problem of out-
put regulation, starting from the simplifying assump-
tion that the error e and its derivatives e, ..., e("—1)
are available for feedback, and the parameters of the
exosystem are all known. These assumptions will be
removed in the next sections. We begin performing the

global change of coordinates

Z=z—((w,p), T=2—19:(w,p) (15)

which puts (8) in the error system form

ZL = fo(é,i'l,'LU,p)

io= @

b= L. Ewp) + () — co(w, )]
e = i‘l,

(16)
where we have denoted p = col(i, o). To simplify the
notation, let R = P x X. The further change of coor-
dinates

0 =&, + k" thoiy + k" 20y @y + -+ kbp_ody_1, (17)

where k£ > 0 is a number yet to be determined, and the
polynomial

po(/\) = /\ril + br72>‘ri2 +--+ bl/\ + bO

is Hurwitz, puts system (16) into the form

éa - fa(gaywyp;k) +Ga9 (18)
0 = ¢(za,0,w,p,k) +b(p)[u— co(w, )]
where Z, = col(Z,%1,...,%,—1). The standard con-

troller which solves the problem of output regulation
consists of the parallel connection of a stabilizer and an
internal model. In view of the discussion in section 4,
we choose as an internal model the system

¢ (F+G¥,)¢+ N6
Uim = Y&,
where N is a vector to be determined, and let v =
Uim — K6, with K > 0. Change coordinates as
1
b(p)

and let N = —K(G. The resulting closed-loop can be
viewed as the interconnection of system

(19)

f‘%Xzf_fa(waﬂ)_ Ge:

X = Fx+55[FGO - Go(z,0,w,p,k)]
éa = fa(éa;wapak)'FGaa
0 = ¢(Za,0,w,p,k) +b(n)¥ox + VoGO + b(p)u

y =90,
(20)
with input @ and output ¢, and the output feedback
@ = —Kg. System (20) has a zero dynamics given by

. _ 1 ~
LX - FX~ b(u)G¢(2a707w7p’ k) (21)

Za = fa(zavvaa k)
The following assumption is required for the solvability
of the problem:

Assumption 5.1 There exists a smooth, positive def-
inite function Vo(Z) such that

oy ([121]) < Vo(2) < ao(lIZ]])

OV (3) -
B fo(z.0,,0) < ~aollzl),




for all Z, € R, all w° € Ky and all p € R, where
ao(-), @o(+) and ap(-) are class-K functions satisfying

ay(s) > QOSQ, ao(s) < dos?, ag(s) > ags®, Vs € [0, 0]

for some positive numbers a,, @, ao, To-

It is well known that, if assumption 5.1 is satisfied, the
equilibrium 2, = 0 of the system

ZLa - fa(éa:w(t)vpv k)

is uniformly semiglobally asymptotically stable in the
parameter k [1, 11]. For the cascade system (21) the
following result holds:

Proposition 5.1 System (21) is uniformly semiglob-
ally asymptotically stable in the parameter k. In par-
ticular, for any R > 0 there exist k > 0, a > 0
and a continuously differentiable Lyapunov function

U:R! x R - R>o such that

e the level set {U(x, Z.) < a} is compact and Br C
{U(Xaga) < a}

e the estimate b||(x, Za)||®> < U(x, Za) < b]|(x, 2a)]|?
holds for any (X, Z.) € B, for some positive num-
bers b, b, r;

e the estimate
oUu

ax [FX - [)(1_H)G¢(2a707w7p5 ];l)]

ou =
oz falZar w0, k) < =B(11 06 Z)11)

holds for any (x,7) € {U(x,%) < a}, for any
w® € Ky and p € R, for some class-K function
B(-) satisfying B(s) > bs?, Vs € [0,r), where b is
some positive number.

Proposition 5.1 guarantees that the high gain feedback
u = —K@0 uniformly asymptotically and locally expo-
nentially stabilizes the equilibrium (x, Za,6) = (0,0, 0),
with domain of attraction which can be enlarged to in-
clude any compact set of initial conditions. Indeed, the
positive definite, locally quadratic function

W (X, Za,0) = U(x, %) + 36°,

is such that a number d > 0 can always be found in such
a way that the level set {(x, 2a,0) : W(x, 2a,0) < d} is
compact and contains an arbitrary closed ball By in
its interior. By the semiglobal backstepping lemma of
Teel and Praly [11, lemma 2.2], there exists a value K*
and a class-K function A(:), locally quadratic around
the origin, such that, if K is chosen greater than K*,
the derivative of W along trajectories of (20) satisfies

FW (), Za(1),0(1)) < =A(l(x(®), Za (1), 6ED) ,

for all (x(£), Za(t), (1)) € {(x, Za,6) : W (x, Za,6) < d}.
As a result, we achieve semiglobal robust regulation in
the case ¢ is known.

6 Tuning the internal model

The controller designed in the previous section is based
on the standard assumption that the parameters of the
exosystem are exactly known. If the vector o is not
known, we need to employ a method to asymptotically
estimates the frequencies of the exogenous signal as
well. We derive an “adaptive” version of the above con-
troller that “tunes” a parameterized family of internal
models to the one which reproduces the signal ¢, (w, u).
Due to space limitation, we restrict the analysis to the
case in which none of the eigenvalues of the exosystem
are known in advance, and no integral action is needed
in the internal model. Also, we assume that the signal
To (w, p) is “sufficiently rich”, in the following sense:

Assumption 6.1 The initial condition w°® of the ex-
osystem is such that T,(w°,u) excites all modes of
F+GY,.

6.1 Adaptive regulation

Appealing to the principle of “certainty equivalence”,
we replace ¥, in (19) with an estimate ¥, governed by
an adaptation law of the kind %\i! = (¢, ), to obtain

§ = (AF +G¥)¢+ No (22)
Uim = \I’f

As usually done in the analysis of any adaptive control
scheme, we change coordinates as ¥ = ¥ — ¥, and ob-
tain, after easy computations, the following expression
for the closed loop system (compare with (20))

X = Fx—l-b(l—u)[FGG—GqS(Za,H,w,p,k)]
.= falZa,w,p k) + Gab
0 = ¢(za,0,w,p,k) + b(1)¥ox (23)
+(UoG = b(p) K)O + b(p) B¢
£ = 9(&0).

We stress that £ is available for feedback, as it is the
state of the adaptive internal model (22). Consider the
following Lyapunov function candidate for (23)

W(X) 23707 i) = W(X7 2370) + %b(u)@iT Y

where v > 0 is a design parameter. For a fixed R > 0,
there is a number ¢ > 0 such that the level set

S ={065,0,9) : W(x.%,6,9) < 1}

is compact and contains By C R**2¢ in its interior.
Then, as shown in the previous section, values of k£ and
K can be determined such that the derivative of W
along solutions of (23) satisfies
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for all (x(t), 2a(t),0(t), ¥(t)) in S;. The obvious choice
(€,0) = —70¢T yields

W (1), Za(1),0(1), T (1)) < =A(l(x(®), Za (1), 6DI) ,
and thus, trajectories originating within Sy are bounded
and, by the Lasalle-Yoshizawa theorem, such that

lim (x(2), Za(t),0()) = (0,0,0),

t—o00

which implies that asymptotic regulation is achieved.

6.2 Convergence of the estimates

The previous result states that regulation is attained
and the estimates W(t) are bounded signals, but
whether they converge to some constant value is still
debatable. Indeed, it is possible to prove that, not
only lim;_, o \il(t) exists, but is equal to the true value
¥, , and the convergence rate is ultimately exponential.
This can be accomplished analyzing the trajectories of
the closed-loop system on their w-limit set. For the sake
of simplicity, let x = col(y, Za,0), and denote with
the w-limit set of an arbitrary trajectory. Choose initial
conditions in ©, and denote with Xu(£), &oo(t), Voo (t)
the corresponding trajectories. Then, since x,(t) = 0,
we have W(t) = U, = const, and &uo () = 7 (w(t), p),
for all ¢ > 0. Note that £, satisfies

éoo = (F +G‘iloo)§oo:

and that, by assumption 6.1, the trajectory & (t) con-
tains all modes of F + G¥,. Therefore, the spec-
trum of F 4+ GV, is contained in the spectrum of
F + GV, and, since the cardinality of both spectra
is the same, by uniqueness of ¥, we conclude that nec-
essarily U, = U,. This implies that the equilibrium
(x,¥) = (0,0) of (23) is asymptotically stable for ev-
ery initial condition w® € K, and every p € R. Next,
we claim that the convergence of the estimates is ulti-
mately exponential. This can be inferred from the anal-
ysis of linear approximation of (23). It can be shown
that the signal £(t) satisfies the persistence of excitation
condition [2], and that the higher order terms in (23)
can be bounded uniformly in (w®, p). Therefore, The-
orem 4.5 in [9] applies locally around the origin, and
we conclude that there exist numbers § > 0, k1 > 0,
ko > 0, all independent of w® and p, and a number
T > 0, possibly dependent on w® and p, such that

1(x(), TN < mll(x(T), BT e =0=T), v > T,

for all (x°,¥°) € S;.
7 Error-feedback adaptive controller

In order to realize a controller that uses information
from the error signal e = Z; only, the partial state
Z1,-..,%, must be replaced by suitable estimates. The
saturated high-speed observer of [4] can be effectively

used to generate estimates of the error and its deriva-
tives. In our case, we obtain a dynamic output feedback
controller of the kind

7 = Mn+ Le
13 (F + G¥)¢ — KGsat(l,0)
4y —vsat(l, 0)ET (24)
0 = Nr + krilbon +--+ kbr72nr71
v = W¢— Ksat(l,0)

where sat(-,-) is a saturation function. The following
theorem summarizes the result of the paper:

Theorem 7.1 Consider the system (8) driven by the
exosystem (2). The dynamic controller (24) solves
the problem of robust semiglobal requlation via feedback
from the error (9).

8 Example

As an illustrative example, consider the controlled Van
der Pol equation

5&1 = X2
By = —o1 + T — 13 +6(T1, T2, 1) +u
e = I —w
in which the term §(xq, x2, t) = —po 123 is regarded as

a perturbation. The parameter vector p = col(us, o)
is assumed to satisfy p € {|p1] <3, 0 < py <5}, while
the exosystem is an harmonic oscillator in which the
frequency o ranges between 1 and 4 rad/s. Easy com-
putations show that the regulator equation (6) has the
following globally defined solution

7.‘-0'1 (wau) = w1
S p—
co(w,p) = (1= 0wy — opws + o ppwiwi + o3ws .

The autonomous system (7) is immersed into the four-
dimensional system (13), with ®(o) given by

0o 1 0 0
0o 0 1 0

@)= o o o 1
—90* 0 —100%2 0

The canonical parameterization of the internal model
has been chosen such that the matrix F' has eigenval-
ues placed at {—12,—10, —9, —8}. The nominal internal
model has been designed for the case o9 = 1 rad/s. To
improve the numerical stability of the algorithm, the
triplet (F,G, ¥,,) has been obtained as a balanced re-
alization from the controllability canonical form. The
controller parameters have been chosen according to ta-
ble 1.  The initial conditions for the exosystem have
been chosen as w(0) = (2,0), and the parameter vec-
tor as u = (3,4). The frequency of the exosystem has
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Table 1: Controller parameters
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Figure 1: Regulation error e(t)

been chosen first as ¢ = 3.5 rad/s, while the internal
model has been tuned for oy = 1 rad/s. The adapta-
tion is disconnected at first, and then it is turned on
at t = 20 s. We notice a remarkable steady-state error
(about 10%) until the adaptation is connected (see fig-
ure 1). Figure 2 shows the evolution of the parameter
estimates W(t). At ¢ = 40 s, the adaptation is discon-
nected again. Remarkably, no error arises, which shows
that the adaptive internal model has been tuned to the
“right one”. At time ¢t = 50 s, we change the frequency
of the exosystem to o = 2.5 rad/s, resulting in a steady
state error. At time t = 70 s, we turn the adaptation
on again, and we recover zero steady state error, as the
internal model is tuned again to the right frequencies.

4 T T

o~
wy 0 74’ ﬂ{w WWWM”;

Adaptation turned on

a4k 4
/ Adaptation turned off Adaptation turned on
- "W M B

L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

o

A

Figure 2: Parameter estimates ¥(t)

9 Conclusions

In this paper we have shown how one of the greatest
limitations of output regulation theory so far, namely
the requirement of complete knowledge of the frequen-
cies of the exosystem, can be overcome by incorporating
an adaptation mechanism in the internal model-based
control. Inspired by the result of [10], we have solved
the problem of semiglobal robust regulation with un-
known frequencies of the exosystem for a large class
of nonlinear systems, in the very general framework of
the nonlinear regulator theory of [7]. A case study has
been presented to show the effectiveness of the method,
which may prove to be of great importance in control
applications.
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