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Abstract

We introduce a new de�nition of the minimum-phase prop-
erty for general smooth nonlinear control systems. The def-
inition does not rely on a particular choice of coordinates in
which the system takes a normal form or on the computation
of zero dynamics. It requires the state and the input of the
system to be bounded by a suitable function of the output
and derivatives of the output, modulo a decaying term de-
pending on initial conditions. The class of minimum-phase
systems thus de�ned includes all aÆne systems in global nor-
mal form whose internal dynamics are input-to-state stable
and also all left-invertible linear systems whose transmission
zeros have negative real parts. We explain how the new con-
cept enables one to develop a natural extension to nonlinear
systems of a basic result from linear adaptive control.

1 Introduction

A linear, single-input/single-output (SISO) system is
said to be minimum-phase if the numerator polynomial
of its transfer function has all its zeros in the open left
half of the complex plane. This property can be given a
simple interpretation which involves the relative degree
of the system. Namely, if a linear system of relative
degree r is minimum-phase, then the \inverse" system,
driven by the r-th derivative of the output of the original
system, is stable. For left-invertible, multi-input/multi-
output (MIMO) systems, in place of zeros of the numer-
ator one appeals to transmission zeros.

The notion of a minimum-phase system is of great
signi�cance in many areas of linear system analysis and
design. In particular, it has played an important role
in parameter adaptive control. A basic example is pro-
vided by the \certainty equivalence output stabilization
theorem" [7], which says that when a certainty equiva-
lence, output stabilizing adaptive controller is applied to
a minimum-phase linear system, the closed-loop system
is detectable through the tuning error. In essence, this
result serves as a justi�cation for the certainty equiv-
alence approach to adaptive control of minimum-phase
linear systems.

For nonlinear systems that are aÆne in controls, the
minimum-phase property has been de�ned in [1] in
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terms of the concept of zero dynamics. The zero dy-
namics are the internal dynamics of the system under
the action of the input that holds the output constantly
at zero. The system is called minimum-phase if the zero
dynamics are (globally) asymptotically stable. In the
SISO case, a unique input capable of producing the zero
output is guaranteed to exist if the system has a uni-
form relative degree. Extensions to MIMO systems are
discussed in [2, 4].

The need to work with the zero dynamics makes the
above de�nition of a minimum-phase nonlinear system
diÆcult to use, unless one can �nd a change of coordi-
nates that transforms the system into a certain \normal
form". It has also been recognized that just asymp-
totic stability of the zero dynamics is often inadequate
for control design purposes, so that additional require-
ments need to be placed on the internal dynamics of the
system. One such common requirement is that the in-
ternal dynamics be input-to-state stable with respect to
the output and its derivatives up to order r � 1, where
r is the relative degree (see, for instance, [9]).

In this paper we propose a new de�nition of the
minimum-phase property for general smooth nonlinear
systems, which does not rely on zero dynamics or nor-
mal forms. Loosely speaking, we will call a system
minimum-phase if its state and input eventually become
small when the output and derivatives of the output are
small. It follows from our de�nition that if a system has
a uniform relative degree and is detectable through the
output and its derivatives up to some order, uniformly
over all inputs that produce a given output, then it is
minimum-phase. For SISO systems that are real ana-
lytic in controls, the converse is also true, which yields a
useful equivalent characterization of the minimum-phase
property (Theorem 1). The class of minimum-phase
systems as de�ned here includes all left-invertible lin-
ear systems whose transmission zeros have negative real
parts (Theorem 2) and all aÆne systems in global nor-
mal form with input-to-state stable internal dynamics.
To illustrate the new concept and demonstrate that it
is indeed a reasonable extension of the linear notion, we
use it to develop a natural nonlinear counterpart of the
certainty equivalence output stabilization theorem from



linear adaptive control (Theorem 3).
Due to space constraints, the proofs are omitted, and

most of the results are stated for SISO systems. For
proofs, extensions, and examples, see [6].

2 De�nition and preliminary remarks

We will consider systems of the general form

_x = f(x; u)

y = h(x)
(1)

where the state x takes values in Rn , the input u takes
values in Rm , the output y takes values in Rl (for some
positive integers n, m, and l), and the functions f and h

are smooth (C1). Admissible input signals are locally
essentially bounded, Lebesgue measurable functions u :
[0;1)! Rm . Note that whenever the input function u

is k � 1 times continuously di�erentiable, where k is a
positive integer, the derivatives _y, �y, : : : , y(k) are well
de�ned (this issue will be discussed in more detail later).
We will let k � k[a;b] denote the essential supremum

norm of a signal restricted to an interval [a; b], i.e.,
kzk[a;b] := ess supfjz(s)j : a � s � bg, where j � j is

the standard Euclidean norm. Given an Rl -valued sig-
nal z and a nonnegative integer k, we will denote by zk

the Rl(k+1) -valued signal

zk := (z1; _z1; : : : ; z
(k)
1 ; : : : ; zl; _zl; : : : ; z

(k)
l )

provided that the indicated derivatives exist.

De�nition 1. We will call the system (1) minimum-
phase if there exist a positive integer N , a class KL
function1 �, and a class K1 function 
 such that for ev-
ery initial state x(0) and every N�1 times continuously
di�erentiable input u the inequality����

�
u(t)

x(t)

����� � �(jx(0)j; t) + 
(kyNk[0;t]) (2)

holds for all t in the domain of the corresponding solu-
tion of (1).

From the bound on the magnitude of the input in (2)
we deduce that y � 0 implies u ! 0. This can be
interpreted as saying that the system has a stable left
inverse, in the input-output sense. However, no explicit
construction of such a left inverse is necessary. On the
other hand, the bound on the magnitude of the state
signi�es that the system is detectable through the out-
put and its derivatives, uniformly with respect to inputs.
Detectability is a state-space concept, whose attractive
feature is that it can be characterized by Lyapunov-like
dissipation inequalities. These two requirements capture

1Recall that a function � : [0;1) ! [0;1) is of class K if
it is continuous, strictly increasing, and �(0) = 0. If � 2 K

is unbounded, then it is of class K1. A function � : [0;1) �
[0;1)! [0;1) is of class KL if �(�; t) is of class K for each �xed
t � 0 and �(s; t) decreases to 0 as t !1 for each �xed s � 0.

intrinsic properties of the system, which are independent
of a particular coordinate representation. They are con-
sistent with the intuition provided by the concept of a
minimum-phase linear system.

Example 1. Consider the linear SISO system

_x = Ax+ bu

y = cTx
(3)

Let r be its relative degree. This means that we have
cT b = cTAb = � � � = cTAr�2b = 0 but cTAr�1b :=
g 6= 0. From the formula y(r)(t) = cTArx(t) + gu(t) we
immediately obtain

ju(t)j �
j(Ar)T cjjx(t)j+ jy(r)(t)j

jgj
: (4)

Moreover, it is well known that there exists a lin-
ear change of coordinates x 7! (�; �), where � 2 Rr ,
� 2 Rn�r , and �1 = y, which transforms the system (3)
into the normal form

_�1 = �2

: : :

_�r = dT � + fT � + gu

_� = P� +Q�

and (3) is minimum-phase (in the classical sense) if and
only if Q is a stable matrix. Stability of Q is equivalent
to the existence of positive constants � and � such that
j�(t)j � e��tj�(0)j+�k�k[0;t] (it is also equivalent to de-
tectability of the transformed system with extended out-
put � = yr�1). Combining the last inequality with (4),
we arrive at

ju(t)j�
j(Ar)T cje��t

jgj
jx(0)j+

j(Ar)T cj(�+1)+1

jgj
kyrk[0;t]:

This yields (2) with N = r. On the other hand, if (2)
holds, then we know that y � 0 implies x ! 0, and
so (3) must be minimum-phase. Thus we see that for
linear SISO systems the above de�nition reduces to the
usual one. Incidentally, note that when N = r in (2),
the smoothness of u becomes super
uous, because y is
automatically r times (almost everywhere) di�erentiable
for every admissible input u.

The above remarks suggest that the concepts of
relative degree and detectability are related to the
minimum-phase property as de�ned here. In what fol-
lows, we develop some machinery which is needed to
study this relationship, and explore to what extent the
situation described in Example 1 carries over to nonlin-
ear systems.

3 Relative degree

Consider the case when the system (1) is SISO, i.e.,
whenm = l = 1. We now give a somewhat non-standard



de�nition of relative degree, which is especially suitable
for subsequent developments. For each k = 0; 1; : : : de-
�ne, recursively, the functions Hk : Rn � Rk ! R by
the formulas H0 := h and

Hk+1(x; u0; : : : ; uk) :=
@Hk

@x
f(x; u0) +

k�1X
j=0

@Hk

@uj
uj+1

where the arguments of Hk are (x; u0; : : : ; uk�1). As an
illustration, in the special case of the SISO aÆne system

_x = f(x) + g(x)u

y = h(x)
(5)

we have H1(x; u0) = Lfh + Lghu0 and H2(x; u0; u1) =
L2
fh+ (LgLfh+ LfLgh)u0 +L2

ghu
2
0 +Lghu1 (omitting

the argument x in the directional derivatives).
The signi�cance of the functions Hk lies in the fact

that if the input u(�) is in Ck�1 for some positive integer
k, then along each solution x(�) of (1) the corresponding
output has a continuous k-th derivative satisfying

y(k)(t) = Hk

�
x(t); u(t); : : : ; u(k�1)(t)

�
:

In particular, suppose that Hk is independent of u0, : : : ,
uk�1 for all k less than some positive integer r. Then
Hr depends only on x and u0, as given by

Hr(x; u0) =
@Hr�1

@x
(x) f(x; u0) :

We conclude that for every initial condition and every
input, y(r�1) exists and is an absolutely continuous func-
tion of time, and we have

y(r)(t) = Hr(x(t); u(t))

for almost all t in the domain of the corresponding solu-
tion. The converse is also true, namely, if y(r�1) exists
and is absolutely continuous for all initial states and all
inputs, then Hk must be independent of u0; : : : ; uk�1
for all k < r.
We will say that a positive integer r is the (uniform)

relative degree of the system (1) if the following two
conditions hold:

1. For each k < r, the function Hk is independent of
u0; : : : ; uk�1.

2. There exist class K1 functions �1 and �2 such that

ju0j � �1(jxj) + �2 (jHr(x; u0)j) (6)

for all x 2 Rn and all u0 2 R.

It is not hard to see that if there exists such an integer
r, then it is unique. In view of the previous remarks,
r is the relative degree of (1) if and only if for some
functions �1; �2 2 K1, for every initial condition, and
every input, y(r�1) exists and is absolutely continuous
(hence y(r) exists almost everywhere) and the inequality

ju(t)j � �1(jx(t)j) + �2(jy
(r)(t)j)

holds for almost all t.
The above de�nition reduces to the usual one (as

given, e.g., in the book by Isidori [4]) in the case of
the SISO aÆne system (5) with f(0) = 0. (According
to [4], a positive integer r is the relative degree of (5) if
LgL

k
fh(x) = 0 for all x and all integers k < r � 1, and

LgL
r�1
f h(x) 6= 0 for all x.) Note that the de�nition of

relative degree proposed here is not restricted to aÆne
systems. As a simple example, the system _y = u2 has
relative degree 1 according to our de�nition. This case
is also covered by the de�nition of relative degree for
not necessarily aÆne systems given in [8, p. 417]. How-
ever, our de�nition is more restrictive; for example, the
system _y = arctanu would have relative degree 1 in the
context of [8], but the bound (6) does not hold.

4 Detectability and related notions

Consider a general system of the form

_x = f(x; u):

We recall from [10] that this system is called input-to-
state stable (ISS) if there exist some functions � 2 KL
and 
 2 K1 such that for every initial state x(0) and
every input u the corresponding solution satis�es

jx(t)j � �(jx(0)j; t) + 
(kuk[0;t])

for all t � 0.
Given a system with both inputs and outputs

_x = f(x; u)

y = h(x; u)
(7)

we will say that it is 0-detectable if there exist some
functions � 2 KL and 
1; 
2 2 K1 such for every x(0)
and every u the corresponding solution satis�es

jx(t)j � �(jx(0)j; t) + 
1(kuk[0;t]) + 
2(kyk[0;t])

as long as it exists. In particular, a system without
inputs given by

_x = f(x)

y = h(x)

will be called 0-detectable if there exist some functions
� 2 KL and 
 2 K1 such that for every initial state
x(0) the corresponding solution satis�es the following
inequality as long as it exists:

jx(t)j � �(jx(0)j; t) + 
(kyk[0;t]): (8)

These concepts were studied in [11] under the names of
input/output-to-state stability and output-to-state stabil-
ity, respectively.
Let us call the system (7) uniformly 0-detectable if

there exist some functions � 2 KL and 
 2 K1 such



that for every initial state x(0) and every input u the
inequality (8) holds along the corresponding solution.
As the name suggests, uniform 0-detectability amounts
to 0-detectability that is uniform with respect to inputs.
This property was called uniform output-to-state stabil-
ity in [5] and strong detectability in [3].
Another de�nition, which will be needed in Section 7,

is the following one (introduced in [12]). The system (7)
is said to be input-to-output stable if there exist some
functions � 2 KL and 
 2 K1 such that for every x(0)
and every u the following inequality holds along the cor-
responding solution:

jy(t)j � �(jx(0)j; t) + 
(kuk[0;t]):

5 Minimum-phase systems

We study the SISO case, represented by the system (1)
with m = l = 1. Take a nonnegative integer k. Re-
stricting the input u to be in Ck�1, we can consider the
k-output extension of the system:

_x = f(x; u)

yk = hk(x; u; : : : ; u
(k�1))

(9)

where

hk(x; u; : : : ; u
(k�1)) :=

�
H0(x); : : : ; Hk(x; u; : : : ; u

(k�1))
�

is the new output map (here we are using the notation
of Section 3). That is, we rede�ne the output of the
system to be yk . With a slight abuse of terminology,
we will apply to such systems the de�nition of uniform
0-detectability given in the previous section. Of course,
for k = 0 we recover the original system.

Theorem 1 1. Suppose that the system (1) has a rel-
ative degree r and that its k-output extension (9)
is uniformly 0-detectable for some k. Then (1) is
minimum-phase in the sense of De�nition 1, with
N = maxfr; kg.

2. Suppose that the system (1) is minimum-phase in
the sense of De�nition 1, that the function f(x; �) is
real analytic in u for each �xed x, and that f(0; 0) =
0 and h(0) = 0. Then (1) has a relative degree, and
its k-output extension (9) is uniformly 0-detectable
for k = N .

As an illustration, consider the aÆne system (5) with
f(0) = 0. Its right-hand side is obviously real analytic
in u, so Theorem 1 applies. The hypothesis h(0) = 0 is
actually not needed in this case.
We will be especially interested in systems that are

covered by part 1 of Theorem 1 with k = r � 1. Let us
agree to call the system (1) strongly minimum-phase if
it has a relative degree r and its (r�1)-output extension
is uniformly 0-detectable. Note that yr�1 is a function

of the state x only: yr�1 = hr�1(x); no di�erentiability
assumptions need to be placed on u in this case.

Example 2. Consider an aÆne system in global normal
form

_�1 = �2

: : :

_�r = b(�; �) + a(�; �)u

_� = q(�; �)

y = �1

(10)

where � := (�1; : : : ; �r) and a(�; �) 6= 0 8�; � (so that
r is the relative degree). This system is usually called
minimum-phase if the zero dynamics _� = q(0; �) have
an asymptotically stable equilibrium at � = 0 (see [1]).
Since yr�1 = �, the above de�nition of the strong
minimum-phase property in this case demands that the
equation for � in (10), which represents the internal dy-
namics, be input-to-state stable (ISS) with respect to
� (more precisely, with respect to all possible signals �
that can be generated by the �-subsystem). As we al-
ready mentioned, the ISS assumption has been imposed
on the internal dynamics of the system in various con-
texts associated with control design (see, e.g., [9]).

We know from [5, 11] that the (r�1)-output extension
of (1) is uniformly 0-detectable if there exists a smooth,
positive de�nite, radially unbounded function V : Rn !
R that satis�es

rV (x)f(x; u) � ��(jxj) + �(jyr�1j) 8x; u

for some functions �; � 2 K1. This Lyapunov-like
dissipation inequality can be used to check the strong
minimum-phase property, once the relative degree of the
system is known. In fact, it provides a necessary and suf-
�cient condition for uniform 0-detectability if controls
take values in a compact set [5].
Consider the aÆne system (5), and suppose that it is

minimum-phase and has a relative degree r. Regardless
of whether it has a global normal form, one can apply a
state feedback law so that the r-dimensional subsystem
that describes the evolution of � = yr�1 takes the form
_� = A�, where A is a stable matrix. Then y and all
derivatives of y decay to zero exponentially fast. In view
of uniform 0-detectability with respect to yN , the entire
system becomes globally asymptotically stable. Note
that this is true for every feedback law that linearizes
and stabilizes the �-subsystem, which is not necessarily
the case for systems with globally asymptotically stable
zero dynamics (see [4, Section 9.2]).
For MIMO systems, the existence of a relative degree

is quite a restrictive assumption. For example, linear
systems with relative degree form a rather special sub-
class of those linear systems for which the minimum-
phase property (in its classical sense) is well de�ned.



Fortunately, De�nition 1 does not have the shortcom-
ing of applying only to systems with relative degree (as
shown by way of examples in [6]). For linear systems,
the following result holds.

Theorem 2 A MIMO left-invertible linear system is
minimum-phase in the sense of De�nition 1 if and only
if all its transmission zeros have negative real parts.

6 Cascade results

The purpose of this section is to investigate how the
minimum-phase property behaves under series connec-
tions of several subsystems. To simplify the presentation
and to obtain the sharpest results possible, we restrict
our attention to strongly minimum-phase systems.
Suppose that we are given two systems:

�1 : _x1 = f1(x1; u1)

y1 = h1(x1)
and

�2 : _x2 = f2(x2; u2)

y2 = h2(x2)

Upon setting u2 = y1, we obtain a cascade system,
which we denote by �c (see Figure 1).

u1 y1 y2�2�1

Figure 1: The cascade system

Assume that �2 has a relative degree r. We can then
consider the r-output extension ��c of �c, whose input
is u1 and whose output is yr2. This corresponds to in-
troducing a new output map of the form

h(x1; x2) =
�
h2(x2); H1(x2); : : : ; Hr(x2; h1(x1))

�
which is de�ned as explained in Section 3.

Lemma 1 If �1 is 0-detectable and �2 is strongly
minimum-phase, then the system ��c with input u1 and
output yr2 is 0-detectable.

Next, suppose that the system �1 has another output
y3 = h3(x1). Letting u2 = y1 as before, and de�ning the
output y4 := y3 � y2, we obtain a cascade-feedforward
system �cf shown in Figure 2.

u1
�

+
y1 y2�2�1

y3

y4

Figure 2: The cascade-feedforward system

Assume that the input u1 is in Cr�1, where r is the
relative degree of �2 as before. We can then consider the

system ~�1 whose input is u
r�1
1 and whose output is yr3.

Indeed, as explained in Section 3, for each i 2 f1; : : : ; rg
the i-th derivative of y3 exists and can be written as
y(i)(t) = Hi(x(t); u1(t); : : : ; u

i�1
1 (t)) for a suitable func-

tion Hi. Moreover, since y2 is r times di�erentiable al-
most everywhere, we can consider the r-output exten-
sion ��cf of �cf , with input ur�11 and output yr4.

Lemma 2 Suppose that �1 is 0-detectable (with respect
to its input u1 and both its outputs, y1 and y3), �2 is
strongly minimum-phase, and the system ~�1 with in-
put ur�11 and output yr3 is input-to-output stable. Then
the system ��cf with input ur�11 and output yr4 is 0-
detectable.

7 Adaptive control

Let P be an unknown process of the form

_xP= fP(xP; u)

y = hP(xP)

where xP 2 Rn is the state, u 2 R is the control input,
and y 2 R is the measured output. Assume that P is
a member of some family of systems

S
p2P Fp, where P

is an index set. For each p 2 P , the subfamily Fp can
be viewed as consisting of a nominal process model M p

together with a collection of its \perturbed" versions.

Consider the following family of controllers, parame-
terized by p taking values in P :

_xC = fC (xC ; y; p)

up = hC (xC ; p)

For every �xed p 2 P , we denote the corresponding
controller by C p . One can think of C p as a candidate
controller , which would be used to control the process
P if this process were known to be a member of Fp.

We assume that on-line controller selection is carried
out with the help of some estimation procedure. This
is facilitated by a dynamical system E called the multi-
estimator, which takes the form

_xE = fE(xE ; y; u)

yp = hp(xE); p 2 P

The signals yp; p 2 P are used to de�ne the estimation
errors

ep := yp � y; p 2 P :

One usually designs the multi-estimator in such a way
that ep converges to zero in the case when the unknown
process coincides with the p-th nominal process model
M p and there are no disturbances or noise.

Take an arbitrary �xed q 2 P . The closed-loop sys-
tem, which results when the q-th candidate controller



C q is placed in the feedback loop with the process P and
the multi-estimator E , is described by the equations

_xP= fP(xP; hC (xC ; q))

_xE = fE(xE ; hP(xP); hC (xC ; q))

_xC = fC (xC ; hP(xP); q)

(11)

(see Figure 3). We will take the output of this system to
be the estimation error eq = hq(xE ) � hP(xP). Most of
the standard adaptive algorithms are based on varying
the index of the candidate controller in the feedback loop
according to a tuning/switching law � : [0;1) ! P ,
in such a way that the corresponding estimation error
e� is maintained small in some sense. The underlying
principle behind such a strategy is known as certainty
equivalence. To justify this paradigm, one must be able
to ensure that the smallness of the estimation error im-
plies the smallness of the state of the closed-loop system.
Thus it is desirable to design the system (11) so as to
make it 0-detectable with respect to eq.

u
��

++
yy

yq

C q

E

P
eq

Figure 3: The closed-loop system (11)

Consider the following system, which we call the in-
jected system and denote by EC q :

_xE = fE(xE ; hq(xE )� eq ; hC (xC ; q))

_xC = fC (xC ; hq(xE )� eq; q)

We view it as a system with input eq, state (xE ; xC ),
and outputs u and yq = hq(xE ). It realizes the inter-
connection of the q-th candidate controller C q with the
multi-estimator E . This is the system enclosed in the
dashed box in Figure 3. It was shown in [3] that if the
injected system EC q is input-to-state stable (ISS) with
respect to eq and the process P is 0-detectable, then the
closed-loop system (11) is 0-detectable with respect to
eq. This provided a natural nonlinear extension of the
Certainty Equivalence Stabilization Theorem proved for
linear systems in [7]. Another relevant result from [7]
is the so-called Certainty Equivalence Output Stabiliza-
tion Theorem, which we mentioned in the Introduction.
It suggests that the desired 0-detectability of the sys-
tem (11) through eq should be preserved if one weakens
the assumptions on the injected system EC q by only re-
quiring input-to-output stability from eq to yq instead
of input-to-state stability, but demands that the process

be minimum-phase rather than 0-detectable. In what
follows, we demonstrate that a result along these lines
indeed holds for nonlinear systems.
Assume that P has a known relative degree r. Let us

rede�ne the input and the output of the system EC q to
be er�1q and yrq , respectively. We denote the resulting

system by fEC q ; its output map is obtained as explained
in the previous sections. We also rede�ne the output of
the closed-loop system (11) to be erq ; i.e., we consider

the r-output extension of (11), which we denote by ��cl.
We now make the following assumptions:

1. The process P is strongly minimum-phase.

2. The system fEC q is input-to-output stable.

3. The controller C q is 0-detectable.

4. The multi-estimator E is 0-detectable.

The result stated below is a direct consequence of
Lemma 2: one needs to apply that lemma with �1 =
EC q (which is a 0-detectable system) and �2 = P.

Theorem 3 Under assumptions 1{4, the closed-loop
system ��cl with output erq is 0-detectable.
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