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Abstract

A general procedure leading to an enhancement of robust-
ness of existing Model Predictive Control techniques is pro-
posed. This procedure, which considers additive modeling
errors, is illustrated for the case of Cautious Stable Predic-
tive Control. The basic idea is the augmentation of the cost
function with an additional term related to a description of
the nominal model uncertainty, leading either to a minimiza-
tion or to a min-max optimization problem, depending on
the class of error description being used.

1 Introduction

Model Predictive Control (MPC) has become an area of sig-
nificant research interest over the last twenty years. This in-
terest has been powered by a stream of successful industrial
applications. When focusing on linear (and unconstrained)
discrete time transfer function models and quadratic cost
functions, some of the best known approaches include the
Generalized Predictive Control (GPC) [1], its related algo-
rithms with guaranteed nominal stability as presented e.g. in
[2], the inner loop stabilizing Stable Predictive Control [3]
and the Cautious Stable Predictive Control (CaSC) [4].

There exist several different strategies to robustify the de-
sign in the presence of plant modeling errors, depending on
how these errors are described.
Structured uncertainties lead in a natural way to a worst-
case analysis and therefore to min-max optimization prob-
lems assuming either open-loop or closed-loop control [5].
The robustness issue in the presence of unstructured model-
ing errors is usually dealt with by enhancing the robustness
of existing designs by introducing degrees of freedom based
on the Youla parameterization. These parameterizations do
not affect the nominal complementary sensitivity and allow
the minimization of a robustness cost function derived from
the well-known small gain theorem. This two-step proce-
dure leads to a H∞ problem [3] that can be hard to solve in
real time and has led to work on guidelines to choose good
and easy to compute suboptimal solutions [6, 7].

In this paper the enhancement of the robustness of the con-
trol is achieved by minimizing an augmented MPC cost
function. The basic cost function is modified by adding a
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term which weights the open loop prediction of the output
of an additive uncertainty model.
In section x2, the proposed idea is applied to Cautious Sta-
ble Predictive Control. To emphasize the main idea, per-
fect knowledge of the uncertainty is assumed. In section x3
semistructured uncertainties are used and the resulting min-
max problem is stated and solved. An example is given in
x4, and x5 contains the concluding remarks and further work
suggestions.

2 The Basic Idea

Consider a discrete time plant with input u(t), output y(t)

and having a nominal model G0(z) =
z�1b(z�1)

a(z�1)
with:

a(z�1) = 1+
na

∑
i=1

aiz
�i
; b(z�1) =

nb

∑
j=0

b jz
� j

: (1)

The plant true model is given by G(z) = G0(z) + Gε(z),
where Gε(z) 2 RH∞ is the additive uncertainty satisfying
Gε(1) = 0.
Further assume that the polynomial a(z�1) is factored as
a(z�1) = a+(z�1)a�(z�1), where a� is monic with all its
roots (in z) having a modulus less or equal than ρ, where
0 � ρ� 1. The same is done for b(z�1). ρ defines a region
for desirable pole location.
Then, stable predictors for the model (1) are:

û(t) =
a+(z�1)

b�(z�1)
c(t); ŷ(t) =

z�1b+(z�1)

a�(z�1)
c(t); (2)

where c(t) is a finite sequence.

If we define yε(t) = Gε(z)u(t), a predictor for yε(t) is given
by:

ŷε(t) = Gε(z)
a+(z�1)

b�(z�1)
c(t): (3)

This predictor can be truncated, without loosing the essential
dynamic features of (3), for a large enough nh:

ŷε(t) = z�1h(z�1)c(t); h(z�1) = h0 +h1z�1 + � � �+hnhz�nh ;

where the coefficients hi (i = 0;1; : : : ;nh) are constrained to
satisfy h(1) = 0.

p. 1



With the above setting, it is possible to minimize the cost
function given in (4) over future values of c(t) arranged in
c
!

= [c(t);c(t +1); � � � ;c(t +nc�1)]T :

J( c
!

) =
Ny

∑
i=1

(r̃(t + i)� ỹ(t + i))2 +λu

Nu�1

∑
i=0

(∆ũ(t + i))2

+λε

Ny

∑
i=1

(ŷε(t + i))2
; c(t + i) =

r(t +Ny)a�(1)
b+(1)

; i � nc;

(4)

where: r̃(t) = a�(z�1)r(t); ỹ(t) = a�(z�1)ŷ(t); ∆ũ(t) =
b�(z�1)∆(z�1)û(t); ∆(z�1) = 1 � z�1 and the sequence
r(t + i); i = 1; : : : ;Ny is the future reference trajectory.
Given a certain command horizon nc, the control and output
horizons are Ny = nb+ + nc and Nu = na+ + nc + 1, respec-
tively.1

The new tuning parameter λε penalizes the output of the un-
certainty model according to its open loop prediction and
allows the designer to robustify the design, as illustrated in
the example included in section x4. λε = 0 corresponds to
the CaSC algorithm [4].

3 Semistructured Uncertainties

The assumption that Gε is perfectly known is impractical,
thus in this section Gε is considered to belong to a family of
stable linear models.
Suppose Gε 2 ∆n(Bε;Θ) defined by:

∆n(Bε;Θ)=
�

θT Bε jθ2 Θ
	
; Θ=

�
θ2 Rn�1 j θT Pθ� 1

	

P = PT
> 0; θ =

2
6664

θ1

θ2
...

θn

3
7775 ; Bε(z) =

2
6664

Bε1(z)
Bε2(z)

...
Bεn(z)

3
7775 : (5)

This uncertainty model description contains linear combina-
tions of stable, proper rational transfer functions (basis func-
tions), with coefficients lying in an ellipsoid. Basis functions
have been used in system identification and its advantages
have been discussed e.g. in [8].
In this case:

ŷε(t) =
n

∑
j=1

θ j ŷε j(t) =

 
n

∑
j=1

θ jBε j(z)
a+(z�1)

b�(z�1)

!
c(t)

�

 
n

∑
j=1

θ j h̃ j(z
�1)

!
c(t�1); (6)

where h̃ j(z�1); h̃ j(1) = 0 are the nh-truncated impulse re-
sponses corresponding to ŷε j:

The minimization of the cost function for the worst situation
of the open loop prediction of yε(t) is the solution for the

1na+ and nb+ are the degrees of a+(z�1) and b+(z�1), respectively

min-max problem:

min
c
!

max
θ2Θ

n
J1( c

!

)+λεJ2( c
!

;θ)
o
; with: (7)

J1( c
!

) =
Ny

∑
i=1

(r̃(t + i)� ỹ(t + i))2 +λu

Nu�1

∑
i=0

(∆ũ(t + i))2 (8)

J2( c
!

;θ) =
Ny

∑
i=1

(ŷε(t + i))2 =
Ny

∑
i=1

 
n

∑
j=1

θ j ŷε j(t + i)

!2

(9)

with c(t + i) constrained as in (4). Note that J2( c
!

;θ) is a

convex functional for any given c
!

.

4 Example

Let the nominal model be given by G0(z) = 2z�1

1�0:8z�1 and
suppose that the additive uncertainty is specified according

to (5) with P =
h

10=3 0
0 10=3

i2
and:

Bε1(z) =
0:99058z�1(1� z�1)(1+0:0625z�1)

(1�0:8z�1)(1�0:2z�1)(1�0:1z�1)
;

Bε2(z) =
�0:10288z�1(1�10z�1)(1� z�1)

(1�0:8z�1)(1�0:2z�1)(1�0:1z�1)
:

(10)

The min-max procedure with ρ = 0;λε = 10;λu = 1;nc =
5 and nh = 5 returns θ? = [0:223 0:201]T . The region of
uncertainty including the worst cases is shown in figure 1.
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Figure 1: G0 +θT Bε, θT Pθ= 1 and G0� (θ?)T Bε

To simplify computations we assume that (2) holds and θ? is
constant. In this case, the receding horizon implementation
is equivalent to a linear two degree of freedom control loop.

An unstructured uncertainty description can be obtained by
fitting a function Gεmax(z) such that:
jGε(e jω)j � jGεmax(e jω)j; 8ω2 [0; π]; 8Gε(z) 2 ∆2(Bε;Θ).
A simple trial and error procedure applied on figure 2 allows
to fit the rational function Gεmax(z) =

0:41(z�1)
(z�0:8)(z�0:4)(z+0:14).

This is used as an exact description of the uncertainty ac-
cording to the procedure outlined in section x2 and a con-
troller is computed with the same tuning parameters as in
the previous case.
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Figure 2: jθT Bε(e jω)j;θT Pθ= 1 and jGεmax(e jω)j

Figures 3 and 4 show the performance of two robust designs:
semistructured uncertainty (solid) and unstructured uncer-
tainty (dashed). Also a standard CaSC controller with λu = 5
(and λε = 0) is included (dotted). While Figure 3 shows
step response and frequency response of the nominal com-
plementary sensitivity function, Tyr, Figure 4 illustrates the
worst case behavior, corresponding to G = G0� (θ?)T Bε.
In this example we see that, although all designs have sim-
ilar bandwidths, the robust ones behave better. It is also in-
teresting that the unstructured bound yields a good and easy
to obtain solution.
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Figure 3: Nominal performance of robust and standard designs

5 Conclusions

A new approach to the robust MPC problem has been pre-
sented. Unlike many other methods, both the feedback and
the reference prefiltering controller are affected by Gε and
the design parameter λε. The proposed method accepts dif-
ferent forms of uncertainty descriptions, allowing the in-
clusion of different levels of previous knowledge available
on the uncertainty (including magnitude and phase informa-
tion) and can be applied to other MPC strategies as well [9]

Further work should include stability issues, guidelines for
selecting λε and connections with other robust MPC algo-
rithms.
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Figure 4: Robustness of the three designs, Tyr
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