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                                     Abstract
The necessary and sufficient conditions of domain stability
of polytopes of 2-D polynomials have been established. The
conditions are based on edge theorem and convex
directions. The number of edges to be tested can be reduced
by a testing set constructed by us. An example has been
given to demonstrate the applicability of  our new approach.

Indexing terms Polytopes of two-dimensional
polynomials, robust domain stability

                        1.  Introduction

There exists a class of 2-D systems, such as linear partial
differential equation systems and linear partial difference
equation systems, with uncertain parameters or subject to
random disturbances. Different from 1-D case, the state
variables of the systems are two-dimensional, and the
characteristic polynomials of the systems are of two
complex variables. The asymptotic stability problem of
uncertain 2-D systems can be concluded as that of robust
stability of the characteristic polynomials with uncertain
parameters. Since the root domain of 2-D polynomials is in

two-dimensional complex number space 2C , classical
stability analysis is not suitable to that of 2-D polynomials
[1].

Based on extreme point test of interval 1-D polynomials, [2-
4] get some results of about robust Hurwitz stability of
diamond family of bivariate polynomials and interval
bivariate polynomials. Applying the perturbation radius, [5]
establishes sufficient conditions of domain stability for
polytopes of 2-D polynomials. [7,8] show that the idea of
edge test of 1-D polynomials [6] can be extended to 2-D,
and get necessary and sufficient conditions of Hurwitz and
Schur stability test of polytopes of bivariate polynomials,
respectively. In this paper, based on the results of [7-10], we
simplify the edge test in 2-D case by using a testing set,
which adopts the phase conditions of introduced the test of
convex direction. The test set greatly reduces the number of
edges to be tested.

                2. Auxiliary Results
_______________________________________________
* This work is supported by NSFC of China.

Similar to 1-D case, we can define several types of
polytopes of bivariate polynomials.

Definition 1:  The polytopes of bivariate polynomials are
defined as
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ak and ck are real fixed parameters, and kq  are uncertain

parameters.

From Eq.(2),  we can see that )(qbmn  depends (affines)

linearly on q,
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and the bounding set Q is obtained by assuming an upper

bound and a lower bound for each component iq  of q.

Definition 1 is a basic one for polytopes of bivariate
polynomials, from the definition, we can easily derive some
the definitions of other kinds of polytopes of bivariate
polynomials.

Definition 2:  If the parameter space Q in Definition 1 is a
unit simplex
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 and )( 21,ssBi , i=1,...,K are fixed polynomials,  we can

define a kind of  polytopes of bivariate polynomials as
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We also can see that )( 21 q,,ssB  in Definition 2 is a

convex hull, and we write

      )]([)( 2121 ,ssB=Conv,,ssB iq                                 (7)

which  consists of all convex combinations of the

)( 21,ssBi .

Definition 3:  If  the parameter space Q in Definition 2 is

              }{ iqConvQ =                                                  (8)

where iq  denotes the extreme point of Q, i=1,2,...,K, and

)( 21,ssBi , i=1,...,K are fixed polynomials, we can define a

kind of  polytopes of bivariate polynomials as
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where Q is defined by Eq.(8), and the fixed polynomial

),s(sBi 21  has the same form as Eq.(6).

If Bi ( , )s s1 2  and Bj ( , )s s1 2  are vertex polynomials of a

polytope of bivariate polynomials, we can further define the
edge of the polytope.

Definition 4:  An edge of a polytopes of bivariate
polynomials is defined as

     )()1()()( 212121 ,ssBx,ssxB,x,ssE jiij −+=    (10)

for all x∈ [0,1], i,j∈ {1, ..., M}, i≠j,  M is the number of

vertex polynomials of the polytope, )( 21,ssBi  and

)( 21,ssB j  are vertex polynomials of the polytope of

bivariate polynomial.

The domain stability problem of a family of bivariate
polynomials concerns the root domain of the family.

Definition 5: A polytope of bivariate polynomials is
Hurwitz stable, if

    0Re0Re ,0),( 2121 ≥≥≠ s,sallfor,ssB q       (10)

Definition 6: A polytope of bivariate polynomials is Schur
stable, if

1||1|| ,0),( 2121 ≥≥≠ s,sallfor,ssB q              (11)

Different from 1-D case, the root domain of polytope of

bivariate polynomials is in C2 . We call C2 , the set of
ordered 2-tuples of complex numbers the 2-dimensional
complex number space.

Ref. [7,8] have found a simple approach to test the Hurwitz
stability and Schur stability of polytopes of bivariate
polynomials, the approach can be expressed by following
two theorems.

Theorem 1[7]: The polytope of bivariate polynomials
given by Definition 1-3 is Hurwitz stable if and only if

(a) the exposed edges of )1( 1 q,,sB  are Hurwitz stable;

and

(b) for allω1 ∈ R , the exposed edges of )( 21 q,,sj�B
are Hurwitz stable.

The proof is given in [7].
  
Theorem 2[8]: The polytope of bivariate polynomials
given by Definition 1-3 is Schur  stable if and only if

(a) the exposed edges of )1( 1 q,,sB  are Schur stable;

and

(b) for all ]2,0[1 πω ∈ , the exposed edges of

)( 2
1 q,,seB j¹  are Schur stable.

The proof is given in [8].

Condition (a) of Theorem 1 and 2 can be checked by
presented 1-D edge test [6].  Condition (b) of Theorem 1
and 2 can be tested by the approach of [7,8]. Different from
1-D case, the test of is Condition (b) is two parameters’ one.
As pointed by [7,8], because the mapping from parameter

space to C2  is not one-one, it is difficult to identify the

exposed edges of ),,sB(j� q21 and ),,sB(e j& q2
1 , [7,8]

had to test all the edges of a polytope of bivariate
polynomials. We will discuss how to reduce the number of
the edges in next section.

                            3. Main Results

The concept of convex direction of a polytope of  1-D
polynomials has been proposed in [9]. The 1-D result of [9]
can be extended to polytope of bivariate polynomials [10].

Lemma 1: For all ω1 ∈ R , a 2-D polynomial

),sB(j� 21 is a convex direction in Hurwitz case iff
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Since for any given ω1 ∈ R , the 2-D polynomial

),sB(j� 21 can be regarded as a 1-D polynomial with

complex coefficients, the proof can refer to [10].

Lemma 2: For all ]2,0[1 πω ∈ , a 2-D polynomial

),sB(e j&
2

1 is a convex direction in Schur case iff
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where N is the highest degree of variable 2s in ),sB(e j&
2

1 .

Since for any given ]2,0[1 πω ∈ , the 2-D polynomial

),sB(e j&
2

1 can be regarded as a 1-D polynomial with

complex coefficients, the proof can refer to [10].

Lemma 3: If for given ω1 ∈ R ,

 0)()1()( 20102010 =−+ ωωωω ,jjBx,jjBx ji      (14)
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Since for given ω1 ∈ R , the 2-D polynomial

)( 21,sj�B can be regarded as a 1-D polynomial with

complex coefficients, the proof can refer to [9].

Lemma 4: If for given ]2,0[1 πω ∈ ,
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Since for given ]2,0[1 πω ∈ , the 2-D polynomial

),sB(e j&
2

1 can be regarded as a 1-D polynomial with

complex coefficients, the proof can refer to [9].
Lemma 5: For given ω1 ∈ R , an edge of a polytopes of
bivariate polynomials defined by Eq.(10) is Hurwitz stable,
if the following conditions hold,

(a) )( 21,sjBi ω  and )( 21,sjB j ω  are Hurwitz stable;

(b) for all R∈2ω ,

   0
)]()(arg[

2

2121 ≥
∂

−∂
ω

ωω ,jj�B,jj�B ii           (15)

Proof: Suppose Condition (a) holds, but there is an unstable
2-D polynomial on the edge polynomial, then there exist

R∈20ω and ]1,0[0 ∈x , such that

  0)()1()( 20102010 =−+ ωωωω ,jjBx,jjBx ji      (16)

Following to Lemma 3, and replacing the right-hand side of
Eq.(15) in Lemma 3 by the lower bound of Lemma 1, we
have
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which contradicts (15), and this completes the proof. Q.E.D.

Lemma 6: For all ]2,0[1 πω ∈ , an edge of a polytopes

of bivariate polynomials defined by Eq.(10) is Schur stable,
if the following conditions hold,

(a) )( 2
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i
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where N is the highest degree of variable 2s in ),sB(e j&
2

1 .

Proof: Suppose Condition (a) holds, but there is an unstable
2-D polynomial on the edge, then there exist

]2,0[20 πω ∈ and ]1,0[0 ∈x , such that
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Following to Lemma 4, and replacing the right-hand side of
Eq.(16) in Lemma 4 by the lower bound of Lemma 2, we
have

2

)]()(arg[

202

201201

2

N,eeB,eeB jj
j

jj
i <

∂
−∂

=ωω

ωωωω

ω

                                                                                     …(20)

which contradicts (18), and this completes the proof. Q.E.D.

Lemma 5 and Lemma 6 form the construction of reduced
testing set for the root domain stability of polytopes of
bivariate polynomials.



Theorem 3 The testing set for Hurwitz stability of a
polytopes of bivariate polynomials includes the vertex
polynomials and those edge  polynomials that do not satisfy
the conditions of Lemma 5.

Proof: It follows from Theorem 1, a polytopes of bivariate
polynomials  has a testing set, consisting the vertex
polynomials and edge  polynomials. If  an edge  polynomial
satisfies conditions of Lemma 5, then the stability of vertex
polynomials of the edge implies that of the edge
polynomial. Then the edge is not crucial, and it can be
excluded from the testing set of the polytopes of bivariate
polynomials. Q.E.D.

Theorem 4 The testing set for Schur stability of a
polytopes of bivariate polynomials includes the vertex
polynomials and those edge  polynomials that do not satisfy
the conditions of Lemma 6.

The proof is nearly identical to that of Theorem 3.

Theorem 3 and Theorem 4 provide a approach to obtain test
set of edge  polynomials, we only test the edge  polynomials
which don’t satisfy the Condition (b) of Theorem 3 or
Theorem 4. For those edge  polynomials that belong to the
test set, we can use following theorems to check their
domain stability.

Theorem 5: An edge ),(E 21ij ss  in Definition 4 is Hurwitz

stable, if and only if

(a) ),( 21 ssBi  and ),( 21 ssB j , the vertex polynomials of the

polytope of bivariate polynomial,  are Hurwitz  stable;
(b) the frequency response plot of

           ),(/),( 2121 ωωωω jjBjjB ji

does not cross ( , ]−∞ 0 .

Proof: Necessity: ),(E 21ij ss   is Schur stable implies Condition
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Due to Condition (a), ),( 21 ssBi  and ),( 21 ssB j  are Hurwitz

stable, then

       0),( 21 ≠ωω jjBi and 0),( 21 ≠ωω jjB j ;

since 0≠x ,  Eq. (21) is equivalent to

0/)1(),(/),( 2121 ≠−+ xxjjBjjB ji ωωωω ,

and ( ) / [ , )1 0− ∈ ∞x x , the frequency response plot of

),(/),( 2121 ωωωω jjBjjB ji  does not cross ( , ]−∞ 0 .

Sufficiency: We show the sufficiency by contradiction.

Suppose ),( 21 ssBi  and ),( 21 ssB j  are Hurwitz  stable, else

there  will be contradiction  to Condition (a). Suppose there exists

some x0 0 1∈ ( , ] such that ),(E 21ij ss  is not stable. Due to

Theorem 1, we have
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which is equivalent to

0/)1(),(/),( 002121 =−+ xxjjBjjB ji ωωωω .

However, it implies that the frequency response plot of

),(/),( 2121 ωωωω jjBjjB ji  crosses ( , ]−∞ 0 ,

which contradicts Condition (b) of the theorem. Q.E.D.

Theorem 6: An edge E ij( , )z z1 2  in Definition 4 is Schur

stable, if and only if

(a) B z zi ( , )1 2  and B z zj ( , )1 2 , the vertex polynomials of the

polytope of bivariate polynomial,  are Schur stable;
(b) the frequency response plot of
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does not cross ( , ]−∞ 0 .

Proof: Necessity: E ij( , )z z1 2   is Schur stable implies Condition
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Since B e e xj
j j( , ) ,ω ω1 2 0 0≠ ≠ , Eq. (22) is equivalent to
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and ( ) / [ , )1 0− ∈ ∞x x , the frequency response plot of

B e e B e ei
j j

j
j j( , ) / ( , )ω ω ω ω1 2 1 2  does not cross ( , ]−∞ 0 .

Sufficiency: We show the sufficiency by contradiction.  Suppose
B z zi ( , )1 2  and B z zj ( , )1 2  are Schur stable, else there  will be

contradiction  to Condition (a). Suppose there exists some
x0 0 1∈ ( , ] such that E ij( , )z z1 2  is not stable. Due to

Theorem 2, we have
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which is equivalent to
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However, it implies that the frequency response plot of
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j
j j( , ) / ( , )ω ω ω ω1 2 1 2  crosses ( , ]−∞ 0 ,

which contradicts Condition (b) of the theorem. Q.E.D.



      3. The Test Algorithm and Application

From Theorem 3-6  we derived in Section 2, we can see that
the theorem are not the simple extensions of 1-D presented
results, their numerical implemented algorithms are much
more complicated than those of 1-D tests. Generally, the
algorithms are not finite ones, since they involve two-
dimensional frequency grid test. To determine the domain
stability of vertex polynomials of a given polytope of bivariate
polynomial we need following two theorems [7,8].

Theorem 7: A  fixed bivariate polynomial is Hurwitz
stable, i.e.
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for all 21, ss  with 0Re 1 ≥ s and 0Re 2 ≥ s , where

mnb   are fixed real numbers,  if and only if

(a) B( , )s1 1 0≠   for  Re s1 0≥ ,
and

(b)  B( , )j sω1 2 0≠   for all R∈1ω  and  0Re 2 ≥s .

Theorem 8: A fixed bivariate polynomial is Schur stable, i.e.
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for all z , z1 2 with  | z1|≥ 1and | z2 |≥ 1, where bmn   are fixed

real numbers,  if and only if
(a) B( , )z1 1 0≠   for  | |z1 1≥ ,

and

(b)  B( , )e zjω1
2 0≠  for allω π1 0 2∈ [ , ] and  | |z2 1≥ .

Now, we give a numerical implemented algorithm base on
Theorems 3-8.

Step 1: According to Theorem 7 and Theorem 8, test the
domain stability of vertex polynomials of a given polytope of
bivariate polynomial; if find some vertex polynomial is not stable,
end the test, we conclude that the polytope of bivariate
polynomials is not stable; else enter next step;
Step 2: Construct the edge polynomials according to
Definition 4;
Step 3: Apply Theorem 3 and Theorem 4 to determine test
set; if we find no  edge polynomial  in the test set, we
conclude that the polytope of bivariate polynomials is  stable; else
enter next step;
Step 4: Apply Theorem 5 and Theorem 6 to test stability of
the edge polynomials  in the test set, if we find edge
polynomial is not stable, end the test, we conclude that the
polytope of bivariate polynomials is not stable; else we conclude
that the polytope of bivariate polynomials is stable.
Now, we illustrate the application of our results in previous
sections by some example.

Example 1: Determine whether the following polytope of
bivariate polynomials to be Schur stable

    
)(

)()()(

2133

2122211121

,zzBq

,zzBq,zzBq,,zzB

+
+=q

        (23)

where

           0,0,0,1 321321 ≥≥≥=++ qqqqqq ,

and

3,2,1),()()()( 12211
2
21021 =++= izbzzbzzb,zzB iii

i

where

      

2
111

1
2

2
111

1
1

2
111

1
0

272.72.6.0)(

75.08.15.1)(

2.11)(

zzzb

zzzb

zzzb

+−=

−+−=

+−=

,

      

2
111

2
2

2
111

2
1

2
111

2
0

29.72.62.0)(

75.08.15.1)(

2.11)(

zzzb

zzzb

zzzb

+−=

−+−=

+−=

,

       

2
111

3
2

2
111

3
1

2
111

3
0

29.72.6.0)(

76.08.15.1)(

2.11)(

zzzb

zzzb

zzzb

+−=

−+−=

+−=

.

Apply the above test algorithm, we find that vertex
polynomials of the polytope (23) are all stable;  since for
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the edge bivariate polynomials ),(E 2112 zz and

),(E 2123 zz  are Schur stable and they do not belong to the

test set.   Since
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there is only the edge bivariate polynomial ),(E 2113 zz in

the test set and we test it by Theorem 6, we find that it is
stable. Therefore, according to Theorem 2, the polytope of
bivariate polynomials in Eq.(23) is Schur stable. The



argument partial derivatives of ),(E 2112 zz ,

),(E 2123 zz and ),(E 2113 zz are shown as Fig. 1, Fig.2, and

Fig.3, respectively.

Fig.1  The argument partial derivatives of ),(E 2112 zz

Fig.2  The argument partial derivatives of ),(E 2123 zz

Fig.3  The argument partial derivatives of ),(E 2113 zz

                            4. Conclusions

In this paper, based on convex direction concept, we present
an approach an approach to get the test set of domain
stability of a polytope of bivariate polynomials, i.e.
Theorem 3 and 4 Theorem. We employ  Theorems 5 and 6
to test the stability of edges  of the polytope, Theorems 7
and 8 to check  the stability of vertex polynomials   of the
polytope. As a generation of the results, an algorithm is
constructed by us to test domain stability of polytopes of
bivariate polynomials. An example shows how the results to
work.
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