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Abstract — This paper presents a general formulation
for the redlization of a linear state feedback system
using output feedback. The proposed formulation can
be applied to any linear state feedback design,
provided that an observable output signd is available.
We will show that scdar output is sufficient to
achieve the redlization, even in the case of MIMO
state feedback systems. In addition, the proposed
output feedback formulation achieves the same
closed-loop response as a state feedback system, even
when a non-relaxed initiad state is involved. We
present both discretetime and continuous-time
formulations for the proposed method.
1. Introduction

The state space mode of a dynamic system is
known to provide a complete description of the
system dgructure (Patel and Munro, 1982). A dtate
space control design which incorporates information
provided by this model regarding the interactions
among system states and between states and the
inputs, and which uses state variables as feedback
signd, is the design which is able to achieve
maximum flexibility in reshaping system dynamics.
The best-known example of state space control
design is the inear quadratic (LQ) optimization of
Kaman (Kaman, 1960) which has been the most
widely followed approach to control system synthesis
ever since its introduction decades ago.

On the other hand, state feedback control laws are
difficult to redlize because, in most applications, full
state information is not available. In order to dlow
state feedback control laws to be executed in the
absence of such information, the state estimator
(Kaman and Bucy, 1961) was developed. However,
inclusion of a state estimator in the feedback loop
causes the closed-loop system to contain both the
regulator poles and the poles of the estimator (Stenge,
1986; Callier and Desoer, 1991), and to thereby
depart from atrue state feedback design.

Alternative methods of producing a state feedback
control law using output feedback have been
proposed. For SISO systems, we have shown that an
output feedback controller can redize any date
feedback design (Chan, 1996a). For MIMO systems,
a genera output feedback controller to redize the
state feedback design has yet to be developed. The
one method which we previoudy proposed (Chan,
1996h) relies on redundant output signals to achieve

the design and does not apply to generd MIMO
formulations. Moreover, there is no proof that any of
these designs can achieve the same command
response as a state feedback system when the initia
condition is not relaxed.

In this paper, a genera output feedback controller
capable of redizing any state feedback design is
presented. We will show that scaar output is
sufficient to allow completion of the realization, even
when it involves a MIMO system. In addition, the
proposed output feedback formulation is able to
achieve a closed-loop response which is identica to
that of a state feedback system, even when the system
beginsfrom a non-zeroinitial state.

We will present both a discrete-time formulation
and a continuous-time formulation for the proposed
controller. We begin with the derivation of the
discrete-time formulation, and extend the application
to a continuous-time formulation in Section 4.

2. Formulation of the problem

2.1 Feedback control system in state space In this
work, we consder discrete-time linear dynamic
systems which have thefollowing state space form:

y(k) =Cx(k), x(k+1)=Ax(k)+Bu(k) (1)
Note thatthe m” 1 vector u, the m~ 1 vector y, and
the n” 1 vector x represent, respectively, the input,
the output, and the state of the system. In addition, A,
B, and C are constant matrices of appropriate
dimensions. For this discussion, a state feedback
control law is defined as follows:

u(k) =r(k) - Kx(k) @
where Kisan m” n gan matrix and r isan m” 1
command vector.

2.2 Previous methods for implementation of a
state feedback design. In general, direct
implementation of a design based on (2) is difficult,
due to the absence of full state information. As a
result, estimated values for x(k), obtained from an

estimator, is used in place of true x(k). However, an
estimator-based design will not produce the same
closed-loop response as the original state feedback
design (Appendix A). Other methods to redlize a tate
feedback control law have been proposed (Chan,
1996a; Chan, 1996b). However, these methods can be
applied only to restricted classes of state feedback
systems, and there is no proof that these methods can
achieve the same closed-loop response as a state



feedback desgn when the initial state is not relaxed.
In the following, we present a general method for
the redlization of state feedback systems with output
feedback. The proposed redlization preserves the
closed-loop response, regardless of initia state.
3. General output feedback realization of state

feedback systems
3.1 Z-domain analysis of a state feedback design.

Let U(2), y(2), X(2), and 7(z) represent the z-
transforms of the sequences {u(k)}, {y(k)}, {x(k)},
and {r(k)}, respectivdy. As a reault, the dtate
feedback control law becomes
U(z2)=1r(2- KX(2) =7(2)- G(2)u(2), 3
G(2=K(- A'B S

For left-invertible systems, EQ. (3) can be rewritten
as U(2) =H(2) y(2) where H(2)'! is an left-
inverseof H(z) and H(z)=C(ad - A)"1B. In this
case, a smple output feedback form of (3) can be
obtained, as follows:

U(2) =1 (- M(2)¥(2, M(2=G(2H(2*.(4)
However, even this redtricted design will suffer from
internal instability when H(z) isinverse unstable, a
condition that is commonly true (Astrom et al., 1984).

On the other hand, the truth of the matter is neither
the invertibility of H(z) nor its zero locations
determine whether or not a interndly stable output
feedback redlization of (3) is possble. In fact, one
such design for a generd H(z) is aways possible,
and is presented as follows.

3.2 A general output feedback design. We can
achieve an internadly stable output feedback
redlization of (3) with the following design:

12)=70)- 2@ - 2250,
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where P(z) is an m” m matrix of (/- 1)™" order
polynomias, Q(z) isan m’ m, matrix of ¢'" order
polynomials, y(2) isthe selected output for feedback,
and T is a condant matrix. This design achieves
internal stability by avoiding cancellation of unstable
factors with the denominators in the equation. In
addition, the design godl, T(z) =7 (2)- G(2U(2), is
achieved for an appropriate value of ¢ and if the
following equation is satisfied:
P2 Q0 )~
z' z .
H(z)=C(a - A"'B, C=TC
We will show that a P(z) and Q(z) par which

(6)

satisfies (6) exists for al observable systems.
Moreover, the solution will be unique if one condition
is met. Proof for these statements requires
introduction of the following proposition.

Proposition 1: The following equation is true for any
constant matrix F of appropriate dimensions:

-1
ZF(2- A'B=FA(2- A B+ W7,
i=0 (7)

Wh =FA"t'B, ",
Proof: Define f(2)=F(z- A 'BU(z) and
fr(z2)=2T(2). Also, let {f(k)} and {f(k)} denote
the time sequences of f(2) and f(2), respectively.
Then,
fr(k)=f(k+1)=Fx(k+1I)

| 51 - ®)
= FA x(k)+ @ W u(k+i)
i=0
Propogtion 1 can then be proven by taking the z-
transform of (8). Q.E.D.
A second proposition is presented in order to prove
that the proposed controller exists whenever (A C)
forms an observable pair.
Proposition 2: Let P(z) and Q(z) be expressed
into the following forms:;
0 _ / .
P=aRrz", A»=3Qz" O
i=1 i=0
whereP and Q; represent constant matrices having
dimensons of m”m and m” m, respectively. If
/3 n-1and (AC) isobservable, then the following
set of Q; and P; will form the par, P(z) and
Q(2), needed to satisfy (6):

. ~ R
ecu

&. 0
A}
i C [-1-i
L;=a in\/f_i'j, WS =KA "B, (10)

i=0
Note that [ ]® denotes the right inverse of the
n" (m,(¢+1) matrix.

Proof: The following expresson of (6) can be
inferred from (9):

| I
ARZT+Qz"'Ca-A'B
el 90 : (11

=7z'K(zl - A'B



By application of Proposition 1, the above equation is
transformed as follows:
-1 _
LM(2 - A'B+Q (P +L )z
j=0

» (12)
0 - [o] 1
=KA'(z- A'B+g W,z
j=0
where
éCcu
e . u S o l-1-i
L=[Q, Q) M=gi 5 Wi=ca'tiB

Then, since M is the observability matrix of the
(AC) doublet, a right inverse of M will exist, and
thusaset of Q; and P; which satisfies (12) can be

formulated from (10), provided that the (A C)
doublet is observable and 73 n- 1. Q.E.D.

It is noted that the right inverse of M becomes
M-, and a unique solution of (10) results, when
m, =1 and /=n-1. Uniqueness of the solution
will simplify the computation of (10).

Remark 1: Although Propaosition 2 was proven for
the case of ¢3 n- 1, it is possible that KA’ may
fall inside the row space of M, and that a solution
may also exist for ¢ <n- 1. Consequently, a solution
isensured for 7 £n- 1. Also, anincreasein m, will
expand the row space of M at smal vaues of 7,
thereby enhancing the chance of alow order solution.
However, having m, >1 may aso cause non-unique
solutions to appear, thereby adding complexity to the
computation of the controller (Appendix B).

3.3 Internal stability of the proposed design. We
now examine the interna stability of the proposed
redization by comparing its closed-loop poles with
those of the state feedback system. Since the output
and the control input of a linear feedback system
share the same closed-loop poles, we can check
stability by analyzing the closed-loop dynamics of the
control input.

In a dsate feedback design, the closed-loop
dynamics of the control input is given by
T(z) =[I + G(2)] *r(2). In the proposed design, the
closed-loop dynamics of the control input can be
obtained from (5) and (6), as follows:

U(2) =[2'1 +P(2) + Q(@)H(2)] *2'r (2)
=[Z'1 +Z'G(D] 1Z'r (2) =[I +G (2] *r (2)
/th

13)

It is seen that an ¢™'-order output feedback design
introduces ¢ extra polesa z=0 into the closed-

loop system; these extra poles are then canceled by

the z' factor in the numerator. Consequently, an
internally stable design is ensured.

3.4 Closed-loop response of the proposed design.
A second important criterion for the success of the
proposed design is whether or not its closed-loop
system produces the same response to an arbitrary
initia state as a state feedback controller produces.
For the state feedback system with an arbitrary initial

state x(0) = xg, the closed-loop command response
of the control input is
u(2 =[I +K(z - A Bt

[r(2)- K(2 - A)x,]
For the proposed output feedback design, the closed-
loop response of the contral input will be

u(2) =[1 +K(z - A B!

[r(2)- (Q(2)/2")C(Z - A) X,

Wewill show that (15) implies (14). The derivation
will require introduction of the following proposition.
Proposition 3: The following equation is true for any
constant matrix F:

ZF(d- A xo=FA (2 - A 1x, 1. (16)
Proof: Define  q(z)=F(d- A !x, ad
7' (2)=21(2). Also, let {q(k)} and {q;(K)}
denote the time sequences of T(z) and Tj(2),
respectively. Then,

a(k) = FA*x,

(14)

(15)

and
07 (K) =q(k+1) = FA! xo = (FA) A, (17)
therefore, the proposition is proven by taking the z-

transform of (17). QED.
Because of Proposition 3, we obtain

14 o
Q@C( - Ao =8 Qz"'C@ - A 'xg
‘jo (18)
=4 QCA I (d - A x,
i=0
From (12), we also infer that § foni CAT =K A’
As a result, the following equation is obtained by
referring to Proposition 3 once more:
(Q@/2')C(@ - A~ X,
=z "KA' (2 - A) %, (19)
=z 'KZ' (2 - A Ixo =K(2 - A 1xg
Hence, (15) implies (14). In arriving at (19), we have
assumed that daa of y(k),---,y(k- ¢) and u(k),
-+, u(k - ¢) areavailable at al k, including k =0.



3.6 A sample design. The proposed method was
tested on a future project aircraft (McLean, 1990),
with modified lateral dynamics given as follows:

60163 0 -1 4 &00027 0050
X = g 166 -108 -O.138x +g 2115 688 Hu
8157 -002 -025§ @ 054 -1L7§
~é0 1 Oy
Y79 o

With a sampling time of 0.1 second, the discrete time
plant dynamics becomes

€0.9079 00001 -0.0954(
x(k+1) = 21.5096 0.8977 -o.osgsgx(k)
14965 - 0.0018 0.899
& 00028 - 00618y
+820020 06942 gu(k)
£0.0498 - 112254

A discrete time LQ design produced the following
state feedback gain:
K = €0.8630 03550 0.1171 0
- £03483 00513 -05384H
For this state feedback design, three different choices
of T were used for the computation of P(z) and
Q(2), with the following results:
(@ T=[ 0] -A solutionwasobtainedat ¢=2 as
follows:

_ €04677% +04062-0455U
Q(Z) — € 2 U
&269272-56537 + 2948
602216210168 -01562-0.34061)
&§53147+6581 -1250z+ 22044

() T=[0 1] - A 2%order solution was aso
obtained:

P(2) =

_€185172-33417+1772 U
Q(Z) - e 2 u»
&26347°-476 72+ 2529

¢ 9138z +9859 2078z - 2050
& 1303z +14.07 2963z -292.64"

(c) T=1 - A solution was obtained a& ¢=1 as
follows:

Q@) = €00731z+02546 09250208344 U
§00133z+00577 -06845z+ 01589’
é.5219 11558 u
P(2) = -
§.1377 -0.1407Y
Closed-loop smulations under non-relaxed initial

conditions aso confirm that each of the proceeding
output feedback solutions achieves the same closed-

P2 =

loop response as the state feedback system. The high
gan designwith T =[0 1] reflects the fact that the
second-output of the systemis barely observable. The
solutionwith T =1 isnot unique, because a value of
m, =2 was used.

4. Extension to a continuous-time for mulation

4.1 Nomenclature. We will denote constants and
variables in the continuous-time formulation by the
same symbols as their counterparts in the discrete-
time. The two formulations are distinguished only by
the arguments used: real time t and the Laplace
operator s for continuoustime versus k and z,
respectively, for discrete-time.

4.2 Continuous-time state feedback system. A
continuous-time state space plant equation can be
expressed as

y(t) =Cx(t) and x(t) = Ax(t) + Bu(t) . (20)
The corresponding state feedback control law is
ut)=r(t)- Kx(t).

4.3 Redlization of the state feedback design.
Basically, the arguments made in Section 3.1 can be
applied to the continuoustime. However, the

implementation of M (s) = G(s)H(s) ! is even less
likely to be possible than it is in the case of discrete-
time, for the following reason. Since K may be any
matrix, we can expect that G(s)=K(sl - A)''B
will have a relative order of one. As aresult, M(s)
will be proper, and thus implementable, only if

H(s) =C(sl - A)"!B dso hasardative order of one,
acondition that is seldom true (Astrom et al., 1984).

Nevertheless, the output/input feedback controller
proposed in Section 3.2 does have a continuous-time
counterpart, which is defined as follows:

— - P(s) _ S
0(9) =7(9) - () - LY g )
9(s) a(s)

T (21)

Y =Ty, 9(9=4 gis"'

i=0

Note that g(s) is a free polynomia. However,
g(s)=s’ is not alowed: because that g(s) will
enter the closed-loop system in hidden modes, it must
be Hurwitz.

In order to achieve the design goal, we need a
P(s) and Q(s) pair which satisfies the following
equations.

P(s)H(s) +Q(s) = 9(s)G(s),
H(s)=C(sl - A'B
The existence of such a par can be proven by

formulating continuous-time versions of Propositions
1 and 2, a procedure which involves four steps:

(22



(1) Replace the operator zwith the operator s

(2 Replace f(k) and f; (k) in Proposition 1 with
f(t) and f;(t), respectively. Then, replace (8)
with the following equation:

d'f (t) . d'x(t)

() =— |
Tl e @
= Al x(0)+ 3 W, T
ip dt
(3) Replace (12) with the following equation:
-1
LM(sl - A'B+Q (P +L )s’
= (24)

-1 .
=Y (s- A B+ F s
j=0
where

! .
Y =K Ay,
i=0
Note that (24) contains the parameterized
version of the output feedback design.

(4 Replacethe solution formulasfor B, and Q;,
givenin (10), asfollows:

Q) Ql=YMF,

Pﬁ_j =F i~ Lj, j=0,'-',f- 1
where MR is a right-inverse of M. This
continuous-time  solution  exists whenever
(A C) forms an observable pairand ¢3 n- 1.

Note that a unique solution of P and Q; will

o1
ad F;=Qg Wzi,jgi-
i=0
(25)

aso result, when MR becomes M1 at m, =1
and /=n- 1. In addition, the comments of Remark
1 apply to the continuous-time solution, as well as to
the discrete-time solution.

4.4 Closed-loop analysis of the continuous-time
design. In a continuous-time output feedback
realization, the following equation for the closed-loop
system dynamicsis inferred from (21) and (22):

T(s) =[g(s)! +P(s) +Q(S)H(s)] *a(9)r (9)
=[g(s)l +9(s)G(9)] () (9) (26)
=[1+G(9)] *r(s)

It is seen that the continuoustime redlization
introduces an extra factor, g(s), into the
denominator of the closed-loop system, which is

canceled by another g(s) factor in the numerator.

The resaulting closed-loop system is therefore
internally stable and contains the same poles as the
state feedback design.

We can dso follow steps similar to those presented
in Section 3.4 to analyze the closed-loop command
response of the continuous-time design. First, the
closed-loop control input response of a non-relaxed
continuous-time state feedback systemis

u@s)=[I +K(sl - A 1Bl

2
[r(9)- K(sl - A)Ixg] e
For the continuous-time output feedback design, the
closed-loop response of the control input can be
written as follows:

u(s)=[1 +K(sl - A)1B]?

[r(9)- (Qs)/9(s))C(sl - A) *xo]
We can show that (28) implies (27). For this
derivation, a continuous-time version of Proposition 3
is introduced without proof as follows.
Proposition 4: The following equation is true for any
constant matrix F:

SF(sl - A xg =FAl (sl - A Ix,, "1.(29)
Because of Proposition 4, the following equation
is obtained:

J4
QSIC(s! - A Ixo = Qs”'C(sl - Axg
i=0

(29)

) (30
=8 QCA“i(sl - A Ix,
i=0
From (25), we dso infer that
o / WA o / i
a|:0Q|CA/ ! :Y = KaI:OA/ Igl "
Then, by applying Proposition 4 a second time, the
following equation is obtained:

QEIC(E - A%, = & QCA™ (8 - A7l
i=0

! )
=K@ g A" (s - A X (31)
i=0

! .
=KQ gs" ' (sl- A Xy =g(9K(sl - A Ix,.

i=0
Hence, (28) implies (27). Note that this result is
obtained by assuming that the dataof y(t) and u(t)
areavalableat dl t, including t=0".

45 A sample design. A continuoustime LQ
regulator was computed for the same plant used in
Section 3.5. The resulting state feedback gain is as
follows:

_€0.7608 09241 018010

93252 02274 -09603Y

Two second-order output feedback solutions of this
state feedback design were computed for two



different values of T and g(s) =(s+3)?, with the
following results:

(@ T=Q of:
€1264s° + 66065 +9.064 u
Q() e 2
& 0003s? - 4278s- 35773

P(S) = & 7086s- 1459 - 4405s- 8448\
§62555+109.27 1346s+10508u'

() T=[0 1]
Q(s) = 10°" 6019595 +oogozs+30644u
0047352 + 001615 +07454(

- 0.8616 +165  22.9680s+3863u

e- 02124s+0406 566035+09602u
Note that the poor observability of the second
output resulted in a high gain solution with

T=[0 1]. In addition, closed-loop smulations

under various non-relaxed initial states confirm that

the proceeding output feedback solutions faithfully
reproduce the same closed-loop response of the state
feedback system.
5. Concluding remarks
We have shown that state feedback control laws
for any number of input and output can be realized by
feeding back dynamically compensated output signal

Specificdly, a state feedback control law can be

realized with feedback consisting of scalar output,

even when aMIMO solution is considered. Moreover,

the proposed output feedback redlization achieves the

same closed-loop response as the state feedback

control law regardless of initia state. The proposed

realization is applicable to any state feedback system

inwhich at least one measurable output is observable.
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Appendix A: Closed-loop response of an
estimator-based design
For an estimator-based design (Kalman and Bucy,
1961), we have

u(k) =r(k) - Kx(k), AL
X(k +1) = AX(K) + Bu(k) + D[y(k)- CX(K)] (A
where D is aconstant estimator gain of appropriate
dimenson. With X(0) =X, let Xy, =xq- Xg; we
thus obtain
%(2)=[2 - (A- DC)"'[Bu(2) +Xo +Dy(2)], (A2)
and
u(2) =r(2)- K[2 - (A- DO '[Bu(2) +X, + D y(2)]
=r(z2)- K[2 - (A- DC)]'}
[Bu(z)+Xo+DC(2 - A)"1(Bu(2)+x,)]
=r(2)- K (2 - A YBu(2) +x.}

- K[2 - (A- DO)] *DC(2 - A X
Consequently, the closed-loop response of the
control input becomes
u(2 =[l +K(2 - A Bl'Yr(2- K -

-[1+K(2 - A B!

K[z - (A- DC)] !DC(a - A) X,

Because the first term on the right hand side of the
above equation is the closed-loop control input
response of a true state feedback control law, an
estimator-based design can never achieve true state
feedback control, except when X, =0. However,
Xo =0 impliesthat x(k) is measurable, and that the
estimator is an unnecessary construction.
Appendix B: Controller computation with m, 3 2

With m, 3 2, a solution for an output feedback
redlization can ill be obtained by removing the
linearly dependent row(s) of M, thereby nullifying the
corresponding coefficient of Q(z). In this case,
depending on which row(s) of M are deleted, different
solutions will result from (10), or from (25) in the
continuous-time formulation. A fina design can be
obtained from the linear combination of these
solutions. The way these results are combined will
depend on the nature of the design task.
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