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Abstract|Recently, a class of dynamic neural systems

were presented and analyized due to their good perfor-

mance in optimization computation and low complexity

for implementation. The global asymptotic stability of

dynamic neural systems with symmetric weights was well

studied. In this paper, we investigate the global asymp-

totical stability of a dynamic neural system with asym-

metric weights. Since asymmetric weight cases are more

general than symmetric ones, the new results are signi�-

cant in both theory and applications.

I. Introduction

In this paper, we are concerned with the following

dynamic neural system

du

dt
= �u+ P
(Wu+ �q): (1)

where q 2 Rl, � is a positive constant,W = I��M ,M is

an l�lmatrix, 
 = fu 2 Rl j di � ui � hi; i 2 Ig, I � L,

L = f1; :::; lg, and P
 : Rl ! 
 is a projection operator

which is de�ned by P
(u) = [P
(u1); :::; P
(ul)]
T and

for i 2 L� I , P
(ui) = ui; for i 2 I ,

P
(ui) =

8><
>:

di ui < di

ui di � ui � hi

hi ui > hi:

This dynamic system has two important properties. One

is that its equilibrium point solves a linear variational

inequality [4]: �nd u� 2 
 such that

(u� u�)T (Mu� � q) � 0; 8u 2 
: (2)

Thus, it can solve linear and convex quadratic program-

ming problems, linear complementary problems, �xed
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point problems and bimatrix equilibrium points, and

the analysis of piecewise linear resistive circuits. An-

other property is that this dynamic system is easy to

be implemented by using a circuit with a single layer of

neurons, where W is called a weight matrix, and thus

is very amenable to parallel implementation. Hence, (1)

can be viewed as a useful neural model. So, the sta-

bility of related neural networks has been investigated,

and the global asymptotical stability of the neural sys-

tem (1) with the symmetric connection weight matrix

W has been studied in [1,2]. In this paper, by using

the property of the gap function and projection tech-

nique [3] we explore the global asymptotical stability of

the neural dynamic system with asymmetric connection

weights. Specially, our new results can cover the asymp-

totic stability results of linear systems when 
 = Rl.

II. Main Results

Theorem 1. Assume that matrix M is positive de�-

nite but not necessarily symmetric, then for any � > 0,

the neural dynamic system (1) with u0 2 
 is globally

asymptotically stable.

Theorem 2. Assume that matrix M is positive def-

inite but not necessarily symmetric and Mu� � q = 0,

then for any � > 0, dynamic system (1) with u0 2 
 is

globally exponentially stable.

III. Illustrate Examples

Example 1. Consider the following neural system

dz

dt
= �z + TP
(z) + q: (3)



where T is an l � l matrix. It is well known that this

system belongs to Hop�eld-type neural system. Let z�

be an equilibrium point. As a corollary of both Theorem

1 and Theorem 2, we have the following stability result

of (3).

Corollary 1. Assume that the matrix T is nonsin-

gular and matrix �T + I is positive de�nite, then the

neural system (3) with u0 2 
 is globally asymptotically

stable. Moreover, when (I � T )z� � q = 0, then the

neural system (3) with u0 2 
 is globally exponentially

stable.

Example 2. Consider a class of linear complementary

problems (LCP) below: Find a vector x 2 Rl such that

xi(Nx+ c)i = 0; (Nx+ c)i � 0; xi � 0 8i 2 I

(Nx+ c)j = 0;8j 2 L� I

where L = 1; :::; n; I � L; c 2 Rn; and N 2 Rn�n is

a positive semide�nite matrix. According to [4], this

problem can written as (2), where 
 = fx 2 Rnjxi �

0;8i 2 Ig and P
(�) denotes the projection onto the set


. So the dynamic neural system for LCP is

dx

dt
= P
((I � �N)x � �c)� x: (4)

As an immediate corollary of both Theorem 1 and The-

orem 2, we have the following stability result of (4).

Corollary 2. Assume that matrix N is positive de�-

nite but not necessarily symmetric, then for any � > 0,

the neural dynamic system (4) with u0 2 
 is globally

asymptotically stable. Moreover, when Nx� + c = 0,

then the dynamic neural system (4) with u0 2 
 is glob-

ally exponentially stable.

Finally, we simulate by (4) a classical LCP, where N

is an n� n upper triangular matrix

N =

2
66666664
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Fig. 1. Transient behavior of the system of (1) in Example 2

which is positive de�nite but asymmetric, and c =

(�1; :::;�1)T 2 Rn. The solution of the problem is

u� = (0; :::; 0; 0:5)T 2 Rn. We use the neural system

(1) to solve the above problem. Let � = 0:5, then ma-

trix I � �N is singular, however, all simulation results

show that this system is always globally asymptotically

stable to the solution u�. For example, let n = 320 and

the initial point be �(1; :::; 1)T 2 R320. Figure 1 shows

the transient behavior of this system.
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