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Abstract

The solution of a stochastic control problem depends on
the underlying model, i.e., on the probability measure
induced by the model. The real world model may not
be known precisely, and so one solves the problem for
a hypothetical model that induces a measure generally
different but close to the real one.

We investigate two ways to derive a bound on the sub-
optimality of the hypothetical optimal control when it
is used in the real problem. Both bounds are in terms of
the Radon-Nikodym derivative of the real world mea-
sure with respect to the hypothetical one.

Introduction

In various applications the mathematical model leads to
a discrete time, finite horizon stochastic control prob-
lem of the form

Tiy1 = F(mt,m,ff),
(P) . »
inf, ®"(z, )

t=0,1,...,T

where x; is the “state” process, ¢ are the “distur-
bances” (usually a sequence of i.i.d. random variables
independent of the initial state zg), m; is the control
process (adapted to the o-algebra generated by the dis-
turbances ¢, s < t), and

P (z,m) = By {C(m)}

where, typically, C(7) = ZtT:_Ol ce(ze, me) + b(xr) for
given ¢(+, ) and b(-).

The solution to the problem (P) is a pair (7}, ®*(z))
(optimal control and optimal value) such that

®*(z) = ®F (z,72) = il}rf ®F (z, 7).

The index P in & and Ei . stresses the fact that the
model, and therefore its solution, depends on the choice
of the underlying probability measure P, which has to
correspond to the true “real world” probability mea-

sure. A question, that arises naturally, deals with the

sensitivity of the optimal solution to the choice of the
underlying model, more specifically, to the choice of P.

Suppose that P is not known and that, instead of (P),
we solve the hypothetical problem

Q _ Q Q
wt—‘,—l - F(mt 77rt7€t )
(@ {inf,r ®?(z, )

for a suitable ®@(z,7) (see descriptions below) where
@ is a probability measure different from P. We thus
obtain an optimal control 7%, in general different from
7%, and an optimal value ®@(z, 7).

Our goal here is to give a bound on
A (P,Q) = |87 (x,79) — &*(2)]

in terms of a suitable measure of the difference between
P and Q (equivalently, between {¢F'} and {¢2}); this
measure will be in terms of the Radon-Nikodym deriva-
tive of one measure with respect to the other. Dually,
given a tolerance for A, (P, Q), we are interested in de-
termining which measures ) can be tolerated as “work-
ing” measures.

Note that in problem (Q) the functional ®@(z, ) need
not be the analogue of ® (x, 7) i.e., it is not necessarily
defined as ®9(z,7) = EY, {C(m)} for the same C(r).
Actually it may be any suitable value functional, pro-
vided that the corresponding solution 7@ of (Q) leads
to a small value for A, (P, Q).

In section 1 we derive an upper approximating problem
based on a partition of the range of the target func-
tional and actually obtain a functional in the measure
) whose form is different from the original one. The
Radon-Nikodym derivative is handled with an exponen-
tial technique analogously to Dai Pra et al. (see [1]). In
section 2 we derive the bound in the case when the tar-
get functional in the hypothetical problem is the ana-
logue in the new measure of that of the real problem by
operating a straightforward measure change. Section 3
is dedicated to comments on the two approaches.



1 An exponential approach

Given the initial state x = xo, suppose that there are
M > m such that

e™ < C(m) < eM

for every control w. Furthermore, suppose that @ is
such that:

e there is a ¥ > 0 for which |10g(%)| <7,

e the r.v. log C'(7) has a probability density func-
tion pc(r) under the measure () such that for
T = To, po(r) < K for all 7.

Now write m := m — 75, M := M + 7 and consider a
partition m =m; < My =mo < -+ < M1 =my, <
M, = M of [m, M], with

eMi _emi = \/2(e2M —e?m)K5  for every i.

Instead of minimizing ®"(z,7) = EL {C(7)}, mini-
mize

‘I’Q(Cﬂ,ﬂ') = Z Qi(w,ﬂ')eM"
i=1

where Q;(z, ) := Q{m; —7 < log(C(m)) < M; +7}.
Note that ®%(z, ) entirely depends upon the measure
(), and not also on the unknown “real” measure P.

1.1. Theorem. In the given setting, for every control
m we have

0 < q)Q(xvﬂ-) - (I)P(xvﬂ-) < g(7)

where

5(7) = 2¢/2(e2M — e2m) Ky,
Consequently,
@7 (2,79) — @*(x)] < 22(7).

1.2. Remark. Notice that the number of points in the
partition turns out to be greater than one if and only
if St Ky < L.

eM _gm

2 A direct approach

Suppose now that C(r) > 0 and that |1 — % < 7 for
some ¥ > 0. Define ®%(z, ) := ExQJr{C(ﬂ')} and let
M, :=sup, ®%(z, 7).

2.1. Theorem. In the given setting, for every control
m and every ¢ we have

|(I)Q(£E,7T) - (I)P(maﬂ-)| < ?Mx
so that, for every x,

|87 (2, 79) — ®*(2)| < 27M,.

Moreover, if ¥ < 1, it is possible to restrict the class T1
of the admissible controls to a subclass II*, containing
both 7@ and 7*, such that for every = € II*
1+~
|‘I>Q(:n,7r) - ‘I)P(CE,TF)| < wqﬂ(wm@).
-7

3 Final Remarks

Explicit calculations of the two bounds give strong ev-
idence that the second bound is always significantly
smaller than the first one. Moreover, the “direct” ap-
proach (unlike the “exponential” one) can be applied
to a wider class of models because 7 is finite every time
that P is absolutely continuous w.r.t. ), while for 7
to be finite we need P and () to be mutually abso-
lutely continuous w.r.t. each other. Finally, the direct
approach does not need hypotheses on the probability
density function of the r.v. C(7), so it can be applied
also to atomic measures or discrete models, unlike the
exponential one.

The exponential approach, on the other hand, features
a cost functional whose form differs from the original
one. This may have considerable advantages when C(r)
has a complicated structure, so that the approach may
also be seen as a general approximation approach.

For further details, as well as for the proofs of the theo-
rems, we refer to [2]; an application to a concrete model
can be found in [3].

Section 2 came out from a discussion with prof. Evgueni
Gordienko, whom we wish to thank.
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