Extraction of Infinite Zeros of Polynomial Matrices
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Abstract

An algorithm 1s described for computing the structure
at infinity and extracting the infinite zeros of a given
polynomial matrix. The algorithm relies on numerically
reliable operations only. Applications include computa-
tion of the subspace of impulsive solution of a set of lin-
ear differential equations, derivation of the Smith form
at infinity of a polynomial matrix, or also enhanced
computation of the poles of a linear system described
by polynomial matrix fractions. The numerical routines
described in this paper are implemented in the new re-
lease 3.0 of the Polynomial Toolbox for MATLAB.

1 Imtroduction

Polynomials and polynomial matrices arise naturally
and cannot be avoided in linear system theory. It is
taught in every signals and systems course that first
principle modeling of single-input single-output linear
systems with input u and output y after elimination
of all internal variables very often leads to differential
equations of the form

d d
D(—=)y(t) = N(—=)u(t 1
(Sl = N (Sl (1)
with D and N polynomials. Indeed, D and N are the
denominator and numerator polynomials, respectively,
of the transfer function

1) = 50 2

of the system. For multi-input multi-output systems
with vector-valued input u and vector-valued output y
a description in the form of the 1O differential equation
(1) still holds except that D and N are polynomial ma-
trices with dimensions determined by the dimensions of
u and y. The system now has a transfer matrix that
may be expressed as

H(s) = D™ (s)N(s) (3)

This transfer matrix 1s in polynomial matrix fraction
form. More details on polynomial matrices and poly-
nomial matrix fractions can be found in numerous text-
books, see e.g. [11].

Zeros of polynomial matrices naturally represent either
poles or zeros of linear multivariable systems described
by polynomial matrix fractions. They are frequently en-
countered when analyzing and/or designing linear sys-
tems or filters. Associated with the zeros are the finite
and infinite structures of a polynomial matrix, defined
from specific canonical forms under matrix equivalence:

e The finite structure of a polynomial matrix A(s)
is displayed in its Smith form, where the finite
zeros of A(s) are the roots of the invariant poly-
nomials appearing on the diagonal of the Smith

form of A(s)

e The infinite structure of A(s) is defined via its
Smith-MacMillan form at infinity, which can be
regarded as a canonical form considering equiva-
lence through biproper matrices [20]. As part of
its infinite structure, any polynomial matrix may
have a certain number of infinite poles and infinite
zeros of different orders.

In this paper, we are concerned with developing a nu-
merical algorithm for computing the structure at infin-
ity and extracting the infinite zeros of a given polyno-
mial matrix.

Our first motivation in doing so is that important sys-
tem features are captured by the structure at infinity
of polynomial matrices. For instance, the infinite zeros
of the standard linear system

de(t)/dt = Ax(t) + Bu(t)
y(t) = Cz(1)

correspond to the infinite zeros of the polynomial ma-



trix
sI—A B
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also known as the system matrix. Dynamically, infinite
zero orders of the system are related to the number of
times that the outputs of the system have to be differ-
entiated for a component of the input vector to appear
explicitly. Thus, this information is crucial in the so-
lution of important control problems. For instance, a
linear multivariable system 1s row by row decouplable
by static state feedback if and only if the sum of its in-
finite zero orders equals the sum of its row infinite zero
orders [4]. Other typical problems where the infinite
structure of the system plays a fundamental role are
model matching [13] and disturbance rejection [2]. Infi-
nite zeros were recently used for decoupling and model
matching [14] and eigenstructure assignment of descrip-
tor systems [22].

Our second motivation originates from the study of the
impulsive solutions of linear homogeneous matrix dif-
ferential equations

A(%)x(t) =0

where A(s) is an n X n non-singular polynomial ma-
trix in the differential operator s = d/dt, and z(¢) is
an n-dimensional vector valued function assumed to be
infinitely continuously differentiable and that is to be
found. As shown in [20, §4.2.2], the subspace of im-
pulsive solutions to the above differential equation is
strongly related to the infinite structure of polynomial
matrix A(s). This infinite structure can be computed
by the algorithm that will be proposed in this paper.

Our third motivation comes from difficulties encoun-
tered when developing numerical routines for comput-
ing the determinant hence the zeros of polynomial ma-
trices. Recent numerical experiments [16] reveal that
two of the best known techniques for polynomial ma-
trix determinant and zeros computation are

e interpolation of the determinant via FFT (see [10]
for a detailed treatment) and computation of the
roots of the determinant via Schur decomposition
of a companion matrix [5];

e direct computation of the zeros via the QZ de-
composition of a pencil companion matrix [12, 5].

One of the main stumbling blocks when computing the
determinant and the zeros is the presence of undesirable
infinite zeros, namely

e when interpolating the determinant of a polyno-
mial matrix, infinite zeros will introduce artificial
non-zero leading coefficients in the determinant.

An ad-hoc technique called zeroing is then tradi-
tionally used to cancel these terms and to avoid
undue degree swelling when performing subse-
quent computations [16];

e when pursuing the other approach, the zeros are
computed as the ratios of the diagonal entries of
two matrices simultaneously reduced to upper tri-
angular form via the QZ decomposition. Infinite
zeros theoretically correspond to zero denomina-
tors in the ratios. Practically, these denominators
are small, non-zero numbers and it is quite hard,
when not impossible, to distinguish between gen-
uine polynomial matrix zeros and zeros artificially
introduced by numerical round-off errors [16].

The algorithm proposed in this paper aims at extract-
ing the infinite zeros of a polynomial matrix without
altering its finite zero structure. Therefore, it may be
viewed as a preprocessing step for getting rid of the
above mentioned issues and improving polynomial ma-
trix zero computation. Naturally, the algorithm can
also improve polynomial matrix determinant computa-
tion and may be considered as a alternative approach
to the technique recently proposed in [8].

In the numerical linear algebra literature, several al-
gorithms based on generalized state-space realizations
and the correspondance between the Smith-MacMillan
form of a rational matrix and the Kronecker canonical
form of an associated pencil matrix were proposed by
Van Dooren [18]. These pencil algorithms allow to com-
pute at once the whole structure (finite and infinite) of
a polynomial matrix [19]. In contrast, the algorithm
proposed in our paper 1s not based on the pencil ma-
trix associated with the input polynomial matrix. It is
rather similar in spirit to the algorithm proposed in [17].
In this reference, the structure of a rational matrix at
any point 1s computed via orthogonal transformations
on Toeplitz matrices built from the Laurent expansion.

The algorithm described in this paper in an extension
of a method recently proposed in [9] to compute and ex-
tract the finite structure of a polynomial matrix. The
algorithm is designed while keeping with our main im-
petus, which is the development of reliable numerical
methods for dealing with polynomial matrices [6, 7] and
their implementation in a user-friendly MATLAB pack-
age called the PoryNoMIAL ToorLBoX [15]. In this
regard, all the routines used in the algorithm are nu-
merically stable in the sense that they are based on
backward stable (orthogonal) transformations. More-
over, the routines take advantage of the special struc-
ture of the matrices so as to reduce the overall compu-
tational cost. In this regard, our algorithm can thus be
viewed as a “polynomial approach” alternative to the
“state-space approach” algorithms proposed in [18] and
recently implemented in the FORTRAN library Sricor,



see [21].

The numerical routines described in this paper are im-
plemented in the new release 3.0 of the POLYNOMIAL
TooLBOX for MATLAB [15].

2 Infinite Zeros and Infinite Structure

In this section, we recall standard facts on the structure
of polynomial matrices at infinity.

Consider the n x n non-singular polynomial matrix
A(s) = Ag + 541 + ..+ s A + 574y

and define as in [20, §4.2.1] the dual polynomial matrix

A(s) of A(s) as
fl(s) —Ag+sAg_ 1+ .. +s51 A +5%4,.

For any polynomial matrix A(s) there exist biproper
matrices Ur(s), Ur(s) and a unique matrix Sf(s)(s),
known as the Smith-MacMillan form at infinity of A(s),
such that

Ur(s)A(s)Ur(s) = S53,)(5)

o 1 1
= diag{s®, ..., s% 5, ., 5o )

where ¢1 > - > g and gg41 < -+ < gp are posi-
tive integers. The matrix Sf(s)(s) contains the infinite
structure of the polynomial matrix A(s), where A(s)
has infinite poles of orders q1, ..., ¢; and infinite zeros
of orders qr41,...,¢r.

The infinite structure of the matrix A(s) can also be
obtained as

o 1
SA(s) (s) = s* S%(s) (-)

S

where S%(s)(s) 1s the local Smith form of the dual ma-
trix A(s) at the origin, see [20].

Since the structure of polynomial matrix A(s) at infin-
ity 1s strongly related to the structure of dual polyno-
mial matrix fl(s) at the origin, we define in the sequel
the generalized characteristic vectors at the origin [1, 9].

Theorem 1 If s = 0 is a zero of dual polynomial ma-
triz fl(s) = Ag+Ag 15+ -+ A5+ Ags? with alge-
bratc multiplicity m and geometric multiplicity p then
there exists m = ki + ko + - -+ + kp vectors vs1, v;a,
coe Wik, 0= 1,2, ... p such that

Ad 0 Vi1
Ag_q Ay Vi2

Ad—ki41 - Agr Ag Vik,

with vi1, va1, ...vp1 non-zero and lLinearly indepen-
dent. Vectors vs; are generalized characteristic vectors
(GCVs) of fl(s) at the origin. Integer k; is the length
of the ith chain of GCVs.

Note that the presence of infinite zeros in A(s) is related
to the leading coefficient matrix in A(s). However, up
to our knowledge, there is no simple test available for
detecting infinite zeros in a given polynomial matrix.
The simplest test of absence of zeros at infinity we are
aware of is recalled in [8]. Tt is based on Sylvester matri-
ces and was first indirectly proposed in [17]. Note that
it 1s true that column- or row-reducedness of a polyno-
mial matrix implies absence of infinite zeros. But the
converse 1s not true. A matrix may have no infinite
zeros and being neither column- nor row-reduced. Sim-
ilarly, singularity of the highest coefficient matrix does
not 1mply presence of infinite zeros, see e.g. Comment

2.1 in [3].

3 Computation of the Infinite Structure

As shown in Theorem 1, any generalized characteristic
vector v;; of dual matrix A(s) at the origin belongs to
the null-space of a Toeplitz matrix built from coefficient
matrices A;. In the sequel we will assume for notational
simplicity and without loss of generality that integers
k; are such that k1 < ko < --- < k,. Recalling Theorem
1 1t holds

! ! !
Vig, U 0 Al 0

! ! ! !
Vok, V21 a1 A 0

. . =0. (4)

! ! / ! !

Ypk, CUpy Ad—kp+1' AL AY
A% Ty, -1

In view of the above matrix equation, computing GCVs
amounts to extracting some specific vectors from the
left null-space of Toeplitz matrix Tg. In [9], an algo-
rithm called GCV is designed to perform this extrac-
tion. It is based on the two following subroutines

o Algorithm CEF: reduction into column echelon
form via successive column Householder transfor-
mations;

e Algorithm NULLREF: computation of a null-
space basis in row echelon form via back substi-
tutions.

The GCVs are then retrieved from specific rows of the
null-space basis in row echelon form. Both subroutines
are based on numerically stable operations only. More-
over, they take advantage of the special Toeplitz struc-
ture of matrix T;. The interested reader is referred to



[9] for a comprehensive description of these subroutines.
For conciseness, in the sequel we will use the following
notation

e Algorithm STRUCToo: computation of the struc-
ture at infinity of a given polynomial matrix with

the help of Algorithms CEF and NULLREF.

Here also, the interested reader is referred to the de-
scription of Algorithm GCV in [9] for a description of
Algorithm STRUCT 0.

By definition, the local Smith form of A(s) at infinity
contains factors s¥=%1 s3=k2 59 =%» in p different lo-
cations on the diagonal. Consequently, one can readily
derive the Smith form of a polynomial matrix at infinity
by calling Algorithm STRUCTo0.

4 Extraction of Infinite Zeros

As stated in the introduction, we want to extract the
infinite zeros from polynomial matrix A(s). Equiva-
lently, we want to extract the zeros at the origin from
the dual polynomial matrix fl(s), l.e. we seek a right
polynomial matrix ]:3(5) with zeros at the origin such
that R o

Afs) = L(s)R(s) (5)

and left polynomial matrix factor E(s) has no zeros at
the origin. Now if R(s) is the polynomial matrix dual
to R(s), it follows that

where L(s) is the left polynomial matrix factor dual to

E(s)

It is important to keep in mind that dual matrix ]:3(5)
must have zeros at the origin only. In particular, ]:3(5)
must have no zero at infinity, so that R(s) be a unimod-
ular right factor, i.e. a polynomial matrix with zeros at
infinity only.

If equation (5) holds then fl(s) and ]:3(5) share the same
right structure at the origin. The idea is then to extract
dual factor ]:3(5) with the help of the GCVs of dual
polynomial matrix fl(s) at the origin, as computed with
Algorithm STRUCT 0.

Let ]:3(5) = Ry+ Ry_15+ ..+ Ri1s71 + Rgs? where ¢ is
the degree of R(s) and R(s). From Theorem 1, it holds

R, 0 Vi1
Rq_ 1 Rq Via

Ry—pi41- - -Rg—1Rq] |vik,

where p is the geometric multiplicity of the zero of A(s)
at the origin. Let

R=[ R, Ry Ri Ro .

Equation (6) can equivalently be written

RV; =0
where
Vi1 Via Uik,
Vil
Vi = . (7)
0 Vi1

is an(g+1) x k; constant matrix associated with the éth
chain of GCVs corresponding to the zero at the origin
of geometric multiplicity p. If now we consider all the
chains of GCVs associated with this zero, we get

R[ Vi Vy

In reference [1], relation (8) is referred to as an inter-
polation equation for polynomial matrix R(s).

Note however that no assumption has been made so far
regarding the degree ¢ of polynomial matrix R(s). Its
value is not known beforehand, yet its choice appears
to be crucial since inner matrix dimensions in equation
(8) depend on ¢. The same remark can be made about
column degrees of R(s). In [9] it is shown that Algo-
rithms CEF and NULLREF can be applied to equation
(8) to produce a factor ]:3(5) with minimum column de-
grees. Actually, it can be proved that the resulting
factor 1s always column- and row-reduced with identity
column- and row-leading coefficient matrices. There-
fore, dual factor ]:3(5) has no zero at infinity, and factor
R(s) is unimodular, as required. The interested reader
is referred to [9] for a comprehensive description of the
factor extraction algorithm. For conciseness, we only
provide below the synopsis of the overall procedure.

Algorithm ExXTRACToo : Extraction
of Infinite Zeros
Input A non-singular n X n polynomial matrix

A(s).
Output A unimodular polynomial matrix R(s)
such that there exists a non-singular ma-

trix L(s) with no zero at infinity that sat-
isfies A(s) = L(s)R(s).



Step 1 Compute with Algorithm STRUCToo the
GCVs of dual polynomial matrix fl(s) at
the origin. Build interpolation matrix W
based on equations (6), (7) and (8).

Step 2 With Algorithms CEF and NULLREF, ex-
tract a basis in row echelon form for the left
null-space of matrix W.

Step 3 For each index i = 1,2, ..., n select the row
in the null-space basis that features a lead-
ing entry at column location i+ k;n for the
smallest possible integer k; > 0. The ma-
trix R=[Ry Rq-1 --- Ri1 Ry made
up from these rows gives rise to the re-
quired polynomial matrix factor R(s) =

Ro4 Ris+ -4 Rg_15771 + Rys.

5 Illustrative Examples

In this section we provide three illustrative examples
of the techniques described above. In the first example
we use Algorithm STRUCToo to derive the structure
of a polynomial matrix at infinity and build a basis
for the impulsive solution space of a linear differential
equation. In the second and third examples, we show
how Algorithm EXTRACToo can be used to distinguish
between finite and infinite polynomial matrix zeros.

All the numerical computations were performed in
MATLAB language. In order to save space and to im-
prove the presentation of the results, we rounded the
entries of the numerical matrices to the nearest inte-
gers. To avoid any confusion, we underline the fact
that we never used any kind of symbolic operation at
any time.

obtain a basis V in row echelon form for the left null-
space of matrix T7. A first chain of k&1 = 2 GCVs can
be extracted from row t; = 4 of matrix V7. A second
chain of ks = 7 GCVs can be extracted from row ¢, = 9
of matrix V7. As a result, we obtain the following local
Smith form of polynomial matrix fl(s) at infinity:

1 0 0 2 0 0
Sew(s)=s* 0 &% 0 |=]0 s 0
0 0 % 0 0 &%

As explained in [20, Example 4.48], the GCVs of the
second chain give rise to the impulsive solutions #*(¥)
of the differential equation provided the initial condi-
tion and its derivatives are chosen appropriately.

5.2 Extraction of Infinite Zeros
Let

A(s) = 1—5s% — 253+ 25" 35 —4s? + 83 — 2% 4 25°

l—s—s2+s3 1—s—s3 45
be a non-singular polynomial matrix. We would like to
compute the zeros of A(s). Following the approach pro-
posed in [12], we build the singular matrix pencil P(s)
whose generalized eigenvalues are zeros of polynomial
matrix A(s). These eigenvalues are obtained as ratios
of diagonal elements of the matrices obtained via the
QZ decomposition [5] of the above pencil. With the
MATLAB built-in macro qz, we obtained the following
eigenvalues

—2.2361 + ¢0.000
1.0000 + ¢0.0000)
1.1831 4 ¢0.0048)
1.1085 + ¢0.0060)

oo =
3745.0224 4 ¢0.7938 =
1197.2563 — ¢3503.8749 =
1195.7419+ ¢3504.3632 =

(=]
=

/(0.0000 + 0.0000)
0.0003 + ¢0.0000)
0.0001 + ¢0.0003)
0.0000 — ¢0.0003)

5.1 Impulsive Solutions of Differential Equa- —9996.9942 — 121663825 —

tions —2927.3301 + i2165.0920 =
Consider the set of linear homogeneous differential 1.0000 + ¢0.0000 =
equation 1.0000 4 0.0000 =
1.0000 + :0.0000 =

0.8133 — 70.0050)
0.8947 — 70.0029)
—0.5067 + 0.0000
0.9829 + 70.0035) /
—0.8881 + :0.0032

—0.0002 4 ¢0.0001)
—0.0002 — ¢0.0001)
/(—0.5067 4 0.0000)
0.9829 4 ¢0.0035)
/(—0.8881 + :0.0032)

e TN TN T
o~~~

Nt

AAAAA/_\/_\/_\/_\/_\
—_

3 _ )
21 (1) + d s (t)/dt = 0 1.0000 + 0.0000 = (—1.0596 + 10.0000) /(—1.0596 + 10.0000).
z3(t) = 0 Using macro smith of the POLYNOMIAL TOOLBOX, we

defined for ¢ > 0 and studied in [20, Example 4.48]. Let

83

1 0
As)=1 0 1 s
0 0 1

be the associated polynomial matrix. Note that A(s) is
unimodular, i.e. 1t has no finite zeros. We are interested
in the impulsive solutions of the above set of equations.

Following Algorithm STRUCToo, we successively build
Toepliz matrices Ty as in equation (4) for increasing
values of £k = 0,1,.... Using Algorithm REF, we find
that there is no linearly dependent rows in the last block
row of Ty for k = 8. Using Algorithm NULLREF, we

can compute the Smith form

[1_+15 1—2§8—252]A(5)[_()1 —51]
:[(1—5)2 0 2]
0 (1—19)

thus showing that the first 6 eigenvalues computed with
the QZ decomposition actually correspond to infinite
zeros of polynomial matrix A(s).

Now we will illustrate how Algorithm EXTRACToo can
be used to extract these infinite zeros from A(s). With
Algorithm STRUCToo we compute the GCVs of dual
polynomial matrix A(s) at the origin and obtain the



interpolation matrix

1 2 0 0 0 0
0 -1 -2 1 1 =25
0 1 2 0 o0 0
0 0 -1 -2 1 1
0 0 1 2 0 0
0 0 0 -1 -2 1
W=l9"o 0 1 2 0
0 0 0 0 -1 =2
0 0 0 o0 1 2
o 0 0 0 0 -1
0 0 0 0 o0 1
Lo 0o 0 0 o0 0 |

corresponding to a zero at the origin of algebraic mul-
tiplicity 6 and geometric multiplicity 1. Algorithm
NULLREF allows us to derive a basis in row echelon
form for the left null-space of the above matrix. It
reads

-0 2 2 2 2 3|10(00|00]00
0-2|-2-1|-1-2 0100|0000
= -0 2 21 1 2{00|10|00 |00
0-2|—-2-2|—-2-2|100(01|00|00
-0 2 2 2 2 2)00(|00|10]00
-0 0|-0-0|-0-0|00|00|01 |00

Using the row selection scheme described in Algorithm
EXTRACToo, rows 1 and 2 in the above matrix give rise
to the following minimum column-degree right factor

2 3
R(s):[ 3s+ 2s° + 2s ]

1—2s—s?—2s3
One can check that R(s) is unimodular, as expected.
Left factor L(s) such that A(s) = L(s)R(s) is readily
retrieved with the numerically stable macro xab of the
PorynoMIAL TooLBOX, see [15]. We obtain

_ 1—2s+s2 0
L(s) = [ 1—2s+s2 1—25—1—52]

1+ 2s + 252
—5 — 22

which appears to be a triangular form of A(s), see [7].
All the infinite zeros of A(s) are captured by R(s). All
the finite zeros of A(s) are captured by L(s).

Now if we apply the QZ decomposition to the matrix
pencil associated with polynomial matrix L(s), we ob-
tain the required eigenvalues

1.0000 + ¢0.0000 = (—1.0041 + ¢0.0000)/(—1.0041 + ¢0.0000)
1.0000 + ¢0.0000 = (1.1135 + :0.0000)/(1.1135 + :0.0000)
1.0000 + ¢0.0000 = (—0.9437 + ¢0.0000)/(—0.9437 + i0.0000)
1.0000 + ¢0.0000 = (0.9478 + :0.0000)/(0.9478 + :0.0000)

that are not corrupted anymore by infinite zeros of

A(s).
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