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� � � �2OHJ <DNLPHQNR ,VDDF .DPLQHU $QWRQLR 3DVFRDO :HL .DQJ

$EVWUDFW

7KLV SDSHU DGGUHVVHV WKH SUREOHP RI QDYLJDWLRQ V\VWHP
GHVLJQ IRU DXWRQRPRXV DLUFUDIW ODQGLQJ� 1HZ QRQOLQHDU
nOWHU VWUXFWXUHV DUH LQWURGXFHG WR HVWLPDWH WKH SRVLWLRQ RI
DQ DLUFUDIW ZLWK UHVSHFW WR D SRVVLEO\ PRYLQJ ODQGLQJ VLWH�
VXFK DV D 1DYDO YHVVHO� EDVHG RQ PHDVXUHPHQWV SURYLGHG
E\ DLUERUQH YLVLRQ DQG LQHUWLDO VHQVRUV� 2ULJLQDO UHVXOWV
WKDW DGGUHVV WKLV SUREOHP DUH SUHVHQWHG LQ >�@� ,Q WKLV
SDSHU WKHVH UHVXOWV DUH H[WHQGHG WR LQFOXGH VWHUHR YLVLRQ�
$ GHWDLOHG H[DPSOH WKDW LOOXVWUDWHV WKH XVH RI WKH nOWHUV
LV DOVR LQFOXGHG�

� ,QWURGXFWLRQ

7KLV SDSHU SDSHU H[WHQGV WKH UHVXOWV UHSRUWHG LQ >�@ WR
D VWHUHR YLVLRQ FDVH� )XUWKHUPRUH� LW LQFOXGHV D YDVWO\ H[�
SDQGHG GHVLJQ H[DPSOH WKDW UHoHFWV D UHDOVLWLF VFHQDULR )LJXUH �� &RRUGLQDWH 6\VWHPV
LQYROYHG LQ VKLSERDUG ODQGLQJ 7KH SDSHU LV RUJDQL]HG DV
IROORZV� 6HFWLRQ � GHVFULEHV WKH FODVV RI LQWHJUDWHG YL�
VLRQ�LQHUWLDO QDYLJDWLRQ V\VWHPV WKDW ZH FRQVLGHU DQG SUR� 7q S  >[ \ ] @ � SRVLWLRQ RI WKH RULJLQ RI I%J PHD�% E E EYLGHV D ULJRURXV PDWKHPDWLFDO IRUPXODWLRQ RI WKH UHODWHG

VXUHG LQ I,J �L�H�� LQHUWLDO SRVLWLRQ RI WKH DLUFUDIW��
nOWHULQJ SUREOHPV� 6HFWLRQVWHUHR SURYLGHV VROXWLRQ WR WKH
VWHUHR YLVLRQ SUREOHP� 6HFWLRQ � SUHVHQWV D GHWDLOHG H[DP� 7q S  >[ \ ] @ � LQHUWLDO SRVLWLRQ RI WKH VKLS�6 V V VSOH LOOXVWUDWLQJ DSSOLFDWLRQ RI WKH SURSRVHG WHFKQLTXHV WR
D VKLSERDUG ODQGLQJ SUREOHP� )LQDOO\� VHFWLRQ � FRQWDLQV 7q S �DEEY� S  >[ \ ]@ � � UHODWLYH SRVLWLRQ RI WKH6%WKH PDLQ FRQFOXVLRQV�

VKLS ZLWK UHVSHFW WR WKH DLUFUDIW� UHVROYHG LQ I,J�
� 3UREOHP )RUPXODWLRQ�

& 7q S �DEEY� S  >[ \ ] @ � � UHODWLYH SRVLWLRQ RI6& & F F F7KLV VHFWLRQ GHVFULEHV WKH QDYLJDWLRQ SUREOHP WKDW LV
WKH VKLS ZLWK UHVSHFW WR WKH DLUFUDIW� UHVROYHG LQ I&J�WKH PDLQ IRFXV RI WKH SDSHU DQG IRUPXODWHV LW PDWKHPDW�

LFDOO\ LQ WHUPV RI DQ HTXLYDOHQW nOWHU GHVLJQ SUREOHP� )RU
q Y � OLQHDU YHORFLW\ RI WKH RULJLQ RI I%J PHDVXUHG LQ%WKH VDNH RI FODULW\ ZH nUVW LQWURGXFH VRPH UHTXLUHG QRWD�
I,J �L�H�� LQHUWLDO YHORFLW\ RI WKH DLUFUDIW��WLRQ DQG UHYLHZ WKH NLQHPDWLF UHODWLRQVKLSV RI DQ DLUFUDIW

� VKLS FDUULHU HQVHPEOH� ZKHUH WKH IRUPHU LV HTXLSSHG ZLWK
q Y � LQHUWLDO YHORFLW\ RI WKH VKLS�6D YLVLRQ EDVHG V\VWHP�

%��� 1RWDWLRQ q D � OLQHDU DFFHOHUDWLRQ RI I%J ZLWK UHVSHFW WR I,J�
UHVROYHG LQ I%J�&RQVLGHU )LJXUH �� ZKLFK GHSLFWV DQ DLUFUDIW HTXLSSHG

ZLWK D YLVLRQ FDPHUD RSHUDWLQJ LQ WKH YLFLQLW\ RI WKH VKLS�
q l � DQJXODU YHORFLW\ RI I&J ZLWK UHVSHFW WR I,J� UH�/HW I,J GHQRWH DQ LQHUWLDO UHIHUHQFH IUDPH� I%J D ERG\�
VROYHG LQ I,J�n[HG IUDPH WKDW PRYHV ZLWK WKH DLUFUDIW� DQG I&J D D

FDPHUD�n[HG IUDPH� 7KH V\PERO I6J GHQRWHV D VKLS�n[HG
7q e  >� t �@ � YHFWRU RI UROO� SLWFK� DQG \DZ DQJOHVERG\ IUDPH� 7KH IROORZLQJ V\PEROV ZLOO EH XVHG�

WKDW SDUDPHWHUL]H ORFDOO\ WKH RULHQWDWLRQ RI IUDPH I&J
e ZLWK UHVSHFW WR I,J�7KLV ZRUN ZDV VXSSRUWHG E\ WKH 2pFH RI 1DYDO 5HVHDUFK XQ�

GHU FRQWUDFW 1R� 1�������$)������ 7KH VHFRQG DXWKRU ZDV DOVR
VXSSRUWHG E\ D 1$72 )HOORZVKLS GXULQJ KLV VWD\ DW WKH 1DYDO $*LYHQ WZR IUDPHV I$J DQG I%J� 5 GHQRWHV WKH URWD�%3RVWJUDGXDWH 6FKRRO�

,� =KXNRYVNL $LU )RUFH (QJLQHHULQJ $FDGHP\� 0RVFRZ� 5XVVLD� WLRQ PDWUL[ IURP I%J WR I$J� ,Q SDUWLFXODU� 5 �DEEUH�&
3UHVHQWO\ 1DWLRQDO 5HVHDUFK &RXQFLO )HOORZ DW WKH 'HSDUWPHQW RI YLDWHG 5� LV WKH URWDWLRQ PDWUL[ IURP I&J WR I,J� SDUDP�
$HURQDXWLFDO DQG $VWURQDXWLFDO (QJLQHHULQJ� 1DYDO 3RVWJUDGXDWH HWHUL]HG ORFDOO\ E\ e� WKDW LV� 5  5�e��
6FKRRO� 0RQWHUH\� &$ ������ 86$�
� 'HSDUWPHQW RI $HURQDXWLFDO DQG $VWURQDXWLFDO (QJLQHHULQJ� ��� .LQHPDWLF UHODWLRQV�
1DYDO 3RVWJUDGXDWH 6FKRRO� 0RQWHUH\� &$ ������ 86$�
� 'HSDUWPHQW RI (OHFWULFDO (QJLQHHULQJ DQG ,QVWLWXWH IRU 6\VWHPV 7KH URWDWLRQ PDWUL[5 VDWLVnHV WKH RUWKRQRUPDOLW\ FRQ�

7DQG 5RERWLFV �,65�� ,QVWLWXWR 6XSHULRU 7HFQLFR� $Y� 5RYLVFR 3DLV� GLWLRQ 5 5  ,� )XUWKHUPRUH� >�@�
���� /LVERQ &RGH[� 3RUWXJDO�
� 'HSDUWPHQW RI 0DWKHPDWLFV� 1DYDO 3RVWJUDGXDWH 6FKRRO� 0RQ�

BWHUH\� &$ ������ 86$� 5  56�l�� ���
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ZKHUH ,Q ������ DQG t DUH WKH UROO DQG SLWFK DQJOHV LQ WKH URWDWLRQ
,� � PDWUL[ 5�&� b� �] \ :H QRZ LQWURGXFH WKH XQGHUO\LQJ GHVLJQ PRGHO WKDW

� � b�6�l� � ���] [ 7SOD\V D IXQGDPHQWDO UROH LQ WKLV SDSHU� /HW \  >X Y ]@ �
b� � �\ [ 7KHQ� WKH PRGHO WKDW ZH FRQVLGHU FDQ EH ZULWWHQ DV

7 �
GLV D VNHZ V\PPHWULF PDWUL[� WKDW LV� 6  b6� 7KH S  Y
GWPDWUL[ 6 VDWLVnHV WKH UHODWLRQVKLS 6�D�E  D d E� ZKHUH , %G*  ���Y  b 5� D �Z �P D%GWD� E DUH DUELWUDU\ YHFWRUV DQG [ GHQRWHV WKH FURVV SURGXFW
\  K �S � �Z �P & \��tRSHUDWLRQ� )XUWKHUPRUH� MM6�l�MM  MMlMM�

� �:H LQWURGXFH WKH IROORZLQJ DVVXPSWLRQ� $� � 7KH ZKHUH K � 5 � 5 LV GHnQHG E\��t

VKLS
V LQHUWLDO YHORFLW\ Y LV FRQVWDQW 1RZ� IURP WKH DERYH6

7 7 7GHnQLWLRQV� LW IROORZV WKDW >X Y ]@  K �S �  >{ J�S �@& F��t I

, DQG D DQG \ GHQRWH WKH PHDVXUHG YDOXHV RI D DQG \�S  S � 5S � P P6 % &&

� � � UHVSHFWLYHO\� WKH PHDVXUHPHQWV EHLQJ FRUUXSWHG E\ WKHG G G, 5S  S b S ��� SURFHVV QRLVHV Z DQG Z � :H DVVXPH WKDW WKH PDWUL[& 6 % D \&� � �GW GW GW , 5 FDQ EH PHDVXUHG DFFXUDWHO\� ,Q WKH VHTXHO ZH DGRSW%
�G WKH GHWHUPLQLVWLF VHW�XS RI + nOWHULQJ >�@ DQG DVVXPH�DQG VLQFH S  � �DVVXPSWLRQ $�� ZH REWDLQ6�GW WKDW Z DQG Z DUH DUELWUDU\ IXQFWLRQV LQ / �D \ �

� � ��� 3UREOHP 'HnQLWLRQG G,� 5S �  b S ���& %&� �GW GW 7KH SUREOHP WKDW ZH FRQVLGHU LQ WKLV SDSHU FRQVLVWV RI
GHWHUPLQLQJ WKH UHODWLYH SRVLWLRQ DQG UHODWLYH YHORFLW\ RI

(TXDWLRQ ��� VKRZV WKDW DVLGH IURP D FKDQJH LQ VLJQ� WKH
DQ DLUFUDIW ZLWK UHVSHFW WR D ODQGLQJ VLWH XVLQJ YLVLRQ DQG

UHODWLYH DFFHOHUDWLRQ RI WKH VKLS ZLWK UHVSHFW WR WKH DLU�
RWKHU RQ�ERDUG SDVVLYH VHQVRUV� )RU WKH VDNH RI FODULW\�

FUDIW UHVROYHG LQ I,J LV HTXDO WR WKH DLUFUDIW
V LQHUWLDO DF�
ZH nUVW WDFNOH WKH VLPSOLnHG SUREOHP RI GHVLJQLQJ D nOWHU

FHOHUDWLRQ UHVROYHG LQ I,J� +RZHYHU� LQ WKH FDVH RI VWUDS�
ZLWK QR PHDVXUHPHQW QRLVH LQ WKH PRGHO� 7KLV H[HUFLVH LV

GRZQ LQHUWLDO QDYLJDWLRQ V\VWHPV ZLGHO\ LQ XVH WRGD\ >�@
VLPSOH� \HW LW FDSWXUHV VRPH RI WKH NH\ LGHDV XVHG LQ WKH

WKH DLUFUDIW
V LQHUWLDO DFFHOHUDWLRQ LV XVXDOO\ JLYHQ LQ I%J�
GHYHORSPHQW WKDW IROORZV�

7KHUHIRUH� VLQFH
7KH DGGLWLRQDO QRWDWLRQ WKDW LV UHTXLUHG LV LQWURGXFHG

A AQH[W� ,Q ZKDW IROORZV� ZH OHW S DQG Y GHQRWH HVWLPDWHV RI�G , %
S  5 D S DQG Y� UHVSHFWLYHO\� ,Q WKH FDPHUD IUDPH� WKH\ DUH GH�% %�GW A AQRWHG E\ S � Y � :H DVVXPH WKDW WKH RULHQWDWLRQ RI FDP�& &

HUD IUDPH I&J ZLWK UHVSHFW WR I,J LV UHVWULFWHG WKURXJKLW IROORZV WKDW
WKH VHW

�G , , %� 5S �  b 5 D� ���&& %�GW j k
7e  e  >� t �@ � M�M � � � MtM � t � M�M � � �& PD[ PD[ PD[

��� 3URFHVV 0RGHO ���
:H DVVXPH WKH LPDJH RI WKH RULJLQ RI I6J DFTXLUHG E\ 1RWLFH� � � IRU H[DPSOH� VKRXOG EH VHW WR {� :H IXUWKHUPD[

D FDPHUD LQVWDOOHG RQ�ERDUG WKH DLUFUDIW LV REWDLQHG XVLQJ DVVXPH WKDW WKH YHFWRUV S OLH LQ WKH FRPSDFW VHW&

D VLPSOH SLQKROH FDPHUD PRGHO RI WKH IRUP >�@

� w � w
3  IS  >[ \ ] @� [ � [ � [ �IX \ & & & & & PLQ & PD[F { �[ � \ � ] �  � ���F F FIY ]F[ \ � \ � \ � ] � ] � ] J � ���F PLQ & PD[ PLQ & PD[

7 ZKHUH [ � ����] DUH GHWHUPLQHG IURP WKH JHRPHWU\ RIPLQ PD[ZKHUH I LV WKH IRFDO OHQJWK RI WKH FDPHUD DQG >X Y@ DUH
7 WKH SUREOHP DW KDQG� 7KH VHW 3 FDQ EH GHWHUPLQHG DV&WKH LPDJH FRRUGLQDWHV RI S  >[ \ ] @ LQ WKH FDPHUD
VF F F F

IROORZV� )LUVW� FRPSXWH 3 IRU D QRPLQDO RULHQWDWLRQ RI&LPDJH SODQH� :H DOVR PDNH WKH IROORZLQJ DVVXPSWLRQ� $�
WKH FDPHUD �XVXDOO\ LQHUWLDO RULHQWDWLRQ�� 'HWHUPLQH WKH� [ ! �� WKDW LV� WKH VKLS LV DOZD\V ORFDWHG LQ IURQW RI WKHF

PD[LPXP UDQJH RI FDPHUD RULHQWDWLRQ DQJOHV ZLWK UHVSHFWFDPHUD
V LPDJH SODQH � :H IXUWKHU DVVXPH WKDW $� � WKH
, , WR WKH QRPLQDO RULHQWDLRQ� 7KHQ FRPSXWH 3 E\ DOORZLQJ&URWDWLRQ PDWULFHV 5 DQG 5 DUH DYDLODEOH IURP WKH RQ�% &

WKH DQJOHV WR YDU\ ZLWKLQ WKHVH SUHGHWHUPLQHG ERXQGV�ERDUG DWWLWXGH PHDVXUHPHQW V\VWHP� 7KLV DVVXPSWLRQ LV
A)LOWHU GHVLJQ ZLOO DLP DW HQVXULQJ WKDW WKH HVWLPDWHV S&TXLWH UHDVRQDEOH� FRQVLGHULQJ WKH VRSKLVWLFDWLRQ DFKLHYHG

RI S OLH LQ D FRPSDFW VHW&E\ VXFK V\VWHPV WRGD\�
6XSSRVH WKH DLUFUDIW LV HTXLSSHG ZLWK D EDURPHWULF�

A A A3  IS  >A[ A\ A] @� M[ b [ M � G[�& & & & & & &EDVHG VHQVRU WKDW SURYLGHV D PHDVXUHPHQW RI WKH DOWLWXGH
RI WKH DLUFUDIW ZLWK UHVSHFW WR WKH PHDQ VHD OHYHO� 7KHQ� A AM\ b \ M � G[� M] b ] M � G]J � ����& & & &

,XVLQJ WKH UHODWLRQ S  5S DQG DVVXPLQJ WKDW WKH DLU�F&

ZKHUH G[� G\ DQG G] DUH SRVLWLYH QXPEHUV� DQG G[ � [ �PLQFUDIW LV VXpFLHQWO\ DZD\ IURP WKH VKLS� VR DV WR QHJOHFW WKH
)�� 5HJLRQDO 6WDELOLW\� &RQVLGHU WKH SURFHVV PRGHOKHLJKW K RI WKH VKLS
V GHFN DERYH WKH PHDQ VHD VXUIDFHV

AZH PD\ DVVXPH WKDW $�� K  �� 7KXV ZH REWDLQ WKDW ��� DQG DVVXPH WKDW Z  Z  �� )RU D JLYHQ 3 � nQGV D \ &

WKH DOWLWXGH PHDVXUHPHQW HTXDOV D QXPEHU m ! �� DQG D G\QDPLFDO V\VWHP �nOWHU� ) WKDW
ARSHUDWHV RQ \ DQG D WR SURGXFH HVWLPDWHV S RI S� DQGP P

A]  J�S �  VLQ t [ b FRV t VLQ� \ � FRV t FRV� ] � Y RI Y� VXFK WKDWF F F F



AAq S � 3 IRU DQ\ W ! �� RQH RI WKH FDPHUD IUDPHV DV ZDV GRQH EHIRUH� +HQFH� WKH& &

YHFWRUV E DQG E GHnQH UHODWLYH SRVLWLRQ RI WKH RULJLQ RI� �

A Aq NSb SN� NYb YN � � DV W��� HDFK FDPHUD IUDPH ZLWK UHVSHFW WR WKH RULJLQ RI S� 7KHQ

� �
�

7 G{
&I �SURYLGHG WKDW MM�AS ���b S ���� AY���b Y���� MM � m�& & 5
,GS&GK �� �1RWLFH WKDW WKH SUREOHP GHVFULEHG DLPV DW nQGLQJ D nO� 7

�
G{ A+�S�   DQG � �S�  + �S�+�S���� �&I �WHU WKDW FRPSOHPHQWV WKH LQIRUPDWLRQ DYDLODEOH IURP WKH GS 5

,GS&�YLVLRQ V\VWHP � EDURPHWULF SUHVVXUH VHQVRU ZLWK WKDW DYDLO�
DEOH IURP WKH LQHUWLDO VHQVRUV�

,Q WKLV VHFWLRQ� ZH XVH WKH IROORZLQJ QRWDWLRQ + �S �  7KH SUREOHP )� IRFXVHV RQ WKH VWDELOLW\ RI WKH nOWHU� L &L
L

G{7KH VHFRQG nOWHULQJ SUREOHP DGGUHVVHV WKH VFHQDULR ZKHUH I ,� 5  5 ZKHUH L  �� ��L &GS L&WKH SHUIRUPDQFH RI WKH nOWHU LQ WKH SUHVHQFH RI GLVWXU� L

,Q WKH VHTXHO ZH HPSOR\ WKH GHnQLWLRQV RI WKH VHWV 3&EDQFHV LV FRQVLGHUHG� �

A)�� 5HJLRQDO 6WDELOLW\ DQG 3HUIRUPDQFH � &RQVLGHU DQG 3 SURSRVHG LQ 6HFWLRQ ���� 6LQFH WZR FDPHUDV DUH&�
7WKH SURFHVV PRGHO ��� ZKHUH Z  >Z Z @ � / � NZN � LQYROYHG LQ WKH SURFHVV� WKH UHODWLYH RULHQWDWLRQ RI WKH WZRD \ � �

A FDPHUDV SOD\V DQ LPSRUWDQW UROH� 7KH UHODWLYH RULHQWDWLRQ� DQG OHW WKH VHWV 3 DQG 3 RI DOORZDEOH SRVLWLRQ YHFWRUV& &

�RI FDPHUD � ZLWK UHVSHFW WR FDPHUD �� LV GHnQHG E\ WKHDQG DOORZDEOH HVWLPDWLRQ YHFWRUV EH JLYHQ E\ ��� DQG �����
7PDWUL[ 5 5 � $VVXPH WKDW WKH UHODWLYH RULHQWDWLRQ LVUHVSHFWLYHO\� )RU JLYHQ SRVLWLYH QXPEHUV o ! � DQG m ! ��

UHVWULFWHG E\ D FRPSDFW VHW 2 LQ 62��� FRQWDLQLQJ WKH�� nQG D VWDEOH nOWHU ) WKDW RSHUDWHV RQ \ DQG D WRP P

AA A AREWDLQ HVWLPDWHV S RI S� DQG Y RI Y VXFK WKDW LI N>�S���b LGHQWLW\ PDWUL[� 7KH VHWV 3 DQG 3 DUH GHnQHG E\& &� �
7 7 7AS���� �Y��� b Y���� @ N � m� WKH nOWHU VDWLVnHV WKH

7 73  I5 5 �S � E �b E � 5 5 � 2� S � 3 JIROORZLQJ FRQGLWLRQV IRU DOO NZN � � & � & � � � & &� � �� � � �

7 7A AA A3  I5 5 �S � E �b E � 5 5 � 2� S � 3 J& � & � � � & &� �� � � �

AAq S �W� � 3 IRU DOO W w ��& &

A AA)RU 3 � ZH DVVXPH MA[ b[ M � PLQI[ � S � 3 J�& & & & & &� � � � � �

A Aq ,I Z  �� WKHQ NS�W�b S�W�N� NY�W�b Y�W�N � � DV 'HnQH
W���

MA[ b [ M[ b [ � G[ & &PD[ PLQ � �U  PD[ I � J�[
A Aq N7 N � o� ZKHUH H � S b S LV WKH HVWLPDWLRQ [ [HZ ��L PLQ &AS �3 �S �3& & & & �� � � �

HUURU DQG 7 � Z� H�HZ

A7KHRUHP ��� *LYHQ 3 � 3 DQG 2� OHW U EH WKH QXP�& & [� �1RWLFH WKH WHFKQLFDO UHTXLUHPHQW WKDW DQ DOORZDEOH VHW EHU GHnQHG DERYH� /HW m EH D SRVLWLYH QXPEHU VXFK WKDW
ARI SRVLWLRQ HVWLPDWHV 3 EH VSHFLnHG� $V H[SODLQHG ODWHU�& m � PLQ�[ b[ �G[� \ b\ �G\� ] b] �PD[ PLQ PD[ PLQ PD[ PLQ

WKLV UHTXLUHPHQW LV HVVHQWLDO WR HVWDEOLVKLQJ WKH ERXQGHG� G]�� 'HnQH
QHVV RI D FHUWDLQ RSHUDWRU IRU DOO SRVVLEOH YDOXHV RI WKH

7 7 7AHVWLPDWHV S�W�� ,Q SUDFWLFH� WKH �VL]H� RI WKH DOORZDEOH A Aq  PLQ w I5 5 + �S �+ �S �5 5PLQ � & � & �� � �� �
7AAS �3 �5 5 �2A �& & �� �UHJLRQ 3 SOD\V WKH UROH RI D GHVLJQ SDUDPHWHU�

7 A A�+ �S �+ �S �J& � &� � �� ,QWHJUDWLRQ RI 6WHUHR 9LVLRQ ZLWK ,QHUWLDO

6HQVRUV 6XSSRVH DVVXPSWLRQV $�b$��$�b$� KROG DQG U �[

�� )RU D JLYHQ JDLQ o� VXSSRVH WKHUH H[LVWV D PDWUL[ 3  6ROXWLRQV WR 3UREOHPV )� DQG )� ZHUH SUHVHQWHG LQ >�@�
7 �d�3 � 5 VXFK WKDW,Q WKLV VHFWLRQ WKHVH UHVXOWV DUH H[WHQGHG WR LQFOXGH VWHUHR

YLVLRQ� :KHQ LQ WKH YLFLQLW\ RI WKH VKLS� XVLQJ WKH EDUR�
3 ! �PHWULF DOWLPHWHU J WR GHWHUPLQH WKH DLUFUDIW
V DOWLWXGH��t � �� w

�,DERYH WKH ODQGLQJ VLWH PD\ QRW EH VXpFLHQW �L�H� DVVXPS� b ��b U � q, �[�7 7o) 3 � 3) � 3)WLRQ$� PXVW EH OLIWHG�� ,Q WKLV FDVH� WKH LGHD LV WR UHSODFH � � � ��� �
WKH DOWLPHWHU ZLWK DQRWKHU FDPHUD DQG XVH VWHUHR YLVLRQ

)3 b,
WRJHWKHU ZLWK WKH DFFHOHURPHWHUV WR HVWLPDWH WKH DLUFUDIW
V

� 7SRVLWLRQ ZLWK UHVSHFW WR WKH ODQGLQJ VLWH� 3 b & & ! ��
p/HW * GHQRWH WKH SURFHVV PRGHO IRU WKLV SUREOHP DQG

VXSSRVH WKDW I& J DQG I& J GHQRWH FRRUGLQDWH V\VWHPV p  PLQ�[ b [ � G[�� � PD[ PLQ

DWWDFKHG WR FDPHUDV � DQG �� UHVSHFWLYHO\ �VHH )LJXUH ��� \ b \ � G\� ] b ] � G]�PD[ PLQ PD[ PLQ
7KHQ

�
b 3 ! �� G �mS  Y! GW� , %G Y  b 5� D �Z �P D%GW � w /HW � w � w*  ����&� �{ � 5Sb E ��! . ��b U �,I , b�� [� \  �Z �P \  b3 �&� �{ � 5Sb E � . �� �I ,

7KH nOWHU LV GHnQHG E\ �VHH )LJXUH ��� �ZKHUH { DQG { GHnQH SURMHFWLRQV RI WKH RULJLQ RI WKH VKLSI I �FRRUGLQDWH V\VWHP 6 RQWR WKH LPDJH SODQH RI HDFK FDPHUD� 7B� A A A A AS  Y�. + �S �S � �K�S�b \ �� & & P� �1RWLFH� LQ WKH FDVH RI VWHUHR YLVLRQ LW LV PRUH FRQYHQLHQW
, % 7B)  A A A AY  b 5 D �. + �S �S � �K�S�b \ �� P � & & P% � �WR GHnQH WKH YHFWRU S �UHODWLYH SRVLWLRQ RI WKH VKLS ZLWK � 7A AS  5 Sb E � L  �� ��& LUHVSHFW WR WKH DLUFUDIW UHVROYHG LQ ,� WR EH DWWDFKHG WR DQ LL

DUELWUDU\ SRLQW RQ WKH DLUFUDIW� UDWKHU WKDQ WR WKH RULJLQ RI ����



7KHQ ) VROYHV WKH nOWHULQJ SUREOHP )� XVLQJ VWHUHR YLVLRQ HYHQW ZKLFK ODVWV DSSUR[LPDWHO\ � VHF� $W WKLV SRLQW WKH�

DQG DFFHOHUDWLRQ PHDVXUHPHQWV LI IHHGEDFN ORRSV DUH WXUQHG Rm �VHH )LJXUH ���� )LJXUH ��
VKRZV WKH UHVXOWLQJ LQFUHDVH LQ WKH SRVLWLRQ HUURU� $V FDQ

7 7 7A AN>�S���b S���� �Y���b Y���� @ N � m� EH VHHQ LQ )LJXUH �� RQFH WKH LPDJH LV UHFDSWXUHG WKH
DFFXPXODWHG HUURUV DUH HOLPLQDWHG UDSLGO\�

� ([DPSOH

,Q WKLV VHFWLRQ ZH SUHVHQW GHVLJQ DQG VLPXODWLRQ UHVXOWV
IRU WKH nOWHUV ) �) � 7KH /0,V LQFOXGHG LQ 7KHRUHPV ���� �

DQG ��� RI >�@ DQG LQ 7KHRUHP ��� DERYH ZHUH LPSOHPHQWHG
LQ 0DWODE� 7KH JDLQV REWDLQHG E\ VROYLQJ WKHVH /0,V ZHUH
XVHG WR VLPXODWH UHVSRQVH RI D JLYHQ nOWHU WR QRQ�]HUR
LQLWLDO FRQGLWLRQV DQG / PHDVXUHPHQW QRLVH��

7KH VLPXODWLRQ VFHQDULR LQYROYHG D VKLS PRYLQJ 1RUWK
DW D FRQVWDQW VSHHG RI ��P�VHF DQG WKH DLUFUDIW SHUIRUP�
LQJ OHIW WXUQ IURP WKH FRXUVH RI ��� �1(� ZLWK DOWLWXGH
GHFUHDVH DQG JOLGHVORSH �)LJXUH ��� 7KH LQLWLDO DLUFUDIW
SRVLWLRQ LV >�����P������P������P@ ZLWK UHVSHFW WR WKH
VKLS
V LQLWLDO SRVLWLRQ� DQG LWV LQLWLDO DLUVSHHG LV ��P�VHF�
,QLWLDOO\� WKH DLUFUDIW LV EDQNLQJ DW DQ DQJOH RI ��� GHJ WR
FDSWXUH D � GHJ JOLGHVORSH� *OLGHVORSH LV FKDUDFWHUL]HG E\

)LJXUH �� *HRPHWU\ RI WKH 6WHUHR 9LVLRQ 3URFHVV 0RGHOUHGXFHG DLUFUDIW VSHHG RI �� P�VHF DQG EHJLQV DSSUR[L�
PDWHO\ ZLWKLQ ����P IURP WKH VKLS�
7KH RQERDUG FDPHUD LV n[HG ZLWK ��� GHJUHH SLWFK DQJOH

ZLWK UHVSHFW WR DLUFUDIW
V ORQJLWXGLQDO D[LV� 7KH SURMHFWLRQ
RI WKH VKLS
V ODQGLQJ VLWH RQWR WKH FDPHUD
V LPDJH SODQH LV
VKRZQ LQ WKH )LJXUH �� 7KH MXPS LQ WKH XSSHU OHIW FRUQHU
LV GXH WR D VLPXODWHG RXW�RI�IUDPH HYHQW GLVFXVVHG ODWHU LQ
WKLV VHFWLRQ�
)LOWHUV ) b) DUH HPSOR\HG VHTXHQWLDOO\ DV D IXQFWLRQ� �

RI UDQJH WR WKH VKLS DV VKRZQ LQ WKH )LJXUH �� )LJXUH
� VXPPDUL]HV WKH GHVLJQ SDUDPHWHUV IRU HDFK nOWHU DQG
VKRZV WLPH KLVWRULHV RI WKH HUURUV LQ SRVLWLRQ HVWLPDWLRQ
IRU HDFK nOWHU LQ UHVSRQVH WR ODUJH LQLWLDO HUURUV DQG /�

VHQVRU QRLVH �,Q )LJXUH � WKH ODUJHVW HUURU FRUUHVSRQGV WR
HUURUV LQ [ FRPSRQHQW RI WKH SRVLWLRQ YHFWRU� ZKLOH WKH
HUURUV LQ \ DQG ] DUH WKH VDPH��
)LJXUH � LOOXVWUDWHV WKH LQoXHQFH RI WKH VL]H RI WKH FXEH

3 DQG WKH SDUDPHWHU G[ RQ WKH YDOXH RI q� ,W WXUQV RXW�F

GXH WR WKH VLPSOH JHRPHWU\� WKDW q UHDFKHV D PLQLPXP
)LJXUH �� )LOWHULQJ 6WUXFWXUH� )LOWHU )�YDOXH� DW WKH FRUQHU [ � ] RI WKH FXEH 3 �VHH )LJ�PD[ PLQ F

XUH ��� 7KLV GHSHQGHQFH FDQ EH DSSUR[LPDWHG E\ WKH
IROORZLQJ H[SUHVVLRQ

� &RQFOXVLRQV
] b G[PLQ � 7KLV SDSHU DGGUHVVHG WKH SUREOHP RI HVWLPDWLQJ WKH UHO�q  � � � ����

�[PD[ DWLYH SRVLWLRQ DQG YHORFLW\ RI DQ DLUFUDIW ZLWK UHVSHFW WR
D PRYLQJ ODQGLQJ VLWH VXFK DV D 1DYDO YHVVHO XVLQJ VWHUHR

ZKLFK nWV H[SHULPHQWDO GDWD ZLWK PHDQ�VTXDUHG YDOXH RI
YLVLRQ� 7KH SUREOHP ZDV FDVW LQ WKH /39 IUDPHZRUN DQG

DW OHDVW ������� )LJXUH � DOVR LQFOXGHV WKH JUDSK RI WKH
VROYHG XVLQJ WRROV WKDW ERUURZ IURP WKH WKHRU\ RI /LQ�

EHVW DFKLHYDEOH YDOXH RI q REWDLQHG E\ VROYLQJ WKH /0,
V
HDU 0DWUL[ ,QHTXDOLWLHV� 7KLV DSSURDFK UHVXOWHG LQ QRQ�

LQ 7KHRUHP ���� 7KH LQWHUVHFWLRQ RI WKH WZR OLQHV SURYLGHV
OLQHDU nOWHULQJ VWUXFWXUHV WKDW LQWHJUDWH YLVLRQ ZLWK LQHU�

WKH GHVLJQHU ZLWK VL]H RI WKH FXEH 3 ZKHUH WKH nOWHU )F � WLDO PHDVXUHPHQWV DQG KDYH UHJLRQDO VWDELOLW\ DQG SHU�
LV JXDUDQWHHG WR KDYH DV\PSWRWLF VWDELOLW\ DQG JLYHQ +� IRUPDQFH JXDUDQWHHV� (PSOR\LQJ LQHUWLDO VHQVRUV KDV DQ
SHUIRUPDQFH FKDUDFWHUL]HG E\ o�

DGGLWLRQDO EHQHnW RI RmHULQJ UREXVWQHVV ZLWK UHVSHFW WR
7KH DQDO\WLF H[SUHVVLRQ ���� WKDW VKRZV GHSHQGHQFH RI

RXW�RI�FDPHUD HYHQWV DQG RFFOXVLRQV� ZKHUHE\ WKHVH VHQ�
q RQ WKH VL]H RI WKH FXEH 3 FDQ DOVR EH XVHG WR GHWHUPLQHF VRUV FDQ EH XVHG E\ WKH nOWHU WR SURYLGH WKH HVWLPDWHV RI
DQ HVWLPDWH RI WKH EHVW DFKLHYDEOH YDOXH RI o� $V ZDV

WKH LPDJH FRRUGLQDWHV RI WKH VKLS WR WKH LPDJH SURFHVVLQJ
VKRZQ LQ >�@ WKH ORZHU ERXQG o RQ WKH EHVW DFKLHYDEOH� DOJRULWKPV�� SYDOXH RI o LV o  � 7KLV H[SUHVVLRQ FRPELQHG� ��bU � q[

5HIHUHQFHVZLWK ���� FDQ EH XVHG WR VKRZ GHSHQGHQFH RI o RQ WKH�

JHRPHWU\ RI WKH SUREOHP DV VKRZQ LQ )LJXUH ��� >�@ .� %ULWWLQJ� ,QHUWLDO 1DYLJDWLRQ 6\VWHP $QDO\VLV�
)LQDOO\� )LJXUH �� VKRZV DQ H[DPSOH RI UHFRYHU\ IURP :LOH\�,QWHUVFLHQFH� �����

DQ RXW�RI IUDPH HYHQW E\ WKH )LOWHU ) � $V FDQ EH VHHQ�

LQ )LJXUH � �OHIW WRS FRUQHU� DIWHU WKH HOLPLQDWLRQ RI LQL� >�@ *� +DJHU� �$ PRGXODU V\VWHP IRU UREXVW SRVLWLRQ�
WLDO HUURUV D GLVWXUEDQFH LQ SLWK FDXVHV DQ RXW�RI IUDPH LQJ XVLQJ IHHGEDFN IURP VWHUHR YLVLRQ�� ,((( 7UDQV�
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)LJXUH �� �' UHSUHVHQWDWLRQ RI WKH VLPXODWLRQ VFHQDULR

)LJXUH �� 1XPHULFDO UHVXOWV IRU )LOWHUV ) b )� �

)LJXUH �� 6KLS
V VPRNHVWDFN SURMHFWLRQ LQ WKH FDPHUD LP�
DJH SODQH GXULQJ ODQGLQJ

5RERWLFV DQG $XWRPDWLRQ� 9RO� ��� 1���� $XJXVW
����� SS� ��������

)LJXUH �� 6ZLWFKLQJ WLPHV EHWZHHQ nOWHUV GXULQJ ODQGLQJ
>�@ ,� .DPLQHU� $� 0� 3DVFRDO� :� .DQJ� 2� <DNL�

PHQNR�? ,QWHJUDWHG 9LVLRQ�,QHUWLDO 1DYLJDWLRQ 6\V�
WHPV 'HVLJQ 8VLQJ 1RQOLQHDU )LOWHULQJ�� 3URFHHGLQJ
���� $PHULFDQ &RQWURO &RQIHUHQFH� 6DQ 'LHJR� -XQH
�����

>�@ .� 1DJSDO DQG 3� .KDUJRQHNDU� �)LOWHULQJ DQG
VPRRWKLQJ LQ DQ + VHWWLQJ�� ,((( 7UDQV� $XWR��
PDWLF &RQWURO� 9RO� ��� ����� SS���������

>�@ *� 6LRXULV� $HURVSDFH $YLRQLFV 6\VWHPV� D 0RGHUQ
6\QWKHVLV� $FDGHPLF 3UHVV ,QF�� �����

)LJXUH �� 'HSHQGHQFH RI q RQ WKH YDOXH RI G[ IRU WKH )LOWHU
)�
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Filter F1 Filter F2 Filter F3

mxC, [1600;3000] [1100;2000] [650;1100]

myC, [-300;300] [-200;200] [-100;100]Cube Cp

mzC, [600;1500] [200;1000] [60;700]

mdzdydx ,== 175 85 60

xr 0.984 0.785 0.785
ε 4.51 3.24 3.98
α 297 692 227
γ - 137 64.1

1K -60.1I3x3 -5.88I3x3 -1.56I3x3

2K -2.97I3x3 -2.59I3x3 -1.07I3x3
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m
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)LJXUH �� 'HSHQGHQFH RI q RQ WKH YDOXHV RI [ DQG ]PD[ PLQ

IRU WKH )LOWHU )�

)LJXUH ��� 'HSHQGHQFH RI o RQ WKH YDOXHV RQ G[ IRU WKH )LJXUH ��� 7KH IHHGEDFN ORRSV LQ )LOWHUV ) DQG ) DUH� �
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