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Abstract

The sensitivity of Sylvester matrix equations relative
to perturbations in the coe�cient matrices is studied.
New local perturbations bounds are obtained.

Keywords. Perturbation analysis, Sylvester equa-
tions.

1 Introduction

In this paper we study the sensitivity of Sylvester ma-
trix equations (SME) arising in linear systems the-
ory. A new local perturbation bound for SME is ob-
tained, which is a non-linear, �rst order homogeneous
and tighter than the local bounds based on condition
numbers [1] - [5].

The following notations are used later on: Rm�n { the
space of real m � n matrices; In { the unit n � n ma-
trix; A> = [aji] { the transpose of the matrix A = [aij ];
vec(A) 2 Rmn { the column-wise vector representation
of the matrix A 2 Rm�n; A 
 B = [aijB] { the Kro-
necker product of the matrices A and B; k � k2 { the
spectral (or 2-) norm in Rm�n; k:kF { the Frobenius
(or F-) norm in Rm�n. The notation `:=' stands for
`equal by de�nition'.

2 Problem Statement

Consider the SME

F (X;P ) := AX +XB +Q = 0 (1)

where X 2 Rn�m is the unknown matrix, A 2 Rn�n,
B 2 Rm�m and Q 2 Rn�m are given matrices
and P := (A;B;Q). We shall suppose that 0 =2�
�i(A) + �k(B) : i 2 1; n; k 2 1;m

	
, where �i(A) and

�k(B) are the eigenvalues of the matrices A and B, re-
spectively. Under this assumption the partial Fr�echet

derivative FX of F in X is invertible and (1) has a
unique solution X .

Let the matrices from P be perturbed as

A 7! A+�A; B 7! B +�B; Q 7! Q+�Q

and denote by P +�P the perturbed collection P , in
which each matrix Z 2 P is replaced by Z+�Z. Then
the perturbed equation is

F (Y; P +�P ) = 0: (2)

Since the operator FX is invertible, the perturbed equa-
tion (2) has an unique solution Y = X + �X in the
neighborhood of X if the perturbation �P is su�-
ciently small. Denote by

� := [�A;�B ;�Q]
>
2 R3

+

the vector of absolute norm perturbations �Z :=
k�ZkF in the data matrices.

The perturbation problem considered is to �nd a bound

�X � f(�) +O(k�k2); �! 0;

for the perturbation �X := k�XkF, where f is a non-
linear, �rst order homogeneous function in �.

3 Local perturbation analysis

Since F (X;P ) = 0, the perturbed equation (2) may be
written as

F (X +�X;P +�P ) :=

FX(�X) + FA(�A) + FB(�B) + FQ(�Q)

+G(�X;�P ) = 0

where
FX(Z) = AZ + ZB; FA(Z) = ZX;

FB(Z) = XZ; FQ(Z) = Z



are the partial Fr�echet derivatives of F in the cor-
responding matrix arguments, computed at the point
(X;P ), and G(�X;�P ) contains second and higher
order terms in �X , �P .

Since the operator FX(:) is invertible we get

�X = �(�X;�P )

:= �F�1X � FA(�A)� F�1X � FB(�B) (3)

�F�1X (�Q)� F�1X (G(�X;�P )):

The operator equation (3) may be written in a vector
form as

vec(�X) = N1vec(�A) +N2vec(�B) (4)

+N3vec(�Q)�M�1

X vec(G(�X;�P ))

where
N1 := �M�1

X MA; N2 := �M�1

X MB ;

N3 := �M�1

X

and
MX = Im 
A+B> 
 In; MA = X> 
 In;

MB = Im 
X

are the matrix representations of the operators FX (�),
FA(�) and FB(�).

The well known, condition number based local pertur-
bation bounds for the Sylvester equation [1] - [4] are a
corollary of (4) :

�X = k�XkF = kvec(�X)k2

� est1(�; N) +O(k�k2)

:= kN1k2�A + kN2k2�B + kN3k2�Q

+O(k�k2)

= KA�A +KB�B +KQ�Q

+O(k�k2); �! 0

where N := [N1; N2; N3] and

KA =


M�1

X MA




2
; KB =



M�1

X MB




2
;

KQ =


M�1

X




2

are the absolute condition numbers of (1) relative to
the perturbations in A;B and Q, respectively.

However, the local estimates, based on condition num-
bers, may eventually produce pessimistic results. At
the same time it is possible to derive local, �rst order
homogeneous estimates, which are tighter in general.

Relation (4) also gives

�X � est2(�; N) +O(k�k2)

:= kNk2k�k2 +O(k�k2); �! 0:

The bounds est1(�; N) and est2(�; N) are alternative,
i.e. which one is less depends on the particular value of
�.

There is also a third bound, which is always less than
or equal to est1(�; N). We have

�X � est3(�; N) + O(k�k2)

:=
q
�>S(N)� + O(k�k2); �! 0

where S(N) is the 3� 3 matrix with elements

sij(N) = kN>i Njk2:

Since 

N>i Nj



2
� kNik2kNjk2

we get
est3(�; N) � est1(�; N):

Hence we have the overall estimate

�X � est(�; N) +O(k�k2); �! 0 (5)

where

est(�; N) := minfest2(�; N); est3(�; N)g: (6)

The local bound est in (5), (6) is a non-linear, �rst or-
der homogeneous and piece-wise real analytic function
in �. It may be shown that est is an asymptotically
sharp bound.
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