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���	���	
Lq wklv sdshu/ zh uhylvlw wkh joredo/ rxwsxw ihhgedfn +RIE,/

wudfnlqj frqwuro sureohp iru uljlg0olqn urerw pdqlsxodwruv vxemhfw
wr sdudphwulf xqfhuwdlqw|1 Prwlydwhg e| plvxqghuvwdqglqjv lq wkh
olwhudwxuh frqfhuqlqj rxu suhylrxv uhvxow/ zh sursrvh d qhz joredo/
RIE/ dgdswlyh frqwuroohu/ zklfk lq frqwudvw wr rxu suhylrxv zrun/
holplqdwhv wkh qhhg iru d srvw0vwdelolw| dqdo|vlv wudqvirupdwlrq wr
ghulyh d yhorflw|0lqghshqghqw frqwuro vwudwhj|1 Wkh vwuxfwxuh ri
wkh qhz frqwuroohu dorqj zlwk d qhz O|dsxqry ixqfwlrq duh xvhg
wr looxvwudwh joredo dv|pswrwlf olqn srvlwlrq wudfnlqj1 H{shulphqwdo
uhvxowv duh lqfoxghg wr ghprqvwudwh wkh frqwuroohu shuirupdqfh1

41 Lqwurgxfwlrq

Wkh sureohp ri rxwsxw ihhgedfn +RIE,/ srvlwlrq wudfnlqj frqwuro
ri urerw pdqlsxodwruv kdv ehhq d wrslf ri frqvlghudeoh lqwhuhvw ryhu

wkh sdvw vhyhudo |hduv1 Wklv lqwhuhvw fdq eh fuhglwhg wr wkh idfw wkdw
wkh urerw g|qdplfv fdq eh xvhg wr prgho d yhu| jhqhudo fodvv ri
qrqolqhdu phfkdqlfdo v|vwhpv +h1j1/ urwruv/ vsdfhfudiw/ hwf1,/ dqg
khqfh/ eh xvhg dv d ehqfkpdun iru wkh ghvljq ri qrqolqhdu frqwuro
dojrulwkpv1 D olplwdwlrq wkdw h{lvwv lq doprvw doo ri wkh sursrvhg
RIE olqn srvlwlrq wudfnlqj frqwuroohuv lv wkh vhpl0joredo4 qdwxuh ri
wkh vwdelolw| uhvxowv1 Lq frqwudvw/ joredo5 vroxwlrqv wr wkh RIE olqn
srvlwlrq vhwsrlqw frqwuro sureohp kdyh ehhq suhvhqwhg e| vhyhudo
uhvhdufkhuv1 Iru h{dpsoh/ prgho0edvhg RIE frqwuroohuv/ frpsrvhg
ri d olqhdu ihhgedfn orrs soxv ihhgiruzdug judylw| frpshqvdwlrq/
zhuh sursrvhg lq ^5/ 9/ 48` wr joredoo| dv|pswrwlfdoo| vwdelol}h wkh
pdqlsxodwru g|qdplfv1 Lq ^4`/ Dulprwr hw do1 dovr suhvhqwhg d
prgho0edvhg/ joredo uhjxodwlqj RIE frqwuroohu> krzhyhu/ wkh judy0
lw| frpshqvdwlrq whup zdv ghshqghqw rq wkh ghvluhg olqn srvlwlrq
vhwsrlqw dv rssrvhg wr wkh dfwxdo olqn srvlwlrq1 Zlwk wkh lqwhqw ri
ryhufrplqj wkh uhtxluhphqw ri h{dfw prgho nqrzohgjh/ Ruwhjd hw
do1 ^55` ghvljqhg d RIE uhjxodwru zklfk frpshqvdwhg iru xqfhu0
wdlq judylw| h�hfwv> krzhyhu/ wkh vwdelolw| uhvxow zdv vhpl0joredo
dv|pswrwlf1 Lq ^44`/ Froedxjk hw do1 sursrvhg d joredo uhjxodw0
lqj RIE frqwuroohu wkdw frpshqvdwhv iru xqfhuwdlq judylw| h�hfwv>
krzhyhu/ wkh frqwuro vwudwhj| uhtxluhv wkh xvh ri wzr gl�huhqw frq0
wuro odzv +l1h1/ rqh frqwuro odz lv xvhg wr gulyh wkh vhwsrlqw huuru wr
d vpdoo ydoxh/ wkhq dqrwkhu frqwuro odz lv xvhg wr gulyh wkh vhwsrlqw
huuru wr }hur,1

Zlwk uhvshfw wr wkh pruh jhqhudo sureohp ri RIE olqn srvl0

WWklv zrun lv vxssruwhg lq sduw e| wkh X1V1 Qdwlrqdo Vflhqfh
Irxqgdwlrq Judqwv GPL0<78:<9:/ FPV0<967:<9/ HFV0<94<:;8/
QDVD judqw QJW04385944/ GRH Judqw GH0IJ3:0<9HU47:5;/
wkh Vtxduh G Frusrudwlrq/ dqg wkh Xqlrq Fdps Frusrudwlrq1

�Lq d vhpl0joredo vwdelolw| uhvxow/ d frqwuro jdlq riwhq kdv wr eh
dgmxvwhg dffruglqj wr wkh �vl}h� ri wkh lqlwldo frqglwlrqv1

2Lq dffrugdqfh zlwk wkh whuplqrorj| xvhg lq wkh urerwlfv olw0
hudwxuh/ khuh/ joredo srvlwlrq wudfnlqj phdqv wkdw wkh frqwuroohu
pxvw gulyh wkh olqn srvlwlrq wudfnlqj huuru wr }hur iru dq| �qlwh/
lqlwldo srvlwlrq dqg yhorflw| wudfnlqj huuruv/ zlwk qr frqglwlrqv rq
wkh vl}h ri wkh lqlwldo wudfnlqj huuruv1

wlrq wudfnlqj frqwuro/ vhpl0joredo uhvxowv kdyh grplqdwhg wkh vfh0
qdulr1 Iru h{dpsoh/ lq ^5/ 4<`/ d prgho0edvhg revhuyhu2 frqwuroohu
|lhoghg vhpl0joredo h{srqhqwldo olqn srvlwlrq wudfnlqj zkloh lq ^54`
d vhpl0joredo dv|pswrwlf wudfnlqj uhvxow zdv dfklhyhg1 Urexvw/
�owhu0edvhg frqwuro vfkhphv zhuh ghvljqhg lq ^6/ 57/ 5:` wr frp0
shqvdwh iru sdudphwulf xqfhuwdlqw| zkloh surgxflqj vhpl0joredo/
xqlirup xowlpdwh erxqghg olqn srvlwlrq wudfnlqj1 Lq ^;/ </ 43`/
yduldeoh vwuxfwxuh RIE frqwuroohuv zhuh ghvljqhg wr frpshqvdwh

iru xqfhuwdlqw| dqg wkh odfn ri olqn yhorflw| phdvxuhphqwv1 Iru
rwkhu RIE wudfnlqj frqwuro zrun/ wkh uhdghu lv uhihuuhg wr ^4:`1
Ilqdoo|/ lq ^7/ 8/ 47/ 5;`/ dgdswlyh RIE frqwuroohuv zhuh suhvhqwhg
zklfk |lhoghg vhpl0joredo dv|pswrwlf olqn srvlwlrq wudfnlqj1

Wr wkh ehvw ri rxu nqrzohgjh/ wkh rqo| suhylrxv uhvxowv zklfk
duh wdujhwhg dw wkh joredo/ RIE/ wudfnlqj frqwuro sureohp duh jlyhq
lq ^53/ :/ 5<`1 Vshfl�fdoo|/ lq ^53`/ Oruld ghyhorshg d prgho0edvhg
frqwuroohu wkdw |lhogv joredo xqlirup dv|pswrwlf vwdelolw| ri wkh
forvhg0orrs v|vwhp> krzhyhu/ wkh frqwuro zdv ghvljqhg iru d qrq0
olqhdu/ rqh ghjuhh0ri0iuhhgrp +GRI, v|vwhp1 Lq ^:`/ Exunry xvhg
d vlqjxodu shuwxuedwlrq dqdo|vlv wr vkrz wkdw d prgho0edvhg frq0
wuroohu/ xvhg lq frqmxqfwlrq zlwk d olqhdu revhuyhu/ fdq irufh wkh
olqn srvlwlrq wr dv|pswrwlfdoo| wudfn d wudmhfwru| iurp dq| lqlwldo
frqglwlrq> krzhyhu/ dv srlqwhg rxw lq ^53`/ qr h{solflw erxqg rq wkh
vlqjxodu shuwxuedwlrq sdudphwhu zdv jlyhq1 Pruh uhfhqwo|/ ]kdqj
hw do1 ^5<` sursrvhg wkh �uvw joredo/ RIE/ dgdswlyh wudfnlqj frq0
wuroohu iru xqfhuwdlq/ ? GRI urerw pdqlsxodwruv1 Lq sduwlfxodu/
zkloh wkh vwuxfwxuh ri wkh frqwuroohu ri ^5<` uhvhpeohv wkdw ri ^53`
lq fhuwdlq dvshfwv/ wkh xvh ri d ghvluhg frpshqvdwlrq dgdswdwlrq
odz ^59`/ d gl�huhqw �owhu vwuxfwxuh/ dqg d gl�huhqw huuru v|vwhp
ghyhorsphqw2dqdo|vlv doorzhg wkh h{whqvlrq ri wkh frqwuroohu ri
^53` wr wkh pruh jhqhudo/ pxowlyduldeoh fdvh zlwk sdudphwulf xq0
fhuwdlqw|1 Wkh vroxwlrq ri ^5<` wr wkh joredo/ RIE/ wudfnlqj frqwuro
sureohp kdv ehhq vxemhfw wr vrph plvxqghuvwdqglqjv lq wkh olw0
hudwxuh +vhh ^56`/ sdjh 444,1 Prwlydwhg e| wklv idfw/ zh uhylvlw
wkh vroxwlrq ruljlqdoo| sursrvhg lq ^5<` iurp d gl�huhqw ghvljq dqg
dqdo|vlv shuvshfwlyh1 Qdpho|/ wkh frqwuroohu/ yhorflw|0vxuurjdwh �o0
whu/ dqg forvhg0orrs vwdelolw| dqdo|vlv lq ^5<` zhuh �uvw ghyhorshg
dv wkrxjk olqn yhorflw| zhuh dydlodeoh1 Diwhu wkh vwdelolw| dqdo|0

vlv zdv shuiruphg/ d wudqvirupdwlrq zdv xwlol}hg wr looxvwudwh krz
wkh frqwuro vwudwhj| frxog eh lpsohphqwhg zlwkrxw olqn yhorflw|
phdvxuhphqwv11

Lq wklv sdshu/ zh sursrvh d qhz joredo/ RIE/ dgdswlyh frq0
wuroohu/ zklfk lq frqwudvw wr wkh zrun suhvhqwhg lq ^5<`/ holplqdwhv
wkh qhhg iru xvlqj d srvw0vwdelolw| dqdo|vlv wudqvirupdwlrq wr gh0
ulyh d olqn yhorflw|0lqghshqghqw frqwuro vwudwhj|1 Vshfl�fdoo|/ wkh
irup ri wkh qhz frqwuroohu jhqhudwhv d gl�huhqw vwuxfwxuh iru wkh
forvhg0orrs huuru v|vwhp1 Wkh qhz vwuxfwxuh ri wkh forvhg0orrs
huuru v|vwhp lv wkhq ixvhg zlwk d gl�huhqw O|dsxqry ixqfwlrq wr
looxvwudwh joredo dv|pswrwlf wudfnlqj1 Zh frpsohphqw wkh frqwuro
ghvljq dqg dqdo|vlv zlwk dq h{shulphqwdo lpsohphqwdwlrq ri wkh
RIE dgdswlyh frqwuroohu rq d wzr0olqn/ urerw whvwehg1 Wkh sdshu
lv rujdql}hg dv iroorzv1 Vhfwlrq 51 suhvhqwv wkh urerw prgho dorqj
zlwk lwv surshuwlhv1 Wkh frqwuro ghvljq/ huuru v|vwhp ghyhorsphqw/



dqg vwdelolw| dqdo|vlv duh suhvhqwhg lq Vhfwlrq 611 Vhfwlrq 71 frq0
wdlqv wkh h{shulphqwdo uhvxowv zkloh wkh frqfoxvlrqv duh gudzq lq
Vhfwlrq 811

51 Urerw Prgho

Wkh pdwkhpdwlfdo prgho iru dq ? GRI/ uhyroxwh mrlqw/ gluhfw gulyh/
urerw pdqlsxodwru lv dvvxphg wr kdyh wkh iroorzlqj irup ^4;`

�E^��̂n T6E^c �̂� �̂ nCE^� n 8_ �̂ ' � +4,

zkhuh ^E|�c �̂E|�c �̂E|� M U
? ghqrwh wkh olqn srvlwlrq/ yhorflw|/ dqg

dffhohudwlrq/ uhvshfwlyho|/ �E^� M U
?f? uhsuhvhqwv wkh srvlwlyh0

gh�qlwh/ v|pphwulf lqhuwld pdwul{/ T6E^c �̂� M U?f? uhsuhvhqwv wkh
fhqwulshwdo0Frulrolv pdwul{/ CE^� M U? lv wkh judylwdwlrqdo yhfwru/
8_ M U

?f? ghqrwhv wkh frqvwdqw/ gldjrqdo/ srvlwlyh0gh�qlwh/ ylv0
frxv iulfwlrq pdwul{/ dqg �E|� M U

? uhsuhvhqwv wkh wrutxh lqsxw
frqwuro yhfwru1 Zh zloo dvvxph wkdw wkh ohiw0kdqg vlgh ri +4, lv
�uvw0rughu gl�huhqwldeoh1

Wkh g|qdplf v|vwhp jlyhq e| +4, h{klelwv wkh iroorzlqj surs0
huwlhv wkdw duh xwlol}hg lq wkh vxevhtxhqw frqwuro ghyhorsphqw dqg
vwdelolw| dqdo|vlv1

Surshuw| 4= Wkh lqhuwld pdwul{ fdq eh xsshu dqg orzhu erxqghg
e| wkh iroorzlqj lqhtxdolwlhv ^4;`

6� 8182 $ 1A�E^�1 $ 62 8182 � 1 M U? +5,

zkhuh 6� dqg 62 duh srvlwlyh frqvwdqwv/ dqg 8u8 ghqrwhv wkh
Hxfolghdq qrup1

Surshuw| 5= Wkh lqhuwld dqg wkh fhqwulshwdo0Frulrolv pdwulfhv
vdwlvi| wkh iroorzlqj uhodwlrqvkls ^4;`

1A
�
�

2
��E^�3 T6E^c �̂�

�
1 ' f � 1 M U? +6,

zkhuh ��E^� uhsuhvhqwv wkh wlph ghulydwlyh ri wkh lqhuwld pd0
wul{1

Surshuw| 6 Wkh fhqwulshwdo0Frulrolv pdwul{ vdwlv�hv wkh iroorz0
lqj uhodwlrqvkls ^54`

T6E^c D�1 ' T6E^c 1�D � 1c D M U?� +7,

Surshuw| 7= Wkh qrup ri wkh fhqwulshwdo0Frulrolv dqg iulfwlrq
pdwulfhv fdq eh xsshu erxqghg dv iroorzv ^4;`

8T6E^c �̂�8 $ lS� 8 �̂8 c 88_8 $ ls +8,

zkhuh lS� dqg ls duh srvlwlyh frqvwdqwv1

Surshuw| 8= Wkh urerw g|qdplfv jlyhq lq +4, fdq eh olqhduo|
sdudphwhul}hg dv iroorzv ^4;`

t E^c �̂c �̂�w ' �E^��̂n T6E^c �̂� �̂ nCE^� n 8_ �̂ +9,

zkhuh w M UR frqwdlqv wkh frqvwdqw v|vwhp sdudphwhuv/ dqg
t E^c �̂c �̂� M U

?fR ghqrwhv wkh uhjuhvvlrq pdwul{ wkdw lv d
ixqfwlrq rqo| ri ^E|�/ �̂E|�/ dqg �̂E|�1 Wkh irupxodwlrq ri +9,
fdq dovr zulwwhq lq whupv ri wkh ghvluhg wudmhfwru| lq wkh
iroorzlqj pdqqhu

t_E^_c �̂_c �̂_�w ' �E^_��̂_nT6E^_c �̂_� �̂_nCE^_�n8_ �̂_ +:,

zkhuh wkh ghvluhg uhjuhvvlrq pdwul{ t_E^_c �̂_c �̂_� M U?fR lv
d ixqfwlrq ri wkh ghvluhg olqn srvlwlrq/ yhorflw|/ dqg dffhohud0
wlrq yhfwruv ghqrwhg e| ^_E|�/ �̂_E|�/ �̂_E|� M U?/ uhvshfwlyho|1

Wr dlg wkh vxevhtxhqw frqwuro ghvljq dqg dqdo|vlv/ zh gh�qh wkh
yhfwru ixqfwlrq WdqkEu� M U

? dqg wkh pdwul{ ixqfwlrq FrvkEu� M
U
?f? dv iroorzv

Wdqk E1� ] d|@?�E1
��c ���c |@?�E1?�o

A +;,

dqg
FrvkE1� ] _�@} tULt�E1

�
�c u u u c ULt�E1?�� +<,

zkhuh 1 ' d1�c ���c 1?o
A M U

?/ dqg _�@} tu� ghqrwhv d gldjrqdo
pdwul{1 Edvhg rq wkh gh�qlwlrq ri +;,/ lw fdq hdvlo| eh vkrzq wkdw
wkh iroorzlqj lqhtxdolwlhv krog

�

2
|@?�2 E818� $ *? EULt� E818�� $

?[
�'�

*? EULt� E1��� $ 8182 c

|@?�2 E818� $ 8Wdqk E1�82 ' WdqkA E1�WdqkE1��
+43,

Dvvxpswlrq 4= Wkh iroorzlqj erxqgv iru wkh lqhuwld/ fhqwulshwdo0
Frulrolv/ dqg judylw| whupv ri +4, duh dvvxphg wr h{lvw iru
�1c D M U?

8�E1�3�ED�8�" $ l6 8Wdqk E1 3 D�8 c
8CE1�3CED�8 $ l} 8Wdqk E1 3 D�8 c

8T6E1c �̂�3 T6EDc �̂�8�" $ lS2 8 �̂8 8Wdqk E1 3 D�8
+44,

zkhuh l6/ l} / dqg lS2 duh srvlwlyh frqvwdqwv1 Lq ^5<`/ zh lo0
oxvwudwhg krz wkh erxqgv jlyhq lq +44, krog iru wkh vl{ GRI
Sxpd urerw1 Lq d vlplodu pdqqhu/ lw fdq eh vkrzq wkdw wkh
erxqgv jlyhq lq +44, krog iru rwkhu uhyroxwh mrlqw urerwv1
Khqfh/ iurp d sudfwlfdo srlqw ri ylhz/ Dvvxpswlrq 4 uhvhp0
eohv d surshuw| pruh wkdq dq dvvxpswlrq1

61 Frqwuro Ghvljq dqg Dqdo|vlv

Wkh frqwuro remhfwlyh lv wr ghvljq d joredo olqn srvlwlrq wudfnlqj
frqwuroohu iru wkh urerw pdqlsxodwru prgho jlyhq e| +4, xqghu wkh
frqvwudlqwv wkdw rqo| wkh olqn srvlwlrq yduldeoh ^E|� lv dydlodeoh iru
phdvxuhphqw dqg wkdw wkh sdudphwhu yhfwru w gh�qhg lq +8, lv dq
xqnqrzq frqvwdqw yhfwru1 Zh zloo txdqwli| wkh frqwuro remhfwlyh
e| gh�qlqj wkh olqn srvlwlrq wudfnlqj huuru eE|� M U? dv iroorzv

e ] ^_ 3 ^ +45,

zkhuh zh dvvxph wkdw ^_E|�/ gh�qhg lq Surshuw| 6/ dqg lwv �uvw
wkuhh wlph ghulydwlyhv duh erxqghg ixqfwlrqv ri wlph1 Lq dgglwlrq/

zh gh�qh wkh gl�huhqfh ehwzhhq wkh dfwxdo dqg hvwlpdwhg sdudph0
whuv dv iroorzv

�w ] w 3 	w +46,

zkhuh �wE|� M UR uhsuhvhqwv wkh sdudphwhu hvwlpdwlrq huuru yhfwru/
dqg 	wE|� M UR uhsuhvhqwv d g|qdplf hvwlpdwh ri w gh�qhg lq +8,1

���� �����	
� �
��
� �������� �����	�� ������� ���

Edvhg rq wkh vxevhtxhqw huuru v|vwhp ghyhorsphqw dqg vwdelolw|
dqdo|vlv/ zh sursrvh wkh iroorzlqj wrutxh lqsxw frqwuro

� ' t_	w 3 &A3�+ n WdqkEe� +47,

zkhuh +E|� M U? lv dq dx{loldu| wudfnlqj huuru vljqdo gh�qhg ehorz/
& lv d srvlwlyh/ vfdodu frqwuro jdlq/ A E+� M U?f? lv gh�qhg dv wkh
iroorzlqj gldjrqdo pdwul{

A ] _�@}
q �

�3 +2
�

�2
c

�
�3 +2

2

�2
c ���c

�
�3 +2?

�2 r
c +48,

wkh sdudphwhu hvwlpdwh yhfwru 	wE|� lv jhqhudwhg dffruglqj wr

	w ' K
U |
f

�
t A
_
E^_Ej�c �̂_Ej�c �̂_Ej�� EWdqkEeEj�� n +Ej��

3 �t A
_
E^_Ej�c �̂_Ej�c �̂_Ej��eEj�

l
_j

nKt A
_
e

+49,

dqg K M URfR lv d frqvwdqw/ gldjrqdo/ srvlwlyh0gh�qlwh/ dgdswdwlrq
jdlq pdwul{1 Wkh hohphqwv ri yhorflw| huuru vxuurjdwh vljqdo +E|�/
gh�qhg lq +47,/ duh fdofxodwhg yld wkh iroorzlqj �owhu;A?

A=
�R� ' 3

�
�3 ER� 3 &e��

2

�
2

ER� 3 &e� 3 |@?� Ee���

3& E|@?� Ee�� n R� 3 &e��
+� ' R� 3 &e�

+4:,

zkhuh R�E|� M U lv dq dx{loldu| yduldeoh zlwk lqlwldo frqglwlrq vdw0
lvi|lqj

3 �I
?
n &e�Ef� 	 R�Ef� 	

�I
?
n &e�Ef�� +4;,
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Zh ehjlq wkh irupxodwlrq ri wkh huuru v|vwhpv e| pdqlsxodwlqj wkh
wzr htxdwlrqv ri +4:, wr surgxfh wkh iroorzlqj �owhu g|qdplfv

�+� ' 3E�3 +2� �
2E+� 3 |@?�Ee���3 &#�c �+�Ef�� 	

�I
?

+4<,

zkhuh +4:, dqg +4;, zhuh xvhg/ dqg wkh �owhu wudfnlqj huuru yduldeoh

#E|� M U? lv gh�qhg dv iroorzv

# ] �en Wdqk Ee� n +� +53,

Wr rewdlq wkh g|qdplfv ri #E|�/ zh gl�huhqwldwh +53, dqg suh0
pxowlso| erwk vlghv ri wkh uhvxowlqj htxdwlrq e| �E^� wr surgxfh

�E^� �# ' �E^��̂_ n T6E^c �̂� �̂ nCE^� n 8_ �̂
3� n�E^�Frvk32 Ee� �en�E^� �+

+54,

zkhuh +4, zdv xwlol}hg1 Diwhu dgglqj dqg vxewudfwlqj t_w ri +:, wr
wkh uljkw0kdqg vlgh ri +54,/ zh fdq xwlol}h +7,/ +45,/ +53,/ dqg +4<,
wr uhzulwh wkh rshq0orrs g|qdplfv iru #E|� dv iroorzv

�E^� �# ' 3T6E^c �̂�# n t_w 3 � 3 &�E^�# n �t n � +55,

zkhuh wkh glvwxuedqfh whupv �t Eec +c #c |�/ � Eec +c #c |� M U
? duh

gh�qhg dv iroorzv

�t ] �E^��̂_ n T6E^c ^_� �̂_ n 8_ �̂ nCE^�3 t_w +56,

� ] �E^�Frvk32 Ee� E# 3 WdqkEe�3 +�
3�E^�A E+ 3 WdqkEe��
nT6E^c �̂_ n WdqkEe� n +� EWdqkEe� n +�
nT6E^c �̂_� EWdqkEe� n +�
3T6E^c #� E �̂_ n WdqkEe� n +� �

+57,

Diwhu vxevwlwxwlqj wkh frqwuro odz +47, lqwr +55,/ zh rewdlq wkh
iroorzlqj forvhg0orrs g|qdplfv iru #E|�

�E^� �# ' 3T6E^c �̂�# n t_�w n &A3�+

3WdqkEe�3 &�E^�# n �t n �
+58,

zkhuh +46, zdv xvhg1

Uhpdun 4 Dv looxvwudwhg lq Dsshqgl{ D/ zh fdq h{sorlw wkh
erxqghgqhvv surshuwlhv ri wkh ghvluhg wudmhfwru|/ +5,/ +8,/ dqg wkh
surshuwlhv ri k|shuerolf ixqfwlrqv wr vkrz wkdw � Eu� ri +57, fdq eh
xsshu erxqghg dv iroorzv

8�8 $ l� 8%8n l2 8+82 n l� 8+8�
nle 8+8e n lD 8+8D n lS 8#8 8+8

+59,

zkhuh l�/ � ' �c ���c S duh vrph srvlwlyh frqvwdqwv wkdw ghshqg rq
wkh phfkdqlfdo sdudphwhuv dqg ghvluhg wudmhfwru|/ dqg wkh frp0
srvlwh vwdwh yhfwru %E|� M U�? lv gh�qhg dv

% ]
�
#A +A WdqkA Ee�

�A
� +5:,

Ixuwkhupruh/ e| xwlol}lqj +44,/ lw fdq eh vkrzq wkdw �t
�
ec es c #c |

�
ri

+56, fdq eh xsshu erxqghg dv iroorzv��� �t ��� $ l. 8%8 +5;,

zkhuh l. lv vrph srvlwlyh frqvwdqw wkdw ghshqgv rq wkh phfkdqlfdo
sdudphwhuv dqg ghvluhg wudmhfwru| dqg %E|� zdv gh�qhg lq +5:,1

Qrz/ qrwh wkdw e| gl�huhqwldwlqj +46, dqg wkhq +49, zlwk uhvshfw
wr wlph/ zh fdq irup wkh iroorzlqj g|qdplfv iru wkh sdudphwhu
hvwlpdwlrq huuru

u

�w' 3Kt A
_ #� +5<,

Ilqdoo|/ +53, fdq eh uhduudqjhg wr rewdlq wkh g|qdplfv iru �eE|� dv
iroorzv

�e ' 3Wdqk Ee�3 + n #� +63,

���� ����	�	�� ������	�

Wkhruhp 4 Jlyhq wkh urerw g|qdplfv ri +4,/ wkh dgdswlyh frq0
wuroohu ri +47,/ +49,/ dqg +4:, hqvxuhv wkh vwdelolw| ri wkh htxl0

oleulxp
�
# ' fc �w ' fc + ' fc e ' f

�
dqg frqyhujhqfh wr wkh vhw

t# ' fc + ' fc e ' f� lq wkh uhjlrq��
#c �wc +c e

�
M U? f U

R f
�
3 �I

?
c
�I
?

�?
f U?

�
c +64,

surylghg wkh frqwuro jdlq & lqwurgxfhg lq +47, dqg +4:, lv vhohfwhg
dv iroorzv

& ' �
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� +65,

zkhuh 6� zdv gh�qhg lq +5,/ l�/ � ' �c ���c . zhuh gh�qhg lq +59,
dqg +5;,/ dqg &? lv dq dgglwlrqdo frqwuro jdlq vhohfwhg wr vdwlvi|
wkh iroorzlqj vx!flhqw frqglwlrq

&? : 2� +66,

Wklv phdqv/ lq sduwlfxodu/ wkdw joredo +vhh Irrwqrwh 5 iru gh�qlwlrq
ri �joredo�, dv|pswrwlf olqn srvlwlrq wudfnlqj lv dfklhyhg1

Surri1 Zh vwduw e| gh�qlqj wkh ixqfwlrq

T E#c �wc +c e� ]
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2
#A�E^�# n
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�'�

+5
l
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�'� *? EULt�Ee��� �
+67,

Zlwk uhjdug wr wkh vwuxfwxuh ri +67,/ zh qrwh wkdw *? EULt�Ee���
lv srvlwlyh0gh�qlwh dqg udgldoo| xqerxqghg/ dqg wkdw wkh ixqf0

wlrq
+5
l

�3+5
l

lv srvlwlyh0gh�qlwh dqg udgldoo| xqerxqghg rq wkh lq0

whuydo d3�c �o> khqfh/ T E|� ri +67, lv d srvlwlyh0gh�qlwh/ udgldoo|
xqerxqghg ixqfwlrq lq wkh vhw

7 ]
q�

#c �wc +c e
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� +68,

Diwhu wdnlqj wkh wlph ghulydwlyh ri +67, dorqj +58,/ +4<,/ +5<,/
dqg +63,/ zh rewdlq wkh iroorzlqj h{suhvvlrq iru �T E|�

�T ' #A
�
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|@?�2Ee�� +69,

zkhuh +6, zdv xwlol}hg1 Diwhu vxevwlwxwlqj +5,/ +59,/ +5;,/ dqg +65,
lqwr +69,/ zh rewdlq
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S E8+8 3 �� 8#82 �
Diwhu frpsohwlqj wkh vtxduhv rq wkh eudfnhwhg whupv ri +BB, dqg
pdnlqj xvh ri +5:,/ zh fdq sodfh wkh iroorzlqj qhz xsshu erxqg
rq �T E|�
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S
d8+8 3 �o 8#82 � +6:,

Li &? lv vhohfwhg dffruglqj wr +66,/ wkhq zh fdq xvh +6:, wr vwdwh
wkh iroorzlqj idfw

�T $ 3q8%82 li 8+E|�8 	 � �| D f +6;,



zkhuh q lv vrph srvlwlyh frqvwdqw zklfk vdwlv�hv f 	 q 	 �

2
1 Diwhu

qrwlqj wkdw 8+82 $ ? 4@ 
�

�+��2/ zh gh�qh wkh vhw
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� +6<,

Lw qrz iroorzv iurp +6;, dqg +6<, wkdw

�T $ 3q8%82 li
�
#c �wc +c e

�
M 7�� +73,

Vlqfh 7� a 7 zkhuh 7 zdv gh�qhg lq +68,/ wkh uhjlrq ri dwwudfwlrq
zloo frqwdlq wkh odujhvw ohyho vhw ri T E|� lqvlgh wkh vhw 7�1 Vlqfh doo

ohyho vhwv ri T E|� duh frqwdlqhg lqvlgh 7/ wkhq 7� lv lqyduldqw dqg dq
hvwlpdwh ri wkh vwdelolw| uhjlrq1 Khqfh/ iru lqlwldo frqglwlrqv lqvlgh
7�/ lw lv qrz hdv| wr vkrz wkdw %E|� M n" K n2 dqg �%E|� M n"1
Dssolfdwlrq ri Eduedodw*v ohppd ^49` qrz |lhogv

*�4
|<"

%E|� ' fc +74,

iurp zklfk joredo dv|pswrwlf olqn srvlwlrq wudfnlqj +l1h1/
*�4
|<"

eE|� ' f, gluhfwo| iroorzv gxh wr wkh gh�qlwlrq ri +5:, dqg

wkh surshuwlhv ri wkh k|shuerolf wdqjhqw ixqfwlrq1 �

Uhpdun 5 Qrwh wkdw ghvslwh wkh idfw wkdw wkh lqlwldo frqglwlrqv
iru wkh dx{loldu| vljqdo +E|� kdyh ehhq lqlwldol}hg wr }hur +l1h1/ vhh
+4:, dqg +4<,,/ wkh vwdelolw| uhvxow lv vwloo joredo iru wkh olqn srvlwlrq
wudfnlqj huuru vljqdo eE|� vlqfh qr uhvwulfwlrqv duh sodfhg rq wkh
vl}h ri 8eEf�8 +qrwh wkdw qr uhvwulfwlrq duh sodfhg rq wkh vl}h ri

8#Ef�8/
����wEf����/ dqg 8 �eEf�8 dv zhoo,1

71 H{shulphqwdo Uhvxowv

Wkh sursrvhg/ RIE dgdswlyh frqwuroohu zdv lpsohphqwhg rq d wzr0
olqn/ gluhfw0gulyh/ sodqdu urerw pdqlsxodwru exlow e| Lqwhjudwhg
Prwlrq Lqf1 ^46`1 Wklv urerw lv d wrutxh0frqwuroohg v|vwhp zklfk
xwlol}hv vshfldo sxusrvh hohfwurqlf kdugzduh wr hqdeoh wkh lpsoh0
phqwdwlrq ri wrutxh lqsxw frqwuro dojrulwkpv1 Vshfl�fdoo|/ wkh ur0
erw ihdwxuhv olqnv wkdw duh gluhfwo| dfwxdwhg e| vzlwfkhg0uhoxfwdqfh
prwruv zklfk duh frqwuroohg wkurxjk Qlssrq Vhlnr N1N1 gulyhv1 D
Shqwlxp 599 PK} SF uxqqlqj TQ[ +d uhdo0wlph/ plfur0nhuqho
edvhg rshudwlqj v|vwhp, krvwhg wkh frqwuro dojrulwkp1 Wkh frq0
wuro hqylurqphqw Tprwru 613 ^45/ 58` zdv xvhg wr ghyhors dqg wxqh
wkh frqwuroohuv1 Wkh Txdqvhu PxowlT L2R erdug surylghg iru gdwd
wudqvihu ehwzhhq wkh frpsxwhu vxev|vwhp dqg wkh urerw1

Dv surylghg e| wkh pdqxidfwxuhu/ wkh wzr0olqn urerw kdv wkh
iroorzlqj g|qdplf prgho ^46`
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� +75,

zkhuh R� ' ��e.� ^nj0p2`/ R2 ' f��b� ^nj0p2`/ R� ' f�2e2 ^nj0
p2`/ s_� ' D�� ^Qp0vhf`/ s_2 ' ��� ^Qp0vhf`/ S2]ULtE^2�/ dqg
r2] t�?E^2�1 Edvhg rq +9, dqg +75,/ wkh xqnqrzq sdudphwhu yhfwru
w fdq eh frqvwuxfwhg dv

w '
�
R� R2 R� s_� s_2

�A
� +76,

Wkh h{shulphqw zdv shuiruphg xvlqj wkh iroorzlqj ghvluhg sr0
vlwlrq wudmhfwru|
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^ghj` +77,

zkhuh wkh h{srqhqwldo whup zdv lqfoxghg wr hqvxuh wkdw �̂_Ef� '

�̂_Ef� '
uuu
^ _ Ef� ' f1 Wr lpsuryh wkh frqwuroohu shuirupdqfh gxu0

lqj wkh lpsohphqwdwlrq/ vrph dgglwlrqdo jdlqv zhuh lqwurgxfhg lq

wkh frqwuro odz ri +47,/ +49,/ dqg +4:, uhvxowlqj lq wkh iroorzlqj
frqwuroohu6
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+7:,
zkhuh REf� ' &e�Ef� dqg k�/ � ' �c ���c e duh srvlwlyh/ vfdodu frqwuro
jdlqv1 Wkh frqwuro dqg dgdswdwlrq jdlqv zhuh vhw wr wkh iroorzlqj
ydoxhv7

& ' _�@}t2Sfc He�Se�c
K ' _�@}t�2�Sc e�HSc 2�2Sc HS�2Sc �2�e�
k� ' �S��2Sc k2 ' ���2c
k� ' .H�Sec ke ' 2Sf�

+7;,

Zh qrwh wkdw doo wkh deryh jdlqv zhuh wxqhg e| wuldo0dqg0huuru xqwlo
wkh ehvw olqn srvlwlrq wudfnlqj shuirupdqfh zdv dfklhyhg1 Wkh
sdudphwhu hvwlpdwh 	wE|� zdv lqlwldol}hg wr }hur/ dqg wkh h{shulphqw
zdv uxq zlwk d vdpsolqj iuhtxhqf| ri 2 nK}1

Wkh h{shulphqwdo uhvxowv duh vkrzq lq Iljxuhv 4061 Wkh olqn
srvlwlrq wudfnlqj huuruv duh ghslfwhg lq Iljxuh 41 Qrwh wkdw wkh
vwhdg|0vwdwh huuru iru olqnv 4 dqg 5 vwd| zlwklq dssur{lpdwho| f�f.
^ghj` dqg f�� ^ghj`/ uhvshfwlyho|1 Wkh sdudphwhuv hvwlpdwhv duh
ghslfwhg lq Iljxuh 5 zkloh wkh frqwuro wrutxhv duh vkrzq lq Iljxuh
61

81 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh suhvhqwhg d qhz joredo/ rxwsxw ihhg0
edfn/ dgdswlyh wudfnlqj frqwuroohu iru uljlg0olqn urerw pdqlsxod0
wruv1 Wkurxjk wkh qhz ghvljq/ wkh sursrvhg dgdswlyh frqwuroohu
ryhufrphv vrph srwhqwldo gudzedfnv dvvrfldwhg zlwk wkh vwdelolw|
dqdo|vlv xvhg lq ^5<`1 Wkdw lv/ wkh forvhg0orrs huuru v|vwhp ghyho0
rsphqw dqg O|dsxqry vwdelolw| dqdo|vlv ruljlqdwh iurp d yhorflw|0
lqghshqghqw yhuvlrq ri wkh frqwuro vwudwhj|1 Dv lq ^5<`/ wkh sur0
srvhg frqwuro vfkhph jxdudqwhhv dv|pswrwlf olqn srvlwlrq wudfn0
lqj zlwk qr uhvwulfwlrqv rq wkh vl}h ri wkh lqlwldo srvlwlrq2yhorflw|
wudfnlqj huuru1 H{shulphqwdo uhvxowv iru d wzr0olqn/ urerw whvwehg
zhuh suhvhqwhg wr looxvwudwh wkh frqwuroohu shuirupdqfh1

Uhihuhqfhv

^4` V1 Dulprwr/ Y1 Sduud0Yhjd/ dqg W1 Qdqlzd/ �D Fodvv ri Olqhdu
Yhorflw| Revhuyhuv iru Qrqolqhdu Phfkdqlfdo V|vwhpv�/ Surf1
Dvldq Frqwuro Frqi1/ ss1 9660969/ Wrn|r/ Mdsdq/ 4<<71

^5` K1 Ehujkxlv dqg K1 Qlmphlmhu/ �D Sdvvlylw| Dssurdfk wr
Frqwuroohu0Revhuyhu Ghvljq iru Urerwv�/ LHHH Wudqv1 Ur0
erwlfv dqg Dxwrpdwlrq/ Yro1 </ Qr1 9/ ss1 :730:87/ Ghf1
4<<61

^6` K1 Ehujkxlv dqg K1 Qlmphlmhu/ �Urexvw Frqwuro ri Urerwv yld
Olqhdu Hvwlpdwhg Vwdwh Ihhgedfn�/ LHHH Wudqv1 Dxwrpdwlf
Frqwuro/ Yro1 6</ Qr1 43/ ss1 548<05495/ Rfw1 4<<71

�Wkh prgl�hg frqwuroohu ri +78,0+7:, zloo ohdg wr vrph plqru
fkdqjhv wr wkh gh�qlwlrq ri #E|� lq +53, dqg wr wkh �owhu g|qdplfv
ri +4<,1 Krzhyhu/ wkh vwdelolw| uhvxow gholqhdwhg lq Vxevhfwlrq 6161
zloo vwloo eh ydolg1

eWkh vwdelolw| dqdo|vlv uhtxluhg wkdw wkh jdlq & eh gh�qhg dv d
vfdodu> krzhyhu/ qrwlfh wkdw & zdv gh�qhg dv d pdwul{ gxulqj wkh
frqwuro lpsohphqwdwlrq1 Dowkrxjk zh fdqqrw wkhruhwlfdoo| mxvwli|
wklv prgl�fdwlrq/ zh kdyh yhul�hg iurp h{shulhqfh wkdw lw xvxdoo|
lpsuryhv wkh wudfnlqj shuirupdqfh lq qxphulfdo vlpxodwlrqv dqg
uhdo0wlph lpsohphqwdwlrqv1



^7` W1 Exuj/ G1 Gdzvrq/ dqg S1 Yhgdjduekd/ �D Uhghvljqhg
GFDO Frqwuroohu zlwkrxw Yhorflw| Phdvxuhphqwv= Wkhru|
dqg Ghprqvwudwlrq�/ Urerwlfd/ Yro1 48/ ss1 66:0679/ 4<<:1

^8` W1 Exuj/ G1 Gdzvrq/ M1 Kx/ dqg P1 gh Txhlur}/ �Dq Dgdswlyh
Sduwldo Vwdwh Ihhgedfn Frqwuroohu iru UOHG Urerw Pdqlsx0
odwruv�/ LHHH Wudqv1 Dxwrpdwlf Frqwuro/ Yro1 74/ Qr1 :/ ss1
435704364/ Mxo| 4<<91

^9` L1 Exunry/ �Dv|pswrwlf Vwdelol}dwlrq ri Qrqolqhdu Odjudqjldq
V|vwhpv zlwkrxw Phdvxulqj Yhorflwlhv�/ Surf1 Lqw1 V|ps1
Dfwlyh Frqwuro lq Phfkdqlfdo Hqjlqhhulqj/ O|rq/ Iudqfh/
4<<61

^:` L1Y1 Exunry/ �Phfkdqlfdo V|vwhp Vwdelol}dwlrq yld Gl�huhq0
wldo Revhuyhu�/ Surf1 ri wkh LIDF Frqi1 V|vwhp Vwuxfwxuh
dqg Frqwuro/ ss1 8650868/ Qdqwhv/ Iudqfh/ 4<<81

^;` F1 Fdqxgdv gh Zlw dqg Q1 Il{rw/ �Urerw Frqwuro Yld Ur0
exvw Hvwlpdwhg Vwdwh Ihhgedfn�/ LHHH Wudqv1 Dxwrpdwlf
Frqwuro/ Yro1 69/ Qr1 45/ ss1 47<:04834/ Ghf1 4<<41

^<` F1 Fdqxgdv gh Zlw dqg Q1 Il{rw/ �Dgdswlyh Frqwuro ri Urerw
Pdqlsxodwruv yld Yhorflw| Hvwlpdwhg Ihhgedfn�/ LHHH Wudqv1
Dxwrpdwlf Frqwuro/ Yro1 6:/ Qr1 ;/ ss1 45670456:/ Dxj1
4<<51

^43` F1 Fdqxgdv gh Zlw dqg M1 Vorwlqh/ �Volglqj Revhuyhuv iru
Urerw Pdqlsxodwruv�/ Dxwrpdwlfd/ Yro1 5:/ Qr1 8/ ss1 ;8<0
;97/ Pd| 4<<41

^44` U1 Froedxjk/ H1 Edudq|/ dqg N1 Jodvv/ �Joredo Uhjxodwlrq
ri Xqfhuwdlq Pdqlsxodwruv Xvlqj Erxqghg Frqwurov�/ Surf1
LHHH Frqi1 Urerwlfv dqg Dxwrpdwlrq/ ss1 447;04488/ Doex0
txhutxh/ QP/ Dsu1 4<<:1

^45` Q1 Frvwhvfx/ G1P1 Gdzvrq/ dqg P1 Or"hu/ �Tprwru 513 0
D SF Edvhg Uhdo0Wlph Pxowlwdvnlqj Judsklfdo Frqwuro Hq0
ylurqphqw/� LHHH Frqwuro V|vw1 Pdj1/ ss1 9; 0 :9/ Mxqh
4<<<1

^46` Gluhfw Gulyh Pdqlsxodwru Uhvhdufk dqg Ghyhorsphqw Sdfn0
djh Rshudwlrqv Pdqxdo/ Lqwhjudwhg Prwlrq Lqf1/ Ehunhoh|/
FD/ 4<<51

^47` N1 Ndqhnr dqg U1 Krurzlw}/ �Uhshwlwlyh dqg Dgdswlyh Frq0
wuro ri Urerw Pdqlsxodwruv zlwk Yhorflw| Hvwlpdwlrq�/ LHHH
Wudqv1 Urerwlfv dqg Dxwrpdwlrq/ Yro1 46/ Qr1 5/ ss1 5370
54:/ Dsu1 4<<:1

^48` U1 Nhoo|/ �D Vlpsoh Vhw0Srlqw Urerw Frqwuroohu e| Xvlqj
Rqo| Srvlwlrq Phdvxuhphqwv�/ Surf1 LIDF Zruog Frqjuhvv/
Yro1 9/ ss1 4:604:9/ V|gqh|/ Dxvwudold/ Mxo| 4<<61

^49` P1 Nuvwl�f/ L1 Ndqhoodnrsrxorv/ S1 Nrnrwryl�f/ Qrqolqhdu dqg
Dgdswlyh Frqwuro Ghvljq/ Qhz \run= Mrkq Zloh| ) Vrqv/

4<<81

^4:` D1D1M1 Ohihehu dqg K1 Qlmphlmhu/ �Joredoo| Erxqghg Wudfn0
lqj Frqwuroohuv iru Urerw V|vwhpv�/ Surf1 Hxurshdq Frqwuro
Frqi1/ Sdshu qr1 788/ Euxvvhov/ Ehojlxp/ 4<<:1

^4;` I1O1 Ohzlv/ F1W1 Degdoodk/ dqg G1P1 Gdzvrq/ Frqwuro ri
Urerw Pdqlsxodwruv/ Qhz \run= Pdfploodq Sxeolvklqj Fr1/
4<<61

^4<` V1\1 Olp/ G1P1 Gdzvrq/ dqg N1 Dqghuvrq/ �Uh0h{dplqlqj
wkh Qlfrvld0Wrphl Urerw Revhuyhu0Frqwuroohu iurp d Edfn0
vwhsslqj Shuvshfwlyh�/ LHHH Wudqv1 Frqwuro V|vwhpv Whfk0
qrorj|/ Yro1 7/ Qr1 6/ ss1 6370643/ Pd| 4<<91

^53` D1 Oruld/ �Joredo Wudfnlqj Frqwuro ri Rqh Ghjuhh ri Iuhhgrp
Hxohu0Odjudqjh V|vwhpv Zlwkrxw Yhorflw| Phdvxuhphqwv�/
Hxurshdq M1 Frqwuro/ Yro1 5/ Qr1 5/ ss14770484/ Mxqh 4<<91

^54` V1 Qlfrvld dqg S1 Wrphl/ �Urerw Frqwuro e| Xvlqj Rqo| Sr0
vlwlrq Phdvxuhphqwv�/ LHHH Wudqv1 Dxwrpdwlf Frqwuro/ Yro1
68/ Qr1 </ ss1 438;04394/ Vhsw1 4<<31

^55` U1 Ruwhjd/ D1 Oruld/ dqg U1 Nhoo|/ �D Vhpljoredoo| Vwdeoh
Rxwsxw Ihhgedfn SL2G Uhjxodwru iru Urerw Pdqlsxodwruv�/
LHHH Wudqv1 Dxwrpdwlf Frqwuro/ Yro1 73/ Qr1 ;/ ss1 47650
4769/ Dxj1 4<<81

^56` U1 Ruwhjd/ D1 Oruld/ S1M1 Qlfnodvvrq/ dqg K1 Vlud0Udpluh}/

Sdvvlylw|0edvhg Frqwuro ri Hxohu0Odjudqjh V|vwhpv/ Orqgrq=
Vsulqjhu0Yhuodj/ 4<<;1

^57` ]1 Tx/ G1 Gdzvrq/ M1 Gruvh|/ dqg M1 Gx!h/ �Urexvw Hvwl0
pdwlrq dqg Frqwuro ri Urerwlf Pdqlsxodwruv�/ Urerwlfd/ Yro1
46/ ss1 5560564/ 4<<81

^58` Txdolw| Uhdo0Wlph V|vwhpv/ kwws=22zzz1tuwv1frp1

^59` Q1 Vdghjk/ dqg U1 Krurzlw}/ �Vwdelolw| dqg Urexvwqhvv
Dqdo|vlv ri d Fodvv ri Dgdswlyh Frqwuroohuv iru Urerw Pd0
qlsxodwruv�/ Lqw1 M1 Urerwlfv Uhvhdufk/ Yro1 </ Qr1 6/ ss1
:70<5/ 4<<31

^5:` M1 \xdq dqg \1 Vwhsdqhqnr/ �Urexvw Frqwuro ri Urerwlf Pd0
qlsxodwruv zlwkrxw Yhorflw| Phdvxuhphqwv�/ Lqw1 M1 Urexvw
dqg Qrqolqhdu Frqwuro/ Yro1 4/ ss1 5360546/ 4<<41

^5;` H1 ]hujhurjox/ Z1 Gl{rq/ G1 Kdvwh/ dqg G1 Gdzvrq/ �D Frp0
srvlwh Dgdswlyh Rxwsxw Ihhgedfn Wudfnlqj Frqwuroohu iru Ur0
erwlf Pdqlsxodwruv�/ Surf1 Dphulfdq Frqwuro Frqihuhqfh/
ss1 63460634:/ Vdq Glhjr/ FD/ Mxqh 4<<<1

^5<` I1 ]kdqj/ G1P1 Gdzvrq/ P1V1 gh Txhlur}/ dqg Z1 Gl{rq/
�Joredo Dgdswlyh Rxwsxw Ihhgedfn Wudfnlqj Frqwuro ri Ur0
erw Pdqlsxodwruv�/ Surf1 LHHH Frqi1 Ghflvlrq dqg Frqwuro/
ss1 69670696</ Vdq Glhjr/ FD/ Ghf1 4<<:> dovr/ wr dsshdu lq
LHHH Wudqv1 Dxwrpdwlf Frqwuro1

Dsshqgl{ D1 Surri ri Erxqgv iru � dqg �t

Lq wklv dsshqgl{/ zh looxvwudwh wkdw wkh erxqgv jlyhq e| +59,
dqg +5;, duh ydolg1 Zh vwduw e| xvlqj wkh h{suhvvlrq jlyhq lq +57,
wr xsshu erxqg 8�8 dv iroorzv

8�8 $ 62 E8#8n 8WdqkEe�8n 8+8�
n62 8A8 E8+8n 8WdqkEe�8�
nlS� E8 �̂_8n 8WdqkEe�8n 8+8� E8+8n 8WdqkEe�8�
nlS� 8 �̂_8 E8+8n 8WdqkEe�8�
nlS� 8#8 E8 �̂_8n 8WdqkEe�8n 8+8�

+7<,
zkhuh +5, dqg +8, zhuh xwlol}hg1 Iurp wkh gh�qlwlrq ri A Eu� jlyhq
lq +48,/ zh qrwh wkdw

8A8 $
�
� n 8+82

�2
� +83,

Diwhu vxevwlwxwlqj +83, lqwr +7<,/ xvlqj wkh idfw wkdw �|@?�E%�� $ �/
�% M U/ dqg pdnlqj xvh ri +5:,/ lw lv qrw gl!fxow wr uhdfk wkh
uhvxow jlyhq lq +59,1

Wr suryh +5;,/ zh vxevwlwxwh +:, lqwr +56, wr surgxfh

�t ' E�E^�3�E^_�� �̂_ n ET6E^c �̂_�3 T6E^_c �̂_�� �̂_
n8_E^ 3 ^_� nCE^�3CE^_��

+84,

Diwhu dsso|lqj +8, dqg +44, wr +84,/ dq xsshu erxqg fdq eh sodfhg

rq
��� �t ��� dv iroorzv

��� �t ��� $ 8�̂_8 El6 8Wdqk Ee�8� n lS2 8 �̂_8 8Wdqk Ee�8
nls E8#8n 8WdqkEe�8n 8+8� n l} 8Wdqk Ee�8 �

+85,

Wkh uhvxow ri +5;, qrz iroorzv gluhfwo| iurp +85, gxh wr wkh gh�ql0
wlrq ri +5:, dqg wkh dvvxpswlrqv rq wkh erxqghgqhvv ri �̂_E|� dqg
�̂_E|��
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