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Abstract

This paper counsiders the integral-input-to-state
stabilization of a class of switched nonlinear
systems, which consist of integral-input-to-state
stable (ITSS) subsystems and subsystems whose
continuous states may eventually be unbounded
even if integrals of the corresponding inputs are
small. In general, a switched controller has two
parts: local controllers for subsystems and their
switching law. Here, a cycle analysis method
is used to derive a switched controller for the
integral-input-to-state stabilization of the consid-
ered system. The results obtained here extend
our previous work in that all subsystems are not
required to be IISS.

1 Introduction

This paper investigates the issue on the integral-
input-to-state stabilization of switched systems
modeled by

X(t) = fn(n (X (1), u(t)) (1)

where X (t) € R" is the continuous state, u(t) :
R, — RP is the control input, m(t) € M =
{1,--- ,n} is the index for the discrete states, and
{fir : KN xR — R"} is a family of sufficiently
regular functions. Each i € M stands for a location
where the system dynamics is governed by the
corresponding vector field f;(X (), u(t)) called a
subsystem.

For a subsystem in mode i € M, let X;(t) and
u;(t), respectively, denote the continuous state and
control input of the subsystem. Following [1],

the subsystem is said to be integral-input-to-state
stable (IISS) with respect to the input u; if for
some functions o; € Ko, B; € KL and ; € K, the
following estimate holds for any ¢ > 0

o (| X3 (t)]) < Bi(|X3(0)],2) +/0 illui(s)])ds, (2)

where | - | denotes the Euclidean norm. As estab-
lished in [2], a necessary and sufficient condition for
IISS is the existence of an IISS-Lyapunov function,
i.e., a positive definite and radially unbounded
smooth function V; : R" — R such that for a
positive definite function p; and a K function oy,

DVi(X) fi(Xi,ui) < —pi(|Xi]) + oi(fui]).  (3)

If condition (3) is changed into the following form
DVi(X) fi(Xi, ui) < pi(1Xil) + oi(ludl), — (4)

then we call such a subsystem as a pseudo-IISS
subsystem. Condition (4) implies that continuous
states are not necessarily eventually small even if
integrals of the corresponding inputs are small.

In [3], some results were derived to integral-
input-to-state stabilize switched nonlinear systems
under the assumption that each subsystem of the
considered switched nonlinear system is IISS. In
this paper, we enlarge the class of systems by
including pseudo-IISS subsystems in (1). In other
words, not all subsystems are required to be IISS.
A cycle analysis method proposed in [4] is used to
derive proper conditions for the integral-input-to-
state stabilization of system (1).

The remainder of the paper is organized as follows.
Section 2 establishes a state property of a pseudo-
IISS system. Section 3 contains main results.
Concluding remarks are given in Section 4.



2 Pseudo-1ISS Systems

In what follows, we will explore a state property
of a pseudo-IISS system. To this end, we need
some supporting results. Firstly, we establish the
following comparison lemma.

Lemma 1. For any (locally) absolutely continuous
function v : Ry — Ry, if there exists a continuous
and positive definite function p such that

o(t) < p(o(t)),

then there exists a continuously increasing function

F,: Ry xRy = Ry with T'y(0,-) =0 such that

vt >0, (5)

v(t) < Tp([o(0)],2), V=0,

Proof. From condition (5), we have

v(t)

IN

/0 p(u(r))dr +(0)
< Pttt +v(0)

where p/(t) = maxo<-<{p(v(7))}. If v(0) = 0,
then v(¢) =0 for all ¢ > 0 since p(0) = 0. Let

|0, if s =0;
Tp(s:1) _{ p (&)t +s, if s>0.

Then

() <T,(lv(0)],£), Vt>0.

O

Similar to Lemma 4.2 and Corollary 4.3 in [2], the
following lemma and corollary are obtained based
on Lemma 1.

Lemma 2. For some 0 < t' < oo, a continuous
function z : [0,t') = Ry and a (locally) absolutely
continuous function v : [0,t') = R with v(0) > 0
satisfy

3(t) < plmax{v(t) + 2(¢),0}) (6)

for all t € [0,t'). Here, p : Ry — Ry is a
continuous and positive definite function. Then,
there erists a continuously increasing function T, :
Ry x Ry — Ry with T'p(0,) = 0 such that the
following estimate holds:

v(t) < max{l'y(|v(0)[,2), 2]},

where ||z(t)]| = ess sup{|z(s)|,s € [0,t]}.

vt e [0,t") (7)

Proof. Without loss of any generality, we may
assume that p is locally Lipschitz. Otherwise, one
may replace p by any function majorized by p.

Consider the function w : [0,¢) — R such that
w(t) = p(max{w(t) + z(t),0}) with w(0) = v(0).

Let
to = max{t > Olw(t) < [|lz(2)[|}

Then, w(t) < ||z(t)| for any ¢ € [0, ¢o] since w(t) is
a nondecreasing function.

For any t € [to,t'), we have w(t) > ||z(¢)|| > 2(t) >
0 from the definition of ||z(¢)||. That is 0 < w(t) +
z(t) < 2w(t) for any ¢t € [to,t). Thus, from the
definition of w(t)

w(t) < p(2w(t))

From Lemma 1, there exists a continuously in-
creasing function I', : Ry x Ry — R, with
I',(0,-) = 0 such that

w(t) < Tp(|w(to)],t —to), Vt € [to,t')
Thus, for all ¢ € [0,#')
w(t) < max{T,(lw(to)],t —to), [|2(¢)|}

It follows from the standard comparison principle
that v(t) < w(t) for all ¢ € [0,t"). Therefore, (7)
holds. O

The following is a consequence of Lemma, 2

Corollary 1. For some 0 < t' < oo, any (locally)
absolutely continuous function v : [0,t') — Ry
and any measurable, locally essentially bounded
function z : [0,t") — Ry satisfy

o(t) < p(v(t)) +2(t), Ve [0,

where p : Ry — Ry is a continuous and positive
definite function. Then, there exists a continuously
increasing function I';y @ Ry x Ry — Ry with
I',(0,-) =0 such that

t
v(t) < Tp(Jv(0)],2) —l—/o 2z(7)dr, Vte|[0,t)

Proof. Without loss of any generality, we may
assume that p is locally Lipschitz. Otherwise, one
may replace p by any function majorized by p.

Consider the function w : [0,#) — Ry such that
w(t) = p(w(t)) + z(t) with w(0) = v(0). It follows



from the standard comparison principle that 0 <
v(t) < w(t) for all ¢t € [0,t'). Let

¢
2 (t) = / 2(r)dr (8)
0
and
wi(t) = w(t) — z1(t), (9)
then for almost all ¢ € [0,¢') we have

in(t) = plw(t) + 2(t) — 2(t)
= p(max{w;(t) + 2 (t),0}

p(w(t))
);

where the last equation holds since w(t) > 0.
It follows from Lemma 2 that there exists a
continuously increasing function I'y : Ri. x Ry —
R, with I',(0,-) = 0 such that

w (t) < max{lp(|wi(0)],2), ||z (B[]},
Further, from (8) and (9) we have

vt € [0,t').

o(t) < w(t) < max{lp(lwi(0)],2), 20 (@A)} + 21(F)
= max{Lp(|v(0)[,2), 21 ()]} + 21(F)
< Tp([v(0)], ) + Iz (@] + 21(2)

t
L,(Jv(0)],1) +/ 2z(T)dT

0
for all t € [0,¢"). Thus, we complete our proof. [

Now we consider a pseudo-IISS subsystem corre-
sponding to mode i € M. For a pseudo-IISS
subsystem, there exist a continuously differentiable
function V; : R" — R, a positive definite function
pi and some functions o1 ;,02; € Ky, 03; € K
such that

oLi(IXi(D)]) < Vi(Xi(t)) < o2:(1Xi(D)]), VXi(t) € R

and VX;(t) € R" and u;(t) € RP,
Xi(1)) fi(Xi(t),

Then, we have

DVi(

Vi(Xi(#)) pi(|Xi()]) + o3,i(|ui(t)])
pilor; (Vi(Xi(1)))) + o3(ui(t)])

Pi(Vi(Xi(£) + o3 (|ui (£)]).

where the last inequality holds since |X;(t)| <

o, ll(V(XZ(t))) Obviously, p is a continuous and

> IA A

ui(t)) < pi(|1Xi(8)]) + o3, (lui(t)]).

positive definite function. It follows from Corol-
lary 1 that there exists a continuously increasing
function I'; : Ry xRy — Ry with I';(0,-) = 0 such
that V¢ > 0,

t
Vi(Xi(8) < Ta(Vi(X:(0)), 1) + /0 2031 (s ()] ds.
Hence,

ai(|[Xi(®)]) < Vi(Xi(t)) < Ti(ogi(1X:(0)]), %)

t
+ [ 2omuo))ds
0
which can be converted into the following form

1Xi(1)] < oy (Di(ei (1 X (0)]), 1))

rait ([ 2o

2 B.(X:0),0) + s ( / vz,iuui(s)nds) (10)

where [i(s,t) = ai}(Fi(agyi(s),t)), T,i(s) =
all(s) and y2,i(s) = 203,i(s). Clearly, B;(s,t) is a
contlnuously increasing function with 3;(0,:) = 0
since for a Ko function aq;, its inverse function
af% is also a Ko function. Also 7v;;(s) is a £
functions.

Remark 1. Condition (10) implies that for a
pseudo-IISS system, the corresponding 0O-input
system is not mnecessarily globally asymptotically
stable.

Remark 2. As stated in [5], condition (2) holds
if and only if there exist a ICL function 5, and K
functions 7y1;,v2,; such that

Xi0)] < BIX O], 1) + 7 ( / 72,i(|ui<s)|)ds) |

Comparing with condition (10), we can conclude
that for a subsystem corresponding to mode i €
M, no matter it is IISS or pseudo-IISS, its state
satisfies a condition in a similar form. Concretely,
if a subsystem is IISS, then the corresponding [B;
in (10) is a KL function. Otherwise, [; is a
continuously increasing function with £;(0,-) = 0.

Remark 3. For any §; satisfying a condition (10),
if we let t = 0, then we can get the following

property:

Bi(s,0) > s, Vs € R;. (11)



In particular, for a B; corresponding to a pseudo-
IISS subsystem

,Bi(S,t)ZBZ'(S,O)ZS, \V/SER—HtER—F' (12)

So far, we obtain a uniform form for the state
properties of IISS and pseudo-T1ISS subsystems.

3 Main Results

We now introduce the concept of “cycle”, which
is very important for stability analysis of switched
systems [6]. A logical path of length k+1 in system
(1) is a sequence m(7;),m(7j41), ==+ Mm(Tjqx). A
finite logical path m(7;),m(7j41), -+, m(7j4x) is
closed if m(7;) = m(7j4x). A closed logical path
LC = m(1j),m(Tj41), -+, m(7j4x) in which no
state appears more than once except for the first
and the last is a cycle. All types of cycles can be
found out by graph theory [7].

In this paper, we make the following assumption
for the discrete states of system (1).

Assumption 1. For any m(r), m(7') € M, there
exist at least a path from m(7t) to m(7') and at
least a path from m(7') to m(1), respectively.

Remark 4. Assumption 1 implies that any pair of
discrete states is reachable.

Thus, for any m(7), there exists at least a cycle
which includes m(7). Here, we suppose that the
total number of the types of cycles is §y and denote
these cycles as LC(1),LC(2), ---, LC(6y). For
any cycle LC(j) (1 < j < 6p), we use j' to denote
the number of elements in LC(j). Figure 1 is an
illustrative example of such discrete states.
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Figure 1: An illustrative example of discrete states

In general, a switched controller has two parts:
local controllers for subsystems and their switching
law. We now discuss some requirements on the

switching law of system modes. Let t’;yi and t’g}i

denote respectively the kth starting time and the
kth ending time of mode i (i € M). The activation
time of a subsystem is required to satisfy, for an
IISS subsystem

i%f{t’;i —ty;} = AT, >0 (13)
and for a pseudo-IISS subsystem

szp{tlg’i — tf,i} = AT, < 400, (14)

and for any cycle LC(j) (1 < j < 6y) and any
se Ry

Ile (26]2 ( t (26]3/,1 (QBJJ/ (287 ACZ—"]‘]'I )7 ATjj/,l)a
"')7ATj2)7ATj1) <es<s, (15)

where for all | = 1,2,--- ,j' — 1,5/, j € LC(j) and
Bj, are specified as in Remark 2, j; # jo # -+ #
jjr—1 # jjr, and 0 < € < 1.

Remark 5. Condition (15) implies that there
exists at least one IISS subsystem contained in
cycle LC(j). This is because if there is no IISS
subsystem in cycle LC(j), then from (12)

Ile (26]2 ( t (26]3/,1 (QBJJ/ (287 ACZ—"]‘]'I )7 AT‘]']-I,I )7
e )a Asz)a Ale)
/le (25]'2 ( e (25]3/,1 (2ﬁjj/ (2‘9’ 0)? 0)? Tt )a O)a 0)

> 27" > s,

Y

which contradicts with (15).

Remark 6. Under the above switching law of
system modes, it can be easily shown that system
(1) is IISS if the number of switchings is finite,
since from (18) and (14), this case implies that
the final mode of system (1) must be in a mode
corresponding to an IISS subsystem.  So, we
only need consider the case that the number of
switchings is infinite.

Theorem 1. Consider system (1) with IISS and
pseudo-11SS subsystems wunder the control law
u(t) = wui(t), i = 1,2,---,n. Suppose that
Assumption (1) holds and the switchings of system

modes satisfy condition (15). Then, the system is
11SS.

Proof. For simplicity, the following proof just
considers the case that 68 = 1. That is the total



number of types of cycles for the discrete states of
system (1) is 1. The techniques being used in the
following proof can be easily extended to the case
that 69 > 1.

Without loss of generality, we assume the initial
mode is mode 1, the initial continuous state is X (0)
and the system switches its modes in the sequence
12— =n-1-=-n-=1—=2—=---.
Note that X () = X;(t) and u(t) = w;(t) if the
present mode is i € M, and the fact that for any
increasing function y : Ry x Ry — Ry, and any
constants a,b € Ry,

y(la+b,t) < max{y(2a,t),y(2b,t)}
2 y(2a,t) By(2b,t).

. .. te;
For simplicity, let v; 1 = 71,i (ft’“ 72’i(|u(s)|)ds>.
Then from (10),

X (e ) <BL(IX(0)],t01) + 711
<B(X(0)], ATy) + 71,13
|X(té,2)| §ﬁ2(|X(t}3,1)|, ti,2 - té,1) + 2,1
<B2(26:(1X(0)[, ATy), ATy)
B62(271,1, ATs) + 72,15
X (tez)| < B3(IX (te2)], te 3 — teo) + 7301
§ﬁ3(252(251(|X(0)|a ATy), ATz), ATs)
EE|,63(2B2(2’}/1,1, AT,),ATs) B
B3(27v2,1, AT3) + 73,1

|X( )|</8n(|X(en 1)|’ e,n ttlzn 1)+7n,1

</8n(2/3n (- (263(262(26: (|1 X (0)],
ATy), ATy), ATs), -+ ), AT,_1),AT,) B
Brn(2Bn-1(- - (283(262(271,1, ATz), AT3), - -+ ),
AT, 1),AT,) B
Bn(2Bn-1(: -+ (2B3(272,, ATY), -+ ),
AT, 1),AT,)8B---H
IBTL(2ﬁTL71 (2'Yn72,17 ATnfl)a ATn) H
IBH(2’YTL*1,17ATTL) + Yn,1

< el X(0)] B Bn(2Bpn-1(- -+ (283(2B2(271,1,
ATy),ATs),---),AT,—1), AT,) H
Bn(2Bn—1(- -+ (283(272,1, AT3), - - - ),
AT,_1),AT,)B---H
/Bn(Q/Bn—l (27n—2,13 ATn—l)a ATn) H
IBH(2’YTL*1,17ATTL) + Yn,1

where the last inequality holds from (15).

Utilizing the induction method, we can further get
the expression of | X (t’g7n)| for £ > 3. We here omit
such an expression because of space limitation.

Let
M) = D 71ils)
i=1
Y(s) = > y2ils)
i=1

v = o ([ latnas).

Note that 0 < € < 1, then the following holds

X (8 )] < F1X(0)] 8 ey, B Bu(2Bn1(---
(263(202 (273, ATh), ATs), - - ), ATy—1), AT,) B
Br(2Bn—1(--- (283 (2vye ,, AT3), -+ ), ATn 1), ATy)
B 8 fn(26n-1(2vy , ATh—1), ATh)

B0 (27, ATn) + i,

In what follows, we consider the general case that

te [th{l,t'e“J{l] in mode 1.

X ()] < B1(26°1X(0)],t —t51) B Bi (2eve, t — 15,) B

B1(26n (2Bn-1(- - (283(282(2v;, AT,), AT3),---),
ATnfl)a ATn)a t— tlz,l) H

B1(2Bn(2Bn—1(- - - (2B3(2vt, AT3), - -
AT,),t—tf )@ @
B1(2Bn (280121, AT 1), ATy, t — th )
BB1(26n (21, AT,), t — tF ) B

B2y, t —th 1) + v (16)

where the fact that ~ > Y s used since ¢ >
ik gkl ’

)7ATTL*1)7

Without loss of generality, we assume the modes
i1, -+ yim € M correspond to IISS subsystems,
the other modes 4,1, ,ip € M correspond to
pseudo-1ISS subsystems. For s > 0, define

B(s,t) = Zﬁ% (2€*s,0) Z By, (2€"s, AT;,)
j=m+1
I(s) = Zﬁw (25,0) Z By, (25, AT;))
j=m+1

Obviously, £(s,t) is a KL function since 0 < € < 1
and k — +oo ast — 400, and I'(s) is a K function.



From (16) and properties (11), (12), we have

(XOI <A TBAX0)8)) )
———

where
Bs,t) = TT(---(C(B(s,1))--))
n—1
Y(s) = DO T(s) ) +7(s)
—_——

f and 7 are, respectively, a KL function and a
K function since § and I' are, respectively, a KL
function and a K function; and v} is a K function
from the fact that for IC functions ¢;, ¢ = 1,--- |1,
Zézl ¢; is also a K function. Thus, system (1) is
T1SS in the case of t € [t*1! t#11]. In a similar way,

s,1 2 %,1
we can consider the other cases of ¢ € [tF 1! 1],
i =2,---,n and get the same result as (17).

So far, the proof is completed for the case that
Oy = 1. O

4 Conclusion

This paper investigates the issue on the integral-
input-to-state stabilization of a class of switched
nonlinear systems by a cycle analysis method. Any
pair of discrete states of the considered system is
assumed to be reachable, and the system consists
of IISS subsystems and pseudo-1ISS subsystems.
For a pseudo-IISS subsystem, we first obtain a
similar state property to that of a IISS subsystem.
Then based on these state properties of IISS and
pseudo-1ISS subsystems, we prove that the sys-
tem can be integral-input-to-state stabilized under
some proper conditions including local controllers
for subsystems and their switching law.
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