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Abstract: The problem of global stability
in scalar delay differential equations of the
form ẋ(t) = f(x(t − τ)) − g(x(t)) is studied.
Functions f and g are continuous and such
that the equation assumes a unique equilib-
rium. Two types of the suffiecient condi-
tions for the global asymptotic stability of
the unique equlibrium are established: (i)
delay independent, and (ii) conditions in-
volving the size τ of the delay. Delay inde-
pendent stability conditions make use of the
global stability in the limiting (as τ → ∞)
difference equation g(xn+1) = f(xn): the
latter always implying the global stability
in the differential equation for all values of
the delay τ ≥ 0. The delay dependent
conditions involve the global attractivity in
specially constructed one-dimensional maps
(difference equations) that include the non-
linearities f and g, and the delay τ .

1. Object and Assumptions

Nonlinear delay differential equation

ẋ(t) = f(x(t − τ)) − g(x(t)) (1)

is considered, where functions f and g are
defined and continuous on the positive semi-
axis R+ := {x : x ≥ 0} with the values in
R+.

The following basic hypotheses are as-
sumed throughout the paper without further
mentioning: (H1) g(x) is strictly increasing,
g(0) = 0, and limx→+∞ g(x) = +∞; (H2)

there is exactly one point x̄ > 0 such that
f(x̄) = g(x̄); moreover, f(x) > g(x) in (0, x̄)
and f(x) < g(x) in (x̄,∞).

The above hypotheses are motivated by
specific applications, see e.g. [1-3] and fur-
ther references therein.

2. Main Results

2.1 Invariance. Equation (1) is equiva-
lent, via the change of variables t = τ · s,
to the equation

µẋ(t) = f(x(t − 1)) − g(x(t)) (2)

where µ = 1/τ . The limiting case µ = 0(τ =
+∞) in (2) results in the difference equation

f(xn) = g(xn+1), n ∈ Z+ (3)

which can be solved explicitly for xn+1:

xn+1 = g−1(f(xn)) := F (xn), n ∈ Z+.
(4)

Some dynamical properties of the one-
dimensional map F can be translated to
those of equation (2), for arbitrary positive
values of the parameter µ. This is true,
in particular, with regard to the invariance
property and the global stability property.

Let I ⊂ R+ be a closed invariant under
F interval. Set X := C([−1, 0],R+), and
XI := {ϕ ∈ X : ϕ(s) ∈ I ∀s ∈ [−1, 0]}.
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Theorem 1. The set XI is invariant un-
der equation (2). That is, with ϕ ∈ XI

the corresponding solution x(t) = x(t; ϕ) sat-
isfies x(t) ∈ I for all t ≥ 0 and every
µ ≥ 0. The interval I can be determined as
I := [m, M ], where M := g−1(max[0,x̄] f(x))
and m := g−1(min[0,M ] f(x)). Moreover, for
every ϕ ∈ X there exists time T = T (ϕ, µ)
such that x(t) ∈ I for all t ≥ T .

The above interval [m, M ] provides an
upper estimate for the largest possible invari-
ant interval of the map F = g−1 ◦ f . The
actual maximal interval with the same prop-
erties as described by the Theorem is given
by I0 = ∩n≥0F

n(I) where the upper index n
stands for the n−th iteration of the map F .

2.2 Global Stability. In the case when
the interval I0 degenerates into a single point,
which is necessarily the fixed point x = x̄,
one has the globally attracting fixed point
for the map F . The implication for the delay
differential equation (2) is that it is globally
asymptotically stable.

Theorem 2. Assume that x = x̄ is the
globally attracting fixed point of the map F ,
that is limn→∞ F n(x0) = x̄ for every x0 ≥ 0.
Then for any initial function ϕ ∈ X and ev-
ery µ > 0 the corresponding solution x(t) of
equation (2) satisfies limt→∞ x(t) = x̄.

Theorem 2 provides delay independent
sufficient conditions for the global asymp-
totic stability in equation (1). Its proof is
based on a detailed comparison of solutions
of equation (2) and the dynamics of the map
F (i.e., difference equation (3)). Informally
stated, the dynamics of the latter dominates
the dynamics of equation (1).

The delay dependent conditions for the
global asymptotic stability in equation (1)
make use of the following one-dimensional
map

G(x) :=
1 − e−ατ

α
·f(x)+[x̄−1 − e−ατ

α
·f(x̄)],

(5)

where α := inf{ g(x)−g(x̄)
x−x̄

, x ∈ I} is assumed
to be positive. When g(x) is differentiable
the quantity β := inf{g′(x), x ∈ I} can be
used as an approximation to α.

Theorem 3. Suppose that x = x̄ is the
globally attracting fixed point of the map G.
Then the constant solution x(t) = x̄ of equa-
tion (1) is globally asymptotically stable.

3. Conclusion

Sufficient conditions for the global asymp-
totic stability in the infinite-dimensional
nonlinear dynamical system defined by equa-
tion (1) are given in terms of global attractiv-
ity in specially constructed one-dimensional
maps. Theorem 2 provides delay indepen-
dent conditions while Theorem 3 gives con-
ditions explicitly dependent on the delay τ
as well as the nonlinearities f and g in-
volved. The conditions of Theorem 3 are
generally more strong than those of Theo-
rem 2; this can be easily seen for the par-
ticular case of linear function g(x), g(x) =
g(x̄) + α(x − x̄). Because of the comparison
with one-dimensional maps both sets of con-
ditions are easily verifiable in practice, e.g.
numerically. Theorem 2 also includes the re-
sults on global stability of equation (1) from
[1] as partial cases. It also indicates that they
all are basically a consequence of the global
attractivity of the one-dimensional map (4).
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