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The problem of global exponential stabilization of a class of
nonholonomic systems via smooth time-varying control is
addressed. It is shown that smooth aperiodic time-varying
controls for globally exponentially stabilizing a nonholo-
nomic system can be easily synthesized if the system is aug-
mented with some auxiliary state(s). The proposed method
provesto be effective for awide class of honholonomic sys-
tems including the chained form system, multiple chained
form system, power form system, Brockett system, etc. Sim-
ulation examples are introduced to demonstrate the effec-
tiveness of the method.

1 Introduction

Controlling nonholonomic mechanical systems has attracted
much attention recently and has become a very active re-
search area. As pointed in an early paper of Brockett [6],
a nonholonomic system with more degrees of freedom than
controlscan not be asymptotically stabilized by any continu-
ous pure-state feedback. In order to circumvent this obstruc-
tion, three main research directionshave been followed. The
first solution consists of using discontinuous feedback ,the
second one consists of using time-varying continuous feed-
back, and the third one consists of middle strategies, i.e.,
discontinuous and time-varying strategies.

The first possibility was first proposed by [4] and then fur-
ther discussed by [5] and [7] to make a kinematic model of
three-dimensional robot globally converge to a given con-
figuration. This system is equivalent to a three-dimensional
chained form. In [1] an elegant discontinuous coordinate
transformation approach is proposed for solving the expo-
nential stabilization problem for a class of nonholonomic
systems. The designed control strategy is discontinuous
only on a superplane of the state space.

The second possibility was first proposed and investigated
in [13] for the stabilization of a unicycle-type vehicle whose
equations can be converted into athree dimensional chained

1This work was supported by the National Key Project, the National
Natural Science Foundation of China and Fok Ying Tung Education Foun-
dation

system. Since then this kind of control designs has drawn
much attention of many authors [11, 12, 14, 16]. In [§],
Coron established some general existence theorems which
basically state that any driftless controllable system (such as
the chained system) can be asymptotically stabilized, even-
tualy in finite time, by means of time-varying continuous
feedback. However, these time varying control laws produce
very slow convergence of system states. As so far, thereis
no results on exponential stabilization of nonholonomic sys-
tems by using smooth time varying feedback.

In this paper, we restrict our attention to smooth time-
varying control of nonholonomic systems. We show for the
first time that smooth aperiodic time-varying controlsfor ex-
ponentially stabilizing a nonholonomic system can be eas-
ily synthesized if the system is augmented with some auxil-
iary state(s). By comparison with other existing (continuous
and discontinuous) time-varying control results, besides the
simplicity of the design procedure, the trgjectory of system
states designed by our control strategy avoids the zig-zag
path and is thus more reasonable, and the convergence ex-
ponents can be evaluated easily and assigned arbitrarily. The
method also overcomes the drawback of discontinuity of
the existing pure-state feedback approaches. The proposed
method proves to be effective for a wide class of honholo-
nomic systems including the chained form system, multiple
chained form system, power form system, Brockett system,
etc. Simulation examples are introduced to demonstrate the
effectiveness of the method.

2 Stabilization of the chained form system

The modelling equations of anumber of nonholonomic sys-
tems, e.g., unicycle-type carts, car-like vehicles with trailer,
etc., can be converted into canonical chained form control
equations (seeg, e.g., [11]).

Xl = U,
X2 = U,

(1)
Xi = X-1U1, i:37"'7n

Before proceeding to our main result of this section we in-



troduce some preliminary lemmas.

Lemma 1:[15] Consider the linear time-varying system
X= (Ao+Aq(t))x 2

where x € R" isthe state vector of the system. Suppose Ag €

R™" is a Hurwitz matrix, A;(t) € R™" is smooth int and

satisfies

) gIIAl(t)Ildt < oo,

2) limAy(t) = 0.

Then the state x(t) of system (2) is uniformly exponentially
stable.

Similarly we can establish the following lemma.

Lemma 2: Consider the linear time-varying control system
X = (Ap+ A1(t))x+ (Bo+By(t))u 3

withx € R", u € R™. Suppose (Ao, Bp) is astabilizable pair,
Ai(t) and By (t) satisfy

1) 2’°||A1(t>||dt<oo, Z||Bl<t>||dt<oo

2) limAq(t) =0, limBi(t)=0

then there exists a state feedback u = —Kx which make the
closed system be uniformly exponentially stable.

Theorem 1. The chained form system (1) can be glob-
ally exponentially stabilized by the following smooth time-
varying state feedback control:

wt = ePi @
w(t) = —kxp—---— knxne(”*Z)Bt (5)

wherek € Rji = 2,---,n are some constants,
f(t) = f0+ f]_(t) = fo+Ce*(G*[3)t (6)

where fo,C,a,3 are some non-zero real constants, and a >
B>0.

Proof: We prove the theorem by a constructive method. Let
usfirst consider how to design the control law for u;. A key
idea of this paper isto introduce an auxiliary state xo(t) into
the system such that

XoZXl.

Then the states Xp and x; compose a linear subsystem as
follows

Xo = X4,
X]_ =Uu. (7)

A simple stabilizer for this subsystem can be designed as
U1 = —Koxo — Kixg (8)

where ko, ky > 0. If we choose such ko, k; that k2 — 4ko > 0,
then the system (7) has two negative real eigenvalues —a <
0,—B < 0. Suppose that, without loss of generality, a > (3.
The solution of the system can be then written as

xot) = coe % 4cre® (9)
xi(t) = —oacoe ™ —pBere ™ (10)

where ¢y, ¢ are some constants determined by initial values
of the system states:

—Bx%(0) —x1(0)

Co B , (11)
o = %_*51(0). (12)

Let z denote the slower mode of the solution of the subsys-
tem (7),i.e,
z(t) =e P, (13)

With this notation the equations (9) and (10) can berewritten
as

xot) = z(t)(coe @ Pl tcy), (14)
xi(t) = —z(t)(acoe™ @ P4 Bey). (15)
The control law for u; can be also rewritten as
up =z(t) f(t) (16)
with
f(t) = fo+ fa(t) (17)
where
fo = (kiB—ko)cy, (18)
fi(t) = (ke —ko)coe™ @R, (19)
Note that ko = af3, ky = a + . So we have
ax%o(0) +x1(0) _ 20%0(0) +x1(0)
a-B a-B

We can aways choose an initial value of the auxiliary state
%0(0) such that fg # 0.

fo=((a+PB)B—aB)

=B

Now we consider the design procedurefor uy. Introducethe
following time-varying coordinate transformation:

Y2 = §2

y3 = é’

Yo = 2 (20)
Yo = 2%

N



Note that z(t) = —Pz(t). So we obtain

Y2 = W
ys = f(t)y2+Pys
ya. = f(t)ys+2Bya (21)

o = FYn1+(n—2)Byn

Define anew state vector y = [y, ---,Yn|". The system (21)
can be rewritten in the matrix form:

y=(Ao+Ax(t))y+Buy (22)
where
i 0 0 o0
fo B O 0 0
Ay = 0 fp 2B 0 0 . (23
(00 0 - fo (N-2)P
0 0 O0-- 0 O
fit) 0 0--- 0 O
. 0 0 O fi(t) O
B =[10---0]. (25)

Itiseasy to see A4 (t) satisfies the condition
/||A1(t)||dt <w, and  limAut)=0.
0

So according to Lemma 2 the system (22) can be stabilized
by a state feedback
Uz = —Ky

if (Ag,B) isstabilizable, where
K=Tlkz, -+, Kn].

Straightforward calculation shows that the rank of matrix
[B AoB --- A 2B] is equa to n— 1 if and only if fo # 0.
Since fp # 0 can be always guaranteed as we have noted
before, (Ag,B) is controllable and the spectrum of matrix
Ao — BK can be assigned arbitrarily through the state feed-
back gain matrix K. By Lemma 1, the state y(t) isuniformly
exponentially stable if Ag — BK isarranged asaHurwitz ma-
trix. Clearly, when y(t) is uniformly exponentially stable,
by (20), the states x;(t),i = 2,---,n of the original system
are also uniformly exponentially stable. The theorem isthus
proved. Q.ED

Remark 1:With the help of the auxiliary xg we have avoid
the problem of uncontrollability of the second subsystem on
the superplane x1(0) = 0. Indeed, if u; were designed sim-
ply as[1]

up = _Bxl,

then we would have
x1(t) = x(0)e P

Under the coordinate transformation

Y2 = X2
- X
)/3—)(24
Yo = 7

X
yn:anZ

where z = e Pt (note that this transformation is different
from that used by [1], where instead of e Pt the author of
[1] used the first state x; to "dilate” the coordinates), we
would obtain aLTI subsystem

y = Ay+ Buy
where
0 0 O 0 0
x1(0) B O 0 0
A= 0 xi(0) 2B 0 0 ’
0 0 0 - x(0) (n—=2)B

B=[100--- 0T

It is obvious that the system is uncontrollable on the super-
plane x1(0) = 0.

We can extend the result of Theorem 1 to the following mul-
tiple chained form system with single generator [2]

X1 = U1,
oo TN
%" =" X" =" (26)
O e e
X = xgl)_lul T s T

Theorem 2: Themultiple chained form system can be glob-
ally exponentially stabilized by the following smooth time-
varying state feedback control:

u(t) = e P (27)
B0 = KA ke
_klglii)XS'lii)e(ni_Z)Btvi =1,---,m (28)
where
f(t) = fo+ fu(t) = fo +Ce (@B (29)

and fo,C, a, B are some non-zero real constants, a > 3 > 0.

Simulation with 4-dimensional chained form system has
been conducted. Theinitial condition is chosen as

(Xl(O),Xz(O),Xg(O),M(O)) = (07 -1,05, 05)



Note that the state feedback control law of [1] can not be
directly applied because the control law for up givenin[1] is
undefined (discontinuous) on the superplanex; (0) = 0. Now
apply our method. Select ko = 3,k; = 4,%p(0) = 2.0. Then
a =3,=1,fo=3.0. The gain vector is synthesized by
using LQ optimal control design method with the optimality
criterion

3= [ Q) + U Rugle (30)
0

where the weight matrices Q, R are chosen asR = 16 and

400
o040l
[0 0 4J
Then we obtain the gain vector
K = [k ks ka] = [7.519.37 5.91].

This gain vector assigns the eigenvalues of the matrix Ag —
BK a A1 = —2.23,\23 = —1.144+1.08j. Simulation re-
sults are shown in Fig. 1 to 3. Note that al the state and
input variables are bounded and (exponentially) convergeto
zero. By comparison with other existing (continuous and
discontinuous) time-varying control results, the trajectory of
the system states designed by our control strategy avoidsthe
Zig-zag path and is thus more reasonable.

3 Stabilization of the Brockett system

Brockett system (or Brockett intergrator) described by

X1 = Uy,

X2 = Uy, (31

X3 = XaU1 — X1l
isawell known nonholonomic system given by Brockett in
his famous work [6]. Since the Brockett's necessary condi-
tion for stabilization by pure state feedback was proposed,
controlling this system has become a benchmark problemin
the field of nonlinear system control. The problem has been
considered by many authors and, in particular, the exponen-
tial stabilization problem has been solved by using discon-
tinuous state feedback law [3]. In this section we will show
that the exponential stabilization problem for Brockett sys-
tem can be aternatively solved by using a simple smooth
time-varying state feedback approach.

Using Lemma 2 and the design procedure given in the pre-
vious section we can prove the following result.

Theorem 3: The Brockett system (31) can be globally ex-
ponentially stabilized by the following smooth time-varying
state feedback control:

ur(t) = e PLe(t), (32)
Up(t) = —koxo — kaxse™ (33)

with
f(t) = fo+ fu(t) = fo+Ce (@ PN (39)

where fo,C,a, 3 are some non-zero real constants, and a >
B>0.

Simulation for controlling the Brockett system has been con-
ducted. Theinitial states was chosen as

(Xj_(O) ) XZ(O) > X3(O)) = (07 1, 1) >

and the initial value of the auxiliary state was chosen as
%0(0) = 2. For designing the control law u; we took kg =
3,ky = 4. Then we have two eigenvalues of the subsystem
composed of (xp,x1) asa = 3, = 1. Using (18) we have
fo = ¢1 = 3. The gain vector K for the control u; is synthe-
sized by using the optimality index (26) with weight matri-
cesas

10 O
0 10

Then we obtain the gain vector K = [k k3] = [1.00 1.17].
Simulation results are shown in Fig. 4 and 5. Note that all
the state and input variables are bounded and (exponentially)
convergeto zero.

Q:

], R= 16.
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Figure 1: Time responses of state variables of the single
chain system.

4 Generalization and discussion

L et us consider nonholonomic systems which are subject to
the following generalized form

X1 = U,

n-1
%o = (kzlA(k)lel)qul +Bf(x)uz )

where uj,u; € R are control inputs, x3 € R, X =
X1 -+ Xon-1]' € R~ aresystem states, f(x) : R~ R™1
is avector function of the form:

fxe) =[1x0 G - X772, (36)
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Figure 2: Path of (x1(t),xa(t)) of the single chain system.
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Figure 3: Control inputsfor the single chain system.
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Figure 4: Time responses of state variables of the Brockett
system.
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Figure 5: Control inputs for the Brockett system.

matrices AK k=1,---,n— 1 and B are assumed to be sub-
ject to the following structure:

SN (] (k) (k)
a¥ Al e el
(k.) (k) (k).
AR — 11 ak;l.z """ akk+1.n4
- (K) (K)
0 &Y, - - oA,
: ® Ch
0 0 - 0 &gk o Blina
[br1 b1z big -+ bipa
0 bpp bpz -+ bpng
B = 0 0 bgs b3n-1
L 0 0 0 bn—l.n—l

Itisclear that the chained form system, the Brockett system
and the power form system [10] are specia cases of system
(35). As shown in preceding sections, by augmenting the
system with some auxiliary state xo we can design the con-
trol law for u; as

uy(t) = 2(t)f (1)

wherez(t) and f (t) aredefined by (13) and (17) respectively.
The time response of x;(t) is

xi(t) = —z(t)(acoe™ P!+ Bey)
= Zt)g(t).

Then the time-varying transformation (20) can be used, i.e.,

Y2 = X1,
Y3 : X2.2/7, -
Yn _ Xon-1/2""2.
Denotey =[y» --- yn|", we have
y=(Ao+Ax(t))y+ (Bo+Ba(t))uz. (38)

It can be verify that

@mmmm<w,@mmmm<w



and
t|I_)I’I)10A;|_('[) =0, t|I_)I’I)1o Bi(t) =0.

So according to Lemma 2 the system (38) can be stabilized
by a state feedback

U, = —Ky

if (Ag,Bo) is controllable. As we have shown in preced-
ing sections, the controllability of (Ag,Bg) can be usually
guaranteed by choosing some appreciateinitial valuefor the
auxiliary state Xo.

Remark 2: The method developed in this paper can be ap-
plied to systems which belong to a more generalized class
beyond (35). First, one can add some drift terms both in the
generator subsystem with input u; and in the second sub-
system with input uy, an example of such systemsisthe ex-
tended power form system discussed in [9]. Second, each
scalar state variable xq, xzj,i =1,---,n—1in (35) and (37)
can be replaced with a sub-vector of states. Note that in the
second case the structure of AK) and B should be modified.

5 Conclusion

In this paper we have considered the problem of exponen-
tial stabilization of a class of nonholonomic systems via
smooth time-varying control. We have shown that smooth
aperiodictime-varying controlsfor exponentially stabilizing
anonholonomic system can be easily synthesized if the sys-
tem is augmented with some auxiliary state(s). By compari-
son with other existing (continuous and discontinuous)time-
varying control results, the main advantages of the proposed
method are its simplicity and the exponential converging
rate. Moreover, trgjectory of system states designed by our
control strategy avoids the zig-zag path (oscillatory behav-
ior) which is usually associated with time-varying control.
The method al so overcomesthe discontinuity of the existing
pure-state feedback approaches.
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