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Abstract

We study the stability properties of pulse-width-
modulated (PWM) feedback systems with stable plants,
subjected to multiplicative and additive random distur-
bances (modeled by the derivative of a Wiener process).
We show that when the parameters of the pulse-width
modulator are within a computable range and the ran-
dom disturbances are sufficiently small, then the PWM
feedback system is globally asymptotically stable in the
pth mean. We also show that in the presence of additive
disturbances, such PWM feedback systems are bounded
in the pth mean for arbitrarily large disturbances.

1 Introduction

Pulse-width modulation has extensively been used in at-
titude control systems, adaptive control systems, signal
processing, and the like. Indeed, such systems include
one of the most important specific classes of practical
nonlinear control systems (see, e.g., [11]-[13] for ap-
plications of pulse-width-modulated (PWM) feedback
systems). Stability results for PWM feedback systems
have been established by a variety of methods (see, e.g.,
[5] and [10]). There are, however, only a few results
concerning the qualitative properties of PWM feedback
systems subjected to random disturbances. Gupta and
Jury [8] developed a method of determining the mean
square value of the output of a PWM system with Gaus-
sian random input while Heinen [9] studied the existence
of limit cycles in PWM feedback systems subjected to
random disturbances at the system inputs using a mod-
ified describing function method. Recently, Gelig et al
[6], [7] used frequency domain techniques to study the
mean square stability of PWM feedback systems with
random disturbances at the plants. The stability con-
ditions in [6], [7] are analogous to similar conditions
given in [5] for deterministic PWM feedback systems.
The latter have proved to be rather conservative (see,
[15] for comparisons). The conditions in [6] and [7] ap-
pear extremely complicated and no specific examples
are given in [6], [7] to demonstrate the applicability and
the quality of these results.
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In this paper we investigate moment stability properties
of PWM feedback systems with the plants subjected to
random disturbances. In [14], we initiated a system-
atic study of stochastic dynamical systems for which
the motions may be discontinuous with respect to time.
For these systems, we established new Lyapunov and
Lagrange stability results in the pth mean. We will em-
ploy the method developed in [14] in the analysis of the
class of problems considered herein. We would like to
point out that although the general theory developed in
[14] can be applied directly in the analysis of the class
of problems considered in the present paper, due to the
special nature of these systems, we will find it more
convenient to use a direct approach.

2 Notation and Some Definitions

We let (2, F,P) denote the underlying probability
space for all the systems that will be considered, where
Q is the sample space, F is the o-algebra of subsets
of the sample space, and P is the probability mea-
sure. An R"-valued random variable x with domain
X is a measurable function from  to X C R*. A
family {z(t),t €I} of R™-valued random variables with
domain X defined on a probability space (2, F, P) is
called a stochastic process with index set I and state
space (X, F").

Definition 2.1 Let (X,d) be a metric space, let X C
R, let A C X, and let T'C Rt. For any fixed a €
A (a is called the initial state), to € T, a stochastic
process {z(t,w,a,ty),t €Ty 1, } with domain X is called
a stochastic motion if z(ty,w,a,ty) =a for all weQ,
where Toto = [t(),t1) NT, t1 > tg, and t; is finite or
infinite. O

Definition 2.2 Let S be a family of stochastic mo-
tions with domain X given by S C {z(:,-, a,to) :
x(to,w, a,tp) = a,w € N,a € Aty € T}. We call the
four-tuple {T, X, A, S} a stochastic dynamical sys-
tem. O
Definition 2.3 Let {T', X, A, S} be a stochastic dynam-
ical system. A set M C A is said to be invariant with
respect to system S (or short, (S, M) is invariant) if
a € M implies that P{w : z(t,w,a,tg) € M forallt €
To, t=1 for all to €T and for all z(-,-,a,ty) €S. O



Definition 2.4 x4 € A is called an equilibrium of a
stochastic dynamical system {T', X, A, S} if the set {mg}
is invariant with respect to S.

Definition 2.5 Let {T', X, A, S} be a stochastic dynam—
ical system and let d be the metricon X. A set M C Ais
said to be stable in the pth mean (i.e., (S, M) is said
to be stable in the pth mean) if for any € >0, to € T', there
exists d =4J(to, €) >0 such that Ed(z(t,w,a,to), M) <e
for any process z(-,-,a,ty) € S, whenever d(a, M) <9,
where E denotes the expectation of a random process.
If § is independent of ¢y, (S, M) is said to be uniformly
stable in the pth mean. (S, M) is said to be uni-
formly asymptotically stable in the pth mean if
it is uniformly stable in the pth mean and if for any
€>0, there exists a 6 =d(¢) >0 and a 7=7(¢) such that
for any process x(+,-,a,t9) €S, d(a, M) < ¢ implies that
Ed(z(t,w,a,ty), M)? <e for all t>tg + 7. O
Definition 2.6 S is said to be uniformly bounded
in the pth mean if for every a >0 and for every to €T
there exists a 8 = f(a) > 0 such that if d(a,zo) < a,
then for all z(-,-,a,t9) €S, Ed(z(t,w,a,ty),zo)? < for
all t € Ty t,, where 2y is a fixed point in X. S is said
to be uniformly ultimately bounded in the pth
mean if there exists B >0 and if for every a > 0 and
for every to € T there exists a 7=7(a) such that for all
z(-,-,a,t0) €S, Ed(z(t,w,a,ty),xo)P < B, for all t > totr,
whenever d(a, zo) < a, where zg is a fixed point in X. O
We can similarly define asymptotic stability in the pth
mean, asymptotic stability in the large in the pth mean,
uniform asymptotic stability in the large in the pth
mean, exponential stability in the pth mean, and expo-
nential stability in the large in the pth mean.

When p=2, we speak of various stability and bounded-
ness concepts in the mean square sense.

3 Main Results
The PWM feedback control system to be considered is
shown in Fig. 1.
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Figure 1: PWM feedback systems subjected to distur-
bances

The pulse-width modulator is described by the expres-
sion

M -sgn(e(kT)),

u(t) = mie(t)) = {07 £ KT, KT+ i,

otherwise ’

(1)
for kK = 0,1,2,---, where the pulse width T} and the
signum function are given by

1, >0

, sgn(a):{ 0, o0=0.

T e(kT) ~1, <0

. {me(km, e(kT) <
ko | |>

wiN®IN

The sampling period T', the amplitude of the pulse M,
and /S are all assumed to be constant.

When the random disturbances are in the form of mul-
tiplicative white noise, the overall system with r(t) = 0
can be described by equations of the form

{ dz(t) = (Az(t) + Bu(t))dt + Gz(t)dn(t), @)
y(t) = Cu(t)

where z € R”, y € R, u € R is the output of the pulse-
width modulator, A, B, C, and G are matrices of appro-
priate dimensions, and 7(t) is a scalar Wiener process.
A block diagram of system (2) is shown in Fig. 2.

input 'l

o |

. 7 output

integrator
ol
white noise

Figure 2: Block diagram of PWM feedback systems sub-
jected to multiplicative disturbances

Let Sy denote the set of solutions of (2) with initial
conditions in R". Then {R*,R", R", S(,)} is a stochastic
dynamical system and we will say that this system is
a stochastic dynamical system determined by equation
(2), or short, system (2). We note that z. = 0 is an
equilibrium of the PWM feedback system (2). We are
now in a position to present the first stability result.

Theorem 3.1 The equilibrium z, = 0 of the PWM
feedback system (2) is uniformly asymptotically stable
in the pth mean when the matrix A is Hurwitz stable,
M g is sufficiently small (an upper bound of M3 will be
given in the proof), and ||G]| is sufficiently small.
Proof: Since (E||z||?)'/? is nondecreasing in p, the equi-
librium z. = 0 is stable (respectively, asymptotically
stable, and so forth) in the pth mean implies that it is
stable (respectively, asymptotically stable, and so forth)
in the gth mean for all ¢ < p. Therefore, it suffices to
prove the theorem for even integers.

By the wvariation of constants formula, the so-
lution of the first equation in (2) is given by
z(t) = eAFDg(kT) + fktTeA(t*S)Bu(t)ds +
f,:TeA(t’s)Ga:(s)dn(s) for all ¢ € [KT,kT +T)] and
k =0,1,2,---. Specifically, at t = kT +T, we have
(assuming r(t) = 0)

z(kT+T) = eAT(a:(kT) —/TZ_ASdsBMsgn(C:n(kT)))
0

kT+T
+/kT eARTHT=9) Gu(s)dn(s). (3)



To simplify our notation, we let
kET+T
z(k:T):/ eARTHT=3) Qe (5)dn(s),
kT

k)2 —/0 - A%ds B M sgn(C(KT) = M BW x(kT).
(4)

where A =T, Tp<T
s2pcsn{ 7 EST .
and 0, sp =0
As
Wsk é % 71BC’ sk < T - (6)

I — _ T
TA 1BC = s—kWT, Sk Z T

Equation (3) is then reduced to
(kT +T) = e (x(kT) + Z(kT)) + 2(kT).
We recall that if A is Hurwitz stable, then e4” is Schur

stable. Therefore, there exists a positive definite matrix
P = P7 such that

(A7) P(eAT) — P = —1. (7)

Choosing the quadratic form Lyapunov function V :
R® =R+, V(2) =27 Pz, we obtain for the first forward
difference of EV along the solutions of the discrete-time
system (3)

EV(z(kT+T)—EV(z(kT)) =

E(x(kT)+2(kT)(P-I)(2(kT)+2(kT)—Exz(kT) Pz (kT)
REz(kT)” PerT(x(kT)+2(kT))+ Ez(kT) Pz (kT).(8)

We will show in the following that when Mg is suffi-
ciently small, it is true that

(x(ET)4Z(kT))(P—I)(x(kT)+2(kT)) —x(kT) Pz (kT)
=—a(kT){I+MBW](P—I)+MB(P-I)W,,
~M2 W (P —DWy, )z (kT) <~|Onrglllz(kT)[I?, (9)
where O3 < 0 is a constant depending on the choice
of Mp.
Let Gi(sp) 2 WI(P—1I)+(P—I1)W,,, and Gs(sy) 2
WE(P-T)W,,. Notice that when s; > T, it is true
that I+MBG1(sg) — M?B>Ga(s) =1+ MBLG: (T)—
MQBQZ—;G2(T). Therefore, if we can show that the ma-
k
trix I+ M 3G, (T) — M?3%G»(T) is negative definite for
all Mj less than a certain value, say a > 0, then the
matrix I+ M BGy (sr) — M?B2G2(sk,) is negative definite
for all s, > T and all M3 < a.
Let A (-) and Ap(-) denote the minimum and maxi-

mum eigenvalues of a matrix, respectively. It can easily
be verified that when M [ satisfies

i Am (G1(sg))
Mp< mf <2>\M(G2(sk))

VA (G1(sk))2 + 4 (G2 (s))
21 (Calor)) ) (10)

_|_

it is true that sup Ay (—I—MBWL (P—I)—Mp(P-
sk €(0,T)

DWW, + M?B*WTI (P —TI)W,,) < 0. In particular, the
matrix [ + MBG1(T) — M?B?G2(T) is negative definite
for all M under the present assumption. Since the
matrix I+ MBL Gy (T) — M3 f—gGQ(T) is continuous
with respect to %, and tends to the identity matrix I
as s goes to oo, we conclude that

O = supha(— I — MBWEI (P - 1)

Sk 20

~MB(P -I)W,, +M*BW ] (P-)W,,) <0, (11)

when (10) is satisfied.
For Z(kT), we have the estimate, |[Z(kT)| =
| o reAsdsBM || < MBelAIT| Bl C|l||=(kT))|

We next establish an estimate for z(kT). Let pu > 0
be arbitrary. We will show that there exists a § > 0
such that whenever |G| < 6, then E||z(kT)]|?
wE||z(kT)||? is true for all k.

For t € [kT,kT + T), we have z(t) = x(kT) +
fktT(A:v(s)+Bu( ds+fkTG:v s)dn(s), and therefore,

B0 < pleer|+ 1) [ Ela)pas

(/ 1B [u(s)lds)? +E/

< KoEllz(kT)II* + (1A]1* + IGI1*) /kT Bllz(s)l*ds,

s)TGT Gz (s)ds

where Ko = 1 + M?3?||B||C|> In the
above inequality we have wused the fact that

E(fr||Bll[u(s)lds)? < MQBQIIBII ||C’||2E||a:(kT)||2 and
the fact that E( fkTGa: s)dn(s fkTG:n s)dn(s)) =
EfkT:n (8)TGTGx(s)ds.
By the Gronwall inequality, we have

Bllz@)| < 4KoB|la(kT)|Pe A HIGID0KD)
< 4K, eTIAPHICI) B 2 (kT 2.

Thus,

kTHT
E’HZ(]CT) ||2:E/ZE(S)TGT6AT(kT+T_S) eA(kT+T_S)G$(S)dS
kT

kET+T
< IGIPK, / Bla(s)|ds
kT
< K||G|?e"IC1 Bl|2(kT)|I?, (12)

where K; = maxse[o’T]HeATseAsH and K =
4K, KoeTIAIP are constants. Thus, there exists a § > 0
such that K||G||?eT 11" < u whenever ||G]| < 4.
Choosing p > 0 so that c¢(u) = 1 — 2[|[PeAT||(1
Mael AT BI|C|)y/E — (| Pllu > 0, we obtain



EV(z(kT+T)— BV (e(kT)) < —_ By (o(kT).
M

(13)
Therefore EV (z(kT+T))—EV (z(kT')) is negative defi-
nite.
If we define M = {0} and S = {& : Z(t,a,t;) =
EV(xz(t,a,tp))}, then we have determined in an un-
ambiguous way a deterministic dynamical system
{R*, R*, RT, S}, corresponding to the stochastic dynam-
ical system {R*, R, R"S(5}. In this case M is an in-
variant set for {R*, R*, R*, S}, by construction.

Now recall that (S, M) is said to be uniformly sta-
ble if for every € > 0 and every t, € R", there ex-
ists a & = d(e) > 0 such that Z(¢,a,t0) < € for all

te ]Rgto = R}, and for all Z(-,a,t) € S, whenever

@ < 6. Since Z(t,a, to) = EV (x(t)), (S, M) is uniformly
stable means that for every € > 0 and every t, € RT,
there exists a 6 = d(e) > 0 such that EV(z(t)) < €
for all t € ]R'a",to and for all z(-,-,a,tp) € S, when-
ever EV(a) < 0, which yields E|z(t)|]* < 5=z for
allt € R, and for all z(-, -, a,t) € S, whenever ||a]| <
oy since A (P)||z(t)]1> < V(@) < An(P)]|z(t)]|>.
This is precisely the definition of uniform stability in
the mean square of the trivial solution z, = 0 of sys-
tem S(y). Therefore, the uniform stability of (S, M) is
equivalent to the uniform stability in the mean square
of (S(2), {z¢}). Similarly, the uniform asymptotic stabil-
ity and the exponential stability of (§ , M ), the uniform
boundedness of §, and so forth, are equivalent to the
corresponding stability in the pth mean of (S, M) or
boundedness in the pth mean of S.

It follows from the usual Lyapunov stability results
for discrete-time dynamical systems (see, e.g., [17])
that the trivial solution of the discrete-time system
{EV (z(kT))} is uniformly asymptotically stable.

For ¢t € (kT,kT + T), we have

EV(2(t)) < Au(P)K|GIIN Blla(kT)|?

A (P)K |G|l
Am(P)

IN

BV (z(kT)). (14)

This implies that EV (z(t)) in the interval (KT, kT +T)
is bounded by yEV (xz(kT')) where v > 0 is a constant.

Therefore, EV (z(t)) converges to the origin simulta-
neously with EV(z(kT)). We conclude that the triv-
ial solution of the deterministic system S is asymptoti-
cally stable. We can now conclude that the equilibrium
ze = 0 of the PWM feedback system (2) is uniformly
asymptotically stable in the mean square.

For p = 2¢q, ¢ > 1, we have
EV (z(kT+T))!—EV (z(kT))1
< B(V (@(kT+T) =V (@(kT))(V (o(kT + T))" !

T +V(m(kT))‘1*1)

—1 q ~
< 30 P) BV @R 4 2B e (kT) Pe (kT )+ Z(kT)

+z(kT)P2(kT))-(V (x(kT +T)" - -+V (z(KT) 7).

It can easily be verified that the second expectation
in the above inequality can always be chosen to be
less than pEV (x(kT))? for arbitrary p when ||G|| is
sufficiently small. Similarly as in (14), we can show
that EV (z(t))? is bounded by aEV (z(kT))? when t €
[kT,kT 4+ T), where o > 0 is a constant. The rest of
the proof of the uniform asymptotic stability in the pth
mean of the trivial solution of (2) with p = 2¢ proceeds
similarly as the proof of uniform asymptotic stability in
the mean square of the trivial solution of (2). We omit
the details in the interests of brevity.

Therefore, we have shown that the trivial solution of
system (2) is uniformly asymptotically stable in the pth
mean for even integers, and hence, for all p > 0. a

Remark 3.1 The upper bound of M 3 given by (10) can
easily be computed and optimized. A simple procedure
is presented in [15] to accomplish this. We will employ
this procedure in a specific example in Section 4. O

Remark 3.2 For PWM feedback system (2), Gelig,
et al established in [6] and [7] frequency conditions for
mean square stability of system (2) with Hurwitz sta-
ble A matrix and with A having one pole at the origin.
Their results appear very involved and seem, in gen-
eral, very difficult to verify. No specific examples are
included in [6] and [7] to demonstrate the applicability
and quality of these results. a

Next, we consider PWM feedback systems with additive
noise in the plant, described by equations of the form

{ dx(t) = (Az(t) + Bu(t))dt + edn(t),
y(t) = Cu(t)

where € € R™ has positive components and denotes the

magnitude of the random noise. A block diagram of
system (15) is shown in Fig. 3.

(15)

input ‘l output
T Lo Loty
+ TJ, integrator
‘ white noise

Figure 3: Block diagram of PWM feedback systems sub-
jected to additive disturbances

For this system, we have the following boundedness re-
sult.

Theorem 3.3 The solution processes of the PWM
feedback system given by (15) are uniformly ultimately
bounded in the pth mean if the matrix A is Hurwitz sta-
ble and M3 is sufficiently small (for arbitrary €).



Proof: We will present the proof for p = 2.

Solving the first equation in (15), we obtain

t t
a:(t):eA(t_kT)x(kT)—k/eA(t_S)Bu(k)dﬁ-/eA(t_S)edn(s)
kT kT

(16)
for all t € [kT, kT + T). At t = kT + T, we have

T
z(kT+T) = eAT(x(kT) —/ efAsdsBMsgn(Cm(kT)))

ET+T
+ /k . eARTHT=5) ¢ (s). (17)

Let Z(T) = = [ *dsBMsgn(Ca(kT)), and

z(kT) = kkJTJrTeA(’“TJrT_S)edn(s). Choose P such that
(eAT)TP(eAT) — P = —I and a Lyapunov function
V : R* - Rt as V(z) = 27 Px. We note that
fkk$+TeA(kT+T_s)edn(s) is independent of z(kT), and
that EfkkTT+TeA(kT+Tfs)edn(s) = 0. The first forward
difference of EV evaluated along the solutions of the
discrete-time system (17) yields
EV (2(kT +T)) — EV (z(kT))
< —|Ougl|Elle(kD)|” + ||PI| E||=(KT)]P?,

where Opp < 0 is a constant depending on the
choice of MJ (refer to the proof of Theorem 3.1)
and E|z(kT)||*> satisfies the relation E|z(kT)||> =
E.fkk;+T€TeAT(kT+T—s)eA(kT-',—T—s)eds < ||€||262||A||T_

Thus, whenever EV (z(kT)) > A 2 %M—ﬁeQHAHTHeH{
the first forward difference of EV(z(kT)) is negative
definite, which in turn implies that EV (z(kT)) will

reach a value less than A uniformly in a finite number of
steps. We next show that EV (x(kT)) does not exceed

I 2 A + e2l4IT||¢|[2 thereafter. If EV (z(koT)) < A for
some ko € N, then

EV(z(koT+T))
< EV(x(koT)) ~Oums|Ellz(koT)|*+ || Pl E||2(koT)||*
< A4e240IT) g2 =T (18)

If EV(z(koT +T)) > A, then EV(z(koT +2T)) <

EV(z(koT +T)) <T. By induction, it follows that

EV(z(kT+T)) <T is true for all k > ko. Therefore,

Ellz(kT)||? < %(P) is true for all k> ko.

For t € (KT, kT+T), k> ko, it follows from (16) that
Ellz(t)|> <3¢I4IT (Blle(kT)II+T M| B>+ |el*)

r A
< 362“A“T(A—(P) +TM||B|” +[lell*) = A, (19)

m

Therefore, we have shown that the solutions of sys-
tem (15) are uniformly ultimately bounded in the mean
square. O

4 An Example

We consider PWM feedback system (2) with second-
order Hurwitz stable plant described by the transfer

function G(s) L . The state-space represen-

= G0 (s+2)
tation of this system is given by A = [_01 _02] ,B =
1
[1],0_ 1 -1l

An estimation of the right side of (10) can be obtained
and optimized as follows (for further details and the
rationale of this procedure, see [15]):

(1) Determine the matrix P by solving (eAT)TPeAT -

P = —I. 1In the present case we have P =
[1.1565 0

0 1.0187)°

(2) Choose a precision level § > 0 and a correspond-
ingly dense partition of the interval [0,7T], say the set
{to = O,tl,"',tN = T}, where 0 < t]'+1 —t]' < (5,
j=0,1,---,N—1.
(3) For each j, j = 0,1,---,N, compute Wy, =
Lz« W ATIBC,Gi(t) = WEP - 1) + (P -
DWy,,Ga(ty) = WE(P = D)Wy,
(4) Initialize mg by setting (see (10)) mgo =
Am (G1(£)) 4/ Am (G1(£))2+42m (G2 (¢5))

22 (G2(5)) )

min
0<j<N

(5) mp can be optimized as follows (re-
fer to [15]). Let Go(t;) = I + moGi(t;) —
m%GQ(tj),G1(tj) = Gl(tj) — 2mOG2(t]’),ﬁL0 = Myo-.-
Replace mg in Step 4 by me = mg +

Am (G1(E))FV Am (G1(8))2+H4Am (Go (1)) Aar (G2 (t5))
22 (G2(t5)) ’

min
0<j<N

(6) Repeat the above computation in Step 5 until the
increment of mg is negligible, say, mg — mg < €, where
€ > 0 is a chosen precision level.
(7) Repeat Steps 1 — 6, using finer partitions of the
interval [0,T] (i.e, smaller ), until there is no further
significant improvement for my.

For the present example, we let § = 0.001 and ¢ =
0.0001 (the improvements of the computed results were
negligible for smaller § and €¢). We obtained the estimate
1.0022 for the upper bound of M, assuming T = 1.

For M3 € (0,1.0022), we compute fmq, such that
(1) = 1=2|| PeAT (14 M Bel AT B C1)y i~ Pl >
0 is true for all g < ez Next, we compute 04z
such that K627 < Wmaz 18 true for all § < dpmae,
where K = K (1 4+ M282||B|]2|C|]2)eTAI” and K, =
maxe(o, 7] ||eATSeAs||. In Fig. 4, we depict estimates of
the upper bound 0,4, of ||G|| vs. MSB. We observe
that d,q, decreases as M [ increases. This can be in-
terpreted as follows. When the states are sufficiently
far away from the origin so that T, = T, the output of
the pulse-width modulator is either +M or —M. This
may be viewed as another disturbance to the Hurwitz
stable plant, in addition to the noise term. Therefore,
as M increases (for fixed ), the maximum ||G|| allow-
able to ensure uniform asymptotic stability in the pth



mean will decrease, as shown in Fig. 4. In Fig. 5 we
plot the sample response of z = (z,2)7 ws. time t
with M =02, T = =1, G = (0.01,0.006)7, and
z(0) = (2,1)7. We generated 100 sample responses of
x(t) and computed the average ||z(t)|| of ||z(t)||. Fig. 6
shows the average ||z(t)|| tending to zero as time ¢ in-
creases. However, ||z(t)|| does not diminish entirely to

zero, since it is an approximation to the mean E||z||.

dmax
.022

.012

.00
n

0.2 0.4 M B 0.6 0.8

Figure 4: Upper bounds for ||G|| when M3 € (0,1.0022)

2

Sample response

OF 5 10 15 20 25 30 3 40

15 20 25 30 s 4C
Time

5 10

Figure 6: ||z(t)]| of PWM feedback system (2)
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