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1 Introduction

A study of quadratic di�erential forms for 1-D sys-
tems was carried out in [4]. Extention and study
of this concept of quadratic di�erential forms to n-
D systems is the main purpose of this paper. This
extension opens the way to generalization of sev-
eral concepts of 1-D systems, like that of conser-
vative systems and dissipative systems and could
throw new light into other control problems in
the n-D case (especially in the behavioural frame-
work). We collect together several properties of
these quadratic di�erential forms for n-D system-
s and comment on their similarity and their dif-
ferences from quadratic di�erential forms for 1-D
systems.

In behavioural theory, a system � is de�ned as a
triple � = (T;W ;B) where T is the indexing set,
the set of independent variables, W is the signal s-
pace, the set of dependent variables, and B � W

T

is the behaviour. When T = R, then we have a 1-D
system and when T = R

n , we have an n-D system.
We will only consider behaviours B that occur as
kernels of systems of (partial) di�erential equation-
s. Such systems of equations can be represented by
matrices whose entries are polynomials in n vari-
ables [1]. Thus B = fw j R( d

dx
)w = 0g, where

R 2 R
g�q [�] is a matrix in the n indeterminates

� = (�1; �2; : : : �n). The variables (�i's) represent
partial derivatives ( @

@xi
).

2 Quadratic Di�erential Forms

In [4] a theory was developed for linear (1-D) d-
i�erential systems and quadratic functionals asso-
ciated with these systems. It was shown that for
systems described by one-variable polynomial ma-
trices, the appropriate tool to express quadratic

functionals are two-variable polynomial matrices.
In the same vein, in this paper we will look at poly-
nomial matrices in 2n variables to express quadrat-
ic functionals for systems de�ned by polynomial
matrices with n variables. Let � denote (�1; : : : ; �n)
and � denote (�1; : : : ; �n). Let R

q1�q2 [�; �] denote
the set of real polynomial matrices in the (commu-
tating) 2n indeterminates � and �. We will con-
sider quadratic forms of the type � 2 R

q1�q2 [�; �].
Explicitly,

�(�; �) =
X
k;l

�k;l�
k�l

The sum above ranges over all non-negative multi-
indices k; l 2 N

n and is assumed to be �nite. More-
over, �k;l 2 R

q1�q2 . Note that � denotes di�eren-
tiation of terms to the left and � refers to di�eren-
tiation of the terms to the right. Hence � induces
a bilinear di�erential form (BLDF), de�ned by

L�(v; w)(x) :=
X
k;l

�
dkv

dxk
(x)

�T

�k;l

�
dlw

dxl
(x)

�

If q1 = q2 = q then � induces a quadratic di�eren-

tial form (QDF) de�ned by

Q�(w) := L�(w;w)

De�ne the � operator by ��(�; �) := �T (�; �)
where T denotes matrix transposition. Clearly
L�(v; w) = L��(w; v). If � 2 R

q�q [�; �] satis�es
� = ��, then � is called symmetric. For the pur-
poses of QDF's induced by polynomial matrices, it
is enough to only consider the symmetric quadratic
di�erential forms, since Q� = Q�� = Q 1

2
(�+��).

We also de�ne the \div" operator that acts on a
vector of BLDFs (or QDFs) 	 = (	1; : : : ;	n) by

(div L	)(v; w) := div (L	(v; w))

=
@

@x1
L	1

(v; w) + � � �+
@

@xn
L	n

(v; w)



3 Path Integrability

In addition to studying BLDFs and QDFs as maps
into C1(Rn ;R), one is also interested in studying
their integrals over all of Rn . So we consider the in-
tegral

R
Rn

L�(v; w)dx. In order to make sure that
these integrals exist, one considers only those el-
ements v and w, that are compactly supported.
We denote by D(Rn ;Rq ) the compactly support-
ed members of C1(Rn ;Rq ). Consider the integralR
L� de�ned by

Z
L�(v; w) :=

Z
Rn

L�(v; w)dx

where v; w 2 D(Rn ;Rq ). The notation
R
Q� fol-

lows readily from this.

Consider now the following integral
R

 L�(v; w)dx

over 
, a closed bounded subset of Rn with non-
empty interior. This integral is said to be inde-
pendent of the \path" (or a path integral), if the
integral only depends on the value of v and w and
their derivatives on the boundary of 
, denoted by
@
.

Theorem 1 Let � 2 R
q1�q2 [�; �] induce a BLDF

L�. Then the following statements are equivalent:

1.
R

 L� is independent of path for all 
, which
are closed bounded subsets of Rn .

2.
R
L� = 0.

3. �(��; �) = 0.

4. There exist 	1; : : : ;	n 2 R
q1�q2 [�; �], such

that

�(�; �) = (�1 + �1)	1(�; �) + � � �

+(�n + �n)	n(�; �)

5. There exists a 	 2 (Rq1�q2 [�; �])n such that

divL	 = L�

for all v 2 C1(Rn ;Rq1 ) and w 2
C1(Rn ;Rq2 ).

The same equivalence holds for QDFs once the

appropriate changes are made in the statements

above.

At this juncture, we like to point out a principle
di�erence in the case when n = 1 and n > 1. Al-
though the above theorem holds for all values of n,
more can be said in the case n = 1. In this case,
	 in reality de�nes a BLDF and the last condi-
tion of the above theorem can be strengthened to
state that there exists a unique 	 = 1

�+�� such

that d
dt
L	 = L� On the other hand, the 	 in the

theorem above for the cases n > 1 are not unique.

4 Average non-negativity

Several useful functionals like supply functional,
cost functional, storage, dissipation of a system
etc., tend to be quadratic functionals of the sys-
tem variables (QDFs). An important property of
such functionals is average non-negativity, i.e., in-
tegrated over all of Rn , these functionals yield non-
negative numbers that in some sense quanti�es the
property de�ned by the functional.

Given a � 2 R
q�q [�; �], we call the QDF induced

by � average non-negative ifZ
Rn

Q�(w)dx � 0

for all w 2 D(Rn ;Rq ). We denote an average non-
negative QDF � by

R
Q� � 0. If the inequality

in the above equation is strict for w 6= 0, then
we call the QDF average positive and denote it byR
Q� > 0.

Given a � 2 R
q�q [�; �], we call the QDF in-

duced by it non-negative (denoted by Q� � 0)
if Q�(w(x)) � 0 for all w 2 D(Rn ;Rq ) evaluated
at every x 2 R

n .

Thus, we note that average non-negativity is
a global property of the QDF whereas non-
negativity is a local property (in fact, it is a proper-
ty which is de�ned pointwise). Clearly given a non-
negative QDF Q�,

R

Q�(w)dx � 0 for every 
 �

R
n . Thus every non-negative QDF is average non-

negative, but the converse is not true. Moreover, it
is easy to see that every � 2 R

q�q [�; �] which can
be written in the form �(�; �) = RT (�)R(�) clear-
ly induces a non-negative QDF. Here R 2 R

��q [�]
is a polynomial matrix. So a natural question to
ask is whether every non-negative QDF is of this
particular form. This is in general not true for the
N-D case.



We will now characterize the average non-negative
QDFs and average positive QDFs.

Proposition 2 Let � 2 R
q�q [�; �]. Then

� (
R
Q� � 0), �(�i!; i!) � 0 8! 2 R

n

� (
R
Q� > 0) , �(�i!; i!) � 0 8! 2 R

n and

�(��; �) is non-singular.

An important set of problems that crop up in sys-
tems theory deal with the question of substitut-
ing a global property by a local property. As al-
ready mentioned, average non-negativity (respec-
tively average positivity) of a QDF is a global prop-
erty. So the natural question to ask is whether this
can be substituted by a local property. Since posi-
tivity of a QDF is a local property, one can ask the
question - is it possible to replace an average non-
negative QDF Q� with a positive QDF Q� such
that

R
Q� =

R
Q� ? We now state an important

theorem which plays a crucial role in deciding the
answer to the above question.

Theorem 3 Let � 2 R
q�q [�] be para-Hermitian,

i.e. �T (��) = �(�) and �(i!) � 0 for all ! 2 R
n .

Then there exists an F 2 R
��q (�) such that �(�) =

F T (��)F (�).

Note here that the matrix F has (in general) ra-
tional entries. In case of � = (�1), (i.e. the case
of 1-D systems), we can in fact �nd F (�) which
have polynomial entries, i.e. F 2 R

��q [�], whereas
�nding a polynomial F is not always possible for
the n-D case (n > 1).

Lemma 4 Given a � 2 R
q�q [�; �], which induces

an average non-negative QDF, it is possible to �nd

a positive QDF induced by � 2 Rq�q [�; �] such thatR
Q� =

R
Q�, if there exists a polynomial matrix

F 2 R
��q [�] such that �(��; �) = F T (��)F (�).

Thus we conclude that in the 1-D case, one can al-
ways �nd a non-negative QDF which would mimic
an average non-negative QDF in the global sense.
This is not always possible in the n-D case.

5 QDFs on behaviours

We shall now investigate the action of QDFs on
speci�c behaviours. In [1, 2] (and elsewhere) d-
i�erential systems have been studied in the be-
havioural framework where a behaviour B is char-
acterized as the kernel of (partial) di�erential op-
erator. Now we consider the speci�c case of a be-
haviour B given as a kernel of a system of partial
di�erential equations. As mentioned earlier, a sys-
tem of partial di�erential equations can be written
as a polynomial matrixR 2 R

g�q [�] in n indetermi-
nates. Then B = kerR. There are a special class
of behaviours called controllable behaviours (for
de�nition, see [1]). For the purposes of this paper,
it suÆces to know that controllable behaviours are
those behaviours that have an image representa-
tion, i.e., there exists an operator M , such that for
every w 2 B there exists an ` in some appropriate
space yielding w =M`. We denote such an image
representation by B = im M .

We now ask when a QDF induced by � 2
R
q�q [�; �] is independent of path for trajectories

w 2 B, i.e. if w1; w2 2 B and dkw1

dxk
(x) = dkw2

dxk
(x)

for x 2 @
 and all k 2 Nn , then
Z


Q�(w1)dx =

Z


Q�(w2)dx

We �rst de�ne the ? operator as X?(�) = XT (��).
In other words, if we look at X as a partial di�er-
ential operator, then X? is the adjoint operator.

Proposition 5 Let B be a controllable behaviour,

B = kerR = imM , and let � = �� 2 R
q�q [�; �]

induce a QDF onB. Then the following conditions

are equivalent :

1. QDF induced by � is independent of path on

B;

2. there exists X 2 R
��q [�] such that

X?(�)R(�) +R?(�)X(�) = �(��; �)

3. the QDF corresponding to �0 is a path in-

tegral, where �0 is given by �0(�; �) :=
MT (�)�(�; �)M(�);

4. �0(��; �) = 0;



5. there exists a VQDF Q	0, with 	0 2
(Rm�m [�; �])n, where m is the number of

columns of M , such that

divQ	0(`) = Q�0(`) = Q�(w)

for all ` 2 C1(Rn ;Rm ) and w =M( d
dx
)`.

Note that in the unconstrained case (i.e. when
R = 0), this proposition specializes to Theorem
1. Given a behaviour B that is not controllable,
the condition (2) given above is suÆcient but not
neccessary. Let us consider an example from [3].
Consider the 1-D behaviour that arises as solu-
tions to the equation w � d2w

dt2
= 0. Clearly, the

behaviour consists of linear combinations of et and
e�t. Furthermore, consider the QDF de�ned by
� = 1. Thus Q�(w) = w2. Path independence
holds trivially since there is at most one trajecto-
ry which satis�es the boundary conditions - in this
case, the boundary @
 are the points that form the
limits of the integral considered. Now �(��; �) = 1
and so condition (2) of the above proposition yield-
s the equation (1 � �2)(X(�) +X(��)) = 1. This
equation clearly does not have a polynomial solu-
tion solution X. Thus condition (2) in the above
proposition is not necessary. We now give the gen-
eral condition for path independence to hold for
any behaviour.

It has been shown in [1] that given any behaviour
B, one can �nd a unique sub-behaviour Bc con-
tained in this behaviour which is the largest con-
trollable sub-behaviour (i.e. every controllable sub-
behaviour of B is contained in this sub-behaviour
Bc). For the purposes of our result, we have to
consider the largest controllable sub-behaviour in
B, denoted by Bc. Let Rc 2 R

g0�q[�] induce a
kernel representation for Bc. Then we have the
following

Proposition 6 Given a � = �� 2 R
q�q [�; �] and

any uncontrollable behaviour B that has a kernel

representation given by R 2 R
g�q [�], the QDF in-

duced by � is independent of path on B if and only

if there exists X 2 R
��q [�] and some L 2 R

��� [�]
such that

X?(�)Rc(�) +R?
c(�)X(�) = �(��; �)

and X = LRc

Note that if we consider an autonomous behaviour
B, then the largest controllable sub-behaviour is
the zero behaviour. Hence Bc = 0 and the corre-
sponding Rc = I, the identity matrix. Thus the
�rst equation in the above proposition becomes

X?(�) +X(�) = �(��; �)

The second condition is trivially satis�ed, since
Rc = I. Since � = ��, the above equation has a
solution, namely X(�) = 1

2�(��; �) and thus every
symmetric � 2 R

q�q [�; �] induces a QDF which is
path independent over any given autonomous be-
haviour.

Summarizing, in this paper, we have gathered to-
gether several interesting properties of QDFs and
BLDFs. We have obtained conditions for a BLDF
or QDF to be path independent. We have obtained
conditions for a QDF to be average non-negative
and average positive. We show when a average
positive QDF mimics a non-negative one. We also
obtain conditions for a QDF to be path indepent
over a given behaviour.
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