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Abstract

The stabilization of an underactuated marine vehicle
on a linear course is considered. In spite of being con-
trollable and that Brocketts Theorem does not prevent
the existence of a smooth pure feedback control so-
lution, standard tools of nonlinear control as feedback
linearization cannot be applied. A smooth, time invari-
ant, globally converging control solution is designed on
the basis of a simple and novel idea to derive motion
control laws for underactuated systems. Robustness
with respect to model parameter uncertainty and state
measurement errors is discussed both analytically and
through simulations.

1 Introduction

The issue of stabilizing a marine system on a given lin-
ear course while traveling at fixed cruise surge speed
is of fundamental importance in practical applications.
The main difficulty in designing a closed loop steering
law to achieve this objective is related to the underactu-
ated nature of the marine vehicles. If the linear course
to be stabilized is assumed to lie on the x axis of a
fixed frame (see figure (1)), stabilizing the vehicle on it
means stabilizing the heading ¢, the sway speed v and
the lateral distance y to zero having only two control
inputs, namely the yaw torque 7 and the surge speed
u. As observed by K.Y.Pettersen and H.Nijmeijer [1]
“tracking control of surface vessels have mainly been
based on linear models, steering the same number of
degrees of freedom as the number of control inputs
available, and giving local results”. Indeed traditional
autopilots stabilize the heading only. On the other

hand there are examples [2] of more elaborate control
strategies that take environmental disturbances explic-
itly into account, but they fail to control in closed loop
all the degrees of freedom. The main reason for which
there are still only very few results regarding the so-
lution to this problem is that the strongly nonlinear
marine vehicle models are not feedback linearizable,
thus one of the most effective tools of nonlinear con-
trol theory is totally ruled out and alternative design
methods must be developed. In this respect most inter-
esting is the approach suggested in [1] where a change
of coordinates of the standard cartesian model is per-
formed so that an integrator backstepping technique
may be applied to design a time-invariant, continuous,
semi-global state-tracking controller. This integrator
backstepping approach was possible in spite of the non
existence of any feedback linearizing transformation be-
cause the reference yaw velocity was assumed to be al-
ways non null. As a consequence this solution refers
to the only case of non null curvature paths, i.e. it
may not be applied to track a linear course which is by
far the most common marine navigation requirement.
A marine craft tracking solution for a wider class of
curvature paths has been presented in [3].

In this paper attention is focused on the linear path
tracking only and other important application-oriented
issues as robustness to modeling and measurement er-
rors are discussed. The control design methodology is
based on a novel idea first suggested in [4] to solve the
point stabilization problem of the unicycle kinematic
model. It basically consists of two steps: (i) first a ve-
locity vector field is defined such that an ideal point
free from any nonholonomic constraint, i.e. able to
move freely in all directions at each instant, would ex-
ponentially achieve the control objective by applying



such velocity. (#¢) then a steering law is designed such
that the given underactuated vehicle is exponentially
stabilized parallel to the above defined velocity vector
field. It turns out that this simple control design tech-
nique is indeed effective in solving also the motion con-
trol problem at hand yielding a simple, time-invariant,
globally stable solution which has a most clear physical
interpretation.

Notice that the point stabilization, i.e. “parking”,
problem of a marine vehicle may not be solved via
smooth, pure feedback control and either discontinuous
[5] or time-varying [6] [7] solutions must be considered.

This paper extends the results presented in [8][9].

Figure 1: The Model

2 Model and problem definition

Consider the standard [6] underactuated marine vehicle
model

Mol =  —mpur — kyv — kyjy 00| (1)
Yy = vcos¢g+using (2)

¢ = (3)
mag’ = (M1 — mao)uv — kpr — kpppyrlr| + 7 (4)
u(t) = wu (constant) >0 V¢ (5)

being v,u,r the sway, surge and yaw velocities,
mi1, Moo, M3z the surge, sway and yaw inertia in-
cluding added mass, ky,kyy|; kr, kpp the linear and
quadratic hydrodynamic drag coefficients for sway and
yaw, ¢ the orientation of the vehicle with respect to the
x axis of a fixed reference frame and y its y—coordinate
with respect to the same frame (see figure (1)). 7w is
the applied yaw torque. The systems is assumed to
move only forward at a non null, bounded surge (5).

2.1 Problem definition

Given the system described by equations (1-5) find a
smooth time invariant closed loop control law for 7
such that (v,y,,r)T is globally exponentially stabi-
lized to (0,0,0,0)7.

In a backstepping-like fashion, first a control law for the
yaw velocity r = 7(v,y, ¢) will be designed such that
under its influence the vector (v,y, ¢)7 is stabilized to
zero and then a control law for 7 will be derived such
that the state r robustly converges to the previously
defined “virtual” input 7.

Remark 1: The sub-system given by equations (1),
(2), (3), (5) and having r as control input is control-
lable, not subject to Brocketts [10] theorem yet not
input-state feedback linearizable [8]. |

The fact that Brocketts Theorem does not prevent the
existence of a smooth, pure feedback control law follows
from the observation that the mapping v(x,r) — X :
x = (v,y,¢)T given by equations (1), (2) and (3) is
onto (0,0,0)”7. The non existence of a feedback lin-
earizing transformation is a known fact in the liter-
ature [5][7] and follows from the observation that if
equations (1), (2) and (3) are written in standard non-
linear control form, i.e. x = f(x)+ Y ", g (X)u; : m =
Lu; = r,x = (v,y,¢)T, then the necessary condition
for the existence of a feedback linearization transforma-
tion, namely that the set {g, [f, g]} is involutive [11], is
not fulfilled [8]. On the contrary as {g, [f, g], [f, [f, g]]}
span R3 the system is controllable [8].

The interesting and perhaps uncommon case is found of
an underactuated system which is not prevented from
having a pure feedback smooth stabilizing control so-
lution by Brocketts Theorem, yet standard methods of
nonlinear control as feedback linearization cannot be
applied. Notice moreover that the control objective to
achieve is of most interesting practical interest.

3 Stabilization of the reduced model

As stated above, first a control law for the yaw velocity
r is searched such that (v,y,$)” is stabilized to zero.
Consider the smooth velocity vector field:

vp=ui—kyj : k>0 (6)

being u the vehicle surge speed (5), i and j the unit
vectors of the x and y fixed reference axis as shown
in figure (1) and k a positive constant gain. Denoting
with 6 the angle between i and vy, the following hold:

Vil cos@ = u? + k2y? cos = u (7)

k||vy| sind =

= kvu?+Ek?y?sinfd =—-kky (8)

i'Vh

iAvy



being k = i A j the unit vector of the z axis of the fixed
reference.

Remark 2: The vector field v, defined by equation
(6) is smooth and globally defined. By construction
any ideal point moving with velocity v, would be ex-
ponentially stabilized on the x axis of the fixed frame.
Moreover form equations (5) and (7) it follows that
0 e (—n/2,m/2) VtandVfinite y and § =0 < y = 0.
]

From equations (2), (7) and (8) it follows that:

ku(usin ¢ 4 v cos @)

b
U2+k2y2

(9)

thus the vehicle will be globally exponentially steered

parallel to v, with time constant 1/vg by the smooth

velocity r:

ku(usin ¢ 4 v cos ¢)
u? + k2y?

r="30— v >0 (10)
being 3 the angle between the vehicles surge axis and
v}, (refer to figure 1), i.e.

B=0-—¢.

Indeed equation (10) guarantees that ( evolves in
closed loop according to S=-v3 [.

3.1 Local exponential stability

By the very definition of r as given by equation (10) 8
converges globally and exponentially to zero, i.e. ¢ — 6
globally and exponentially. It may be shown that given
the structure of equation (10), the signals v(¢), y(¢) and
@(t) do not admit a finite escape time. Stability may be
thus analysed in the limit § — 0 that will always occur.
Moreover from Remark 2 it follows that y ~ 0 < 6 = 0.
As a consequence in the limit 8 — 0, the local (y ~ 0)
stability of the subsystems given by equations (1), (2),
(3), (5) is guaranteed if (v,0)7 — (0,0)7 under the
influence of the control r (10) when y ~ 0, ¢ — 6 ~ 0.
In such limits from equations (1), (2), (3), (5) and (10)
it follows that the closed loop evolution of (v,0)7 is
governed by the linear time-varying (LTV) system:

()-8 2)(3)
mi ky Kool

a=——; b= ; C= .
ma2 ma2 ma2

(12)

Denoting with A the matrix in equation (11), the ex-
ponential convergence and stability of (v, 0)7 to (0,0)”
is guaranteed if the eigenvalues of 1/2(A + AT) are
strictly negative at all times [11]. By direct calculation
it follows that this condition is indeed satisfied if the
following hold:

b > k(a—1) (13)

k 1\°

Notice that condition (13) is trivially satisfied in prac-
tical cases as a < 1 and b,k > 0. Condition (14) can
be always satisfied by a proper choice of k and v > 0
for any value of the structural parameters a and b.

3.2 Global stability

Having proved that the proposed law guarantees lo-
cal (y ~ 0) exponential stability of the origin, to prove
global stability it is now sufficient to show that the pro-
posed control law drives y towards zero from any initial
configuration. This analysis may be limited to the case
B — 0 due to the already mentioned fact that the sig-
nals v(t), y(t) and ¢(t) do not admit a finite escape
time. Intuitively it appears that once that 8 — 0 if the
surge speed and sway drag are sufficient to overcome
an eventual sway drift “pushing” the vehicle far from
the y axis, the system should indeed approach the y
axis starting from any initial configuration thus yield-
ing global stability. This physical insight may be more
formally expressed: consider the candidate Lyapunov
function V,, = 1/2y* and its time derivative in the limit
8 — 0, namely:

kuy?

Vi? 4 k2

where equations (2) and (8) have been used. As
cosf > 0 V t (Remark 2) from equation (15) it fol-
lows that a sufficient condition to prove that y will
globally asymptotically converge towards zero is that
limg_,o vy < 0. From equations (1), (10) and (12) con-
sider the closed loop equation for ¢ in the limit 3 — 0,
namely:

(15)

gli%‘/y = glir})yy = yvcosf —

k
lim © = (aup cos —b—c|v|)v—au’p Y (16)

B—0 /u2 + k2y2

where equation (8) has been used and the strictly pos-
itive function

ku

SRy

max i = pily=0 = k/u (17)

has been introduced. Notice that if b > ak =
aupcosd —b—clv] <0 V 6,v,y equations (15) and
(16) imply that both y and v are bounded in the limit
8 — 0.

Remark 3 If b > ak then from equations (16) and
(17) it follows that all the asymptotic extreme values
Vet :  limg_,00|y=y,,, = 0 of v have the opposite
sign of y for some suitable u, § and y. ]

Assuming b > ak consider the three hypothesis:
H1: Héir% sgn(v) =+1lor —1
H2: I lim s =0
Ly sgn(v)

H3: Al
3 ﬂﬁ:n%) sgn(v)



being the sgn function defined in the standard fash-
ion, i.e. equal to the sign of its argument for non-null
arguments and equal to zero otherwise.

If hypothesis H1 or H2 should hold true then it would
follow that limg_.o yv < 0 and, from equation (15), that
y — 0. This is due to the fact that if the sign of the
continuous and bounded signal v(t) should converge to
a constant value (hypothesis H1) it would be the same
one of its extreme points v.,+ (Remark 3), i.e. opposite
to the sign of y.

On the other hand if hypothesis H3 should be true,
being v continuous and bounded, there would be a se-
quence of local extrema v.,; having opposite sign be-
tween each other, i.e. by the Remark 3 a sequence
of configurations corresponding to values of y having
opposite signs. Being the time evolution of the system
continuous this is sufficient to prove that y will be glob-
ally driven arbitrarily close to zero (actually “across”
zero if H3 should hold) where the local stability argu-
ment can be used to prove convergence. This concludes
the proof. In particular the following may be stated:

Remark 4 If

2
b> max{ak,E (au—i— l) }
4 U

the system given by equations (1), (2), (3), (5) is made
globally asymptotically (locally exponentially) stable
by the smooth control r given by equation (10). ]

The above is indeed the most significant result of this
work: it could not have been found with feedback lin-
earization or related standard nonlinear control meth-
ods. A different proof of stability and convergence of
this solution may be found in [9]. Having obtained a
smooth law for r that globally stabilizes the reduced
model it is not difficult to design a robust controller
for 7y such that the yaw asymptotically copies such
“reference” (10) thus stabilizing the complete model as
requested.

4 Robust stabilization of the complete model

Calling now 7 the signal (10), i.e.
F=p8+0 (18)

a control law for 7y may be found such that (r —7) is
exponentially driven to zero thus guaranteeing global
stability of the whole systems as requested. Consider
V = 1/2(r — 7)? such that:

v=<r—f><f—v‘*>=(r—f)(fw—mgmm%g (19)

being
f= (mu —ma)uv — kpr — kyppyrlr|  (20)

Fo= 50 —7r)+0. (21)
Equation (19) suggests for 7 the following structure:

™ =—f+ TgaT + g (22)

where the = symbol on a variable denotes its estimate
due to the imperfect knowledge of the model parame-
ters. In particular

fo= (M1 — ag)uv — kor — lAcrmr|7“| (23)

) (24)

S S

With reference to equation (24), notice that while 6 as
given by (9) does not depend explicitly on any model
parameter, its derivative does. In particular:

b—=2y"6% 1 (25)
u

ku |7 (1 — a)ucos ¢ — vsing) — (b + év|)v cos ¢}

’LL2 + k2y2

The ¢ term in equation (22) can be chosen in accor-
dance to the accuracy with which the model parame-
ters are known.

4.1 “Perfect” model knowledge

In case of perfect model knowledge, i.e. all the es-
timated quantities are identical to the true values, g
may be simply chosen to be proportional to » — 7. In
such case

™~ =—f+mzF—(r—7) : v >0 (26)

together with equation (19) implies that r converges
exponentially to the desired reference 7 value. Replac-
ing equations (18) and (21) in (26) 7x is found to have
a PD (proportional - derivative) structure

™~ = —f+ (ma3vp + )0 — 1) + 757 (0 — &) + ma30.

(27)
Of course the same solution may be applied if the model
parameter knowledge is only approximated. In this
case increasing the value of the v, gain may be use-
ful to compensate for this model uncertainty, but only
if it is small.

4.2 Imperfect model knowledge
A more common technique (sliding mode) to deal with
the model parameter uncertainty is to chose g in (22)
as:
g=—F sgn(r —7) (28)
being F' a known upper-bound to the modeling error,
ie.
F> ‘f—f+m337%—m337%|. (29)

Replacing equation (28) in (22) and then in (19) it
follows that V < —|r — 7| and thus that r asymptot-
ically tends towards 7. To limit the chattering phe-
nomena related to the implementation of the resulting



Path

Figure 2: The effect of the large initial sway is clearly
visible at the beginning of the path.

discontinuous control law the sgn(s) function in equa-
tion (28) may be replaced by its smooth approximation
tanh(ps). Notice that lim,_, 4. tanh(us) = sgn(s).
This can be viewed as a smooth version of the clas-
sical boundary-layer method [11] to reduce chattering.
The trade-off between tracking accuracy and high fre-
quency control action will be modulated by the u pa-
rameter that must be accordingly selected. The final
control law for the uncertain model results in:

TN = —f + a3t — Ftanh(u(r — 7)) (30)

where F' satisfies equation (29).

5 Conclusions

The proposed controller has been tested with some sim-
ulations: first the controller given by equation (26) has
been tested assuming perfect knowledge of the model
parameters and no measurement noise. This has been
done mainly to better illustrate the behaviour of the
proposed approach. All the model parameters, (iner-
tia, drag coefficients and constant surge u) in equa-
tions (1-5) and all the gains where fixed to 1 except for
maog = 2 and k = 1/2 which was necessary to satisfy the
conditions of Remark 4. All the estimated quantities
correspond exactly to the respective real values. The
starting position and orientation was (zg,yo) = (0,1)
and ¢9 = 1[rad] and the initial sway velocity was twice
the surge, i.e. vg = 2. All the differential equations
involved have been integrated by Eulers method with
a time step 6t = 0.01. The resulting path and the time
histories of the relevant quantities are reported in fig-
ures (2) and (3). At last a more realistic simulated ex-
periment has been performed using the model parame-
ters of a Mariner Class Vessel (about 172m in length, 15
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Figure 3: Data relative to the path plotted in figure (2)
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Figure 4: Initial phase of the maneuver, i.e. about 25 min
of simulated navigation.
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Figure 5: Data relative to the path plotted in figure (4)



knots designed speed, 18541m? designed displacement)
taken from [12](appendix E). In particular the con-
troller given by equation (30) has been adopted where
all the relevant quantities are defined by equations
(23), (24), (25) and (29). A realistic uncertainty on
the model parameter knowledge has been considered,
namely all the estimated quantities used to compute
the control torque 7 (30) differed from the values used
to simulate the dynamics of the plant by a randomly
chosen relative error in the range 21% — 30%, i.e. er-
rors perhaps even larger than usual experimental ones
[13]. Moreover normally distributed, zero mean noise
has been added on all the measurement channels. In
particular denoting with o, the standard deviation of
the noise added on the generic variable z, the following
hold: o, = 5m, o, = 1m/s, o, = 0.3deg/s, o4 = 2deg.
The surge speed was fixed to u = 7m/s, i.e. about
13.6 knots. The initial sway was of the same order of
magnitude of the surge, i.e. v9 = 5bm/s. The starting
position and orientation was (xo,yo) = (0, —2) Km and
¢o = Orad. The constant gain parameters k& and F
were chosen in accordance to Remark 4 and equation
(29) while p was fixed to 102. As expected, high val-
ues of p, by example pu = 103, gave rise to chattering.
About one hour of navigation has been simulated inte-
grating the model by Eulers rule with a 1s time step.
The results are shown in figures (4) and (5).

A novel idea to design time-invariant, closed loop mo-
tion controllers for nonlinear underactuated systems
has been applied to smoothly, globally and robustly
stabilize an underactuated marine vehicle on a linear
course taking explicitly into account all the state vari-
ables. Conventional marine vehicle guidance and con-
trol solutions are based on linearized models in which
the sway axis is neglected [12]. On the other hand
standard methods of nonlinear control as feedback lin-
earization may not be applied and indeed to the best of
the authors knowledge no other solution to this prob-
lem is known in the literature. Realistic simulations
are provided to illustrate the controllers behaviour.
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