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Abstract

An analog Hopfield type neural network is given, that
identifies the K largest components of a list d of N real
numbers. The list to be processed is a summand of
the input currents of the neurons, and the network is
started from 0. We provide easily computable restric-
tions on the parameters. The trajectories are shown
to eventually have positive components precisely in the
positions given by the K largest elements in the input
list.

1 Introduction

We are interested in the synthesis and rigorous anal-
ysis of a particular type of neural circuit, called a
“K-winners-take-all” network, or KWT A network for
short, and in this presentation we summarise the results
of [1]. Selecting the K largest elements from a data set
of N numbers is a key task in decision making, pat-
tern recognition, associative memories or competitive
learning networks [2]-[6]. KWT A networks find appli-
cations in telecommunications, particularly for control-
ling data packet switches [7]. In [10] one shows appli-
cations in V LST auditory and visual systems, while in
[9] a KWTA network as an analog decoder of error-
correcting codes is proposed.

2 Background Material

We are given N real numbers, d; to dy, N > 1, and
wish to choose the K largest, 1 < K < N —1. We take
them all to be unequal and define the permutation o
by

dy(1) > do(2) - - > do(n), (1)

saying that the vector d = (di,...,dy) is o-ordered.
The conventional goal is to build an analog circuit,
which excited by d, has an output v(t) which settles
to a steady state v such that

Toy >0,i€1,K,and Ty <0,i€ K+1,N. (2)
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The inequality (2) expresses the “KWT A property”:
the components Uy (1) to Uy(n) “win” the competition,
and the fact that they are the only positive components
of ¥ shows that d, (1) to d,(x) are the K largest com-
ponents of d.

Another requirement for our KW T A network is a finite
working time. That is, we should provide a condition
to stop the process at a finite time t* rather than wait
for the (theoretically) unattainable equilibrium point to
be reached, However there is no one time after which
we can stop, rather t* depends on the list d. In our
network, we shall use a stopping condition

lv;())| >1—¢

for all 7 and some time ¢, where ¢ will be a chosen
parameter, to establish that if

’U[,(i)(t) >0,i€1, K, and ’Ug(i)(t) <0,ie K+1,N, (3)

then dy (1) to dy(k) are the K largest components of d.
This avoids using a fixed time ¢ to approximate v by
v(t), since there is none which is independent of d for
our network.

Finally, each time a list has been processed, the machine
should be reset at the state zero, in wait for the next
list. It is not sufficient to switch the input currents to
zero, and we calculate how the gain can be set lower so
that zero becomes a stable equilibrium.

Let us describe our machine. We propose an artificial
neural network of Hopfield type, having N neurons (am-
plifiers). Each neuron has an input-output characteris-
tic given by v; = g(Au;), where g : R — (—1,1) = tanh.
Here )\ is a positive parameter known as the gain, con-
trolling the slope of the characteristic. It will play a
crucial role here. Each neuron has the same input re-
sistance R and capacitance C', and we denote by ¢ and s
the positive quantities 1/R and 1/C respectively. The
interconnection matrix 7T is taken to be

(4)



where all diagonal terms are equal and positive, and
all nondiagonal ones are equal and negative, making T
symmetric. The network input currents b;,7 € 1, N,
additively include the quantities d; to be processed; for
each 1,

The neural network is described by the following differ-
ential equation with zero initial state.

s[—lu+ TG (A u) + b].
0) = 0

—
<
.
Il

(6)

Here G RN — (=1,1)¥ is given by G(z) =
(g(x1),...g(x,)). For each A, the function t — u?(t),
giving a solution of (7), is called a “u-solution”. We
may consider this dynamical system in terms of the

variable v = G(Au). For each A, the function ¢ —
v M (t) = G(\u?(t)) is called a “v-solution”.

The neural network model (7) or (9) has the following
basic properties.

THEOREM 1 (i) For each A > 0,(7) has a unique C*
solution u* : [0,00) — RN,

(ii) u () is bounded uniformly in \ and t.

(i4i) For eacht > 0, X — u*(t) is continuous on (0, 00).
(iv) For each X, there is a u-equilibrium @ such that

lim u?(t) = 7.
t—o0

These facts are valid for more general dynamical sys-
tems. In particular (iv) is valid for any system (7)
where T is symmetric and g is of “sigmoidal type”. In
this case (7) is a gradient-like system. Finally, let us
mention that the above results hold for v-solutions and
v-equilibria as well.

3 Main Results.

Let us concentrate for now on the v-solution, with tra-
jectories in the open hypercube (—1,1)V. It starts
at zero, and, with parameters correctly chosen, it fin-
ishes with components split into positive and negative
in accordance with (3). We refer to the 2V points of
{—1,1}" as corners. Among the corners there exists
only one, which we shall call ¢, with
Coiy =+l fori€ 1, K and ¢,y = =1, 1€ K+ 1,N.
where o is the permutation defined by (1).

Before proceeding, let us restrict the parameters
a,p,and d in (5) and (6) , and introduce a new pa-
rameter § as follows:

R1 a>0,p<0, and a < —p.

R2 0 satisfies 0 < 6 < —a — p.

R3 For all i, |d;| < —p—a — 0.

Also, we introduce some useful notation:

B 5
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These are all in the interval (0,1) if R1, R2 and R3
hold. For € < €, let

€ = €m = min(ey, €2).
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We have defined €,,, and now for € € (0, €,,) define A,
by A = max(\1(€).A2(€), Az, As(€)).

THEOREM 2 Let R1, R2 and R3 hold. Suppose ¢ €

(0,€m), and A\ > A, Suppose K € 1,N — 1, and the
input list d is o-ordered.

There exists a t* > 0 such that for t > t*, we have
v;(l)(t) > e > v;(K)(t) > ]. — € > O

(8)

This theorem shows that at any time after ¢*, the net-
work has the KWTA property (13). The realisation of
this circuit requires a mechanism to stop after all the
output voltages have reached 1 — € or —1 + €.

The next point of this section concerns the fact that
having processed a list d, the network must be reset to
0 before a second list can be processed. We change d
to a vector with all components equal to p(2K — N) so
that b; = 0 for all 7, and 0 is an equilibrium point. But,
unfortununately, we have found by simulation that for
some A > A, the network may not return to zero when
we switch off the inputs. Thus, we are led to find a new
gain for which the network will reset and for which 0 is
stable. In fact, the next result tells us something more
than this, namely, that using a new gain, the zero state
is the only equilibrium, and we will reach it from any
other point.

PROPOSITION 1 If R1 holds and X\ < % = A,

then 0 is a global asymptotically stable equilibrium point
for
4 = s[—lu+ TG(A\u) + 0].



From the engineering point of view, changing the gain
in order to reset is a drawback. It needs some additional
circuits to implement and it will affect the processing
time when repeated lists of variables are to be sorted.

4 Conclusions

This paper proposed a new continuous time Hopfield
network which has the KWT A property. The main em-
phasis is on proving that the model works as intended.
It is shown that whenever the gain A surpasses an eas-
ily computable value, the network moves into the set of
those states in which all outputs v; have values greater
than 1 — € or less than —1 + ¢, and stays there. This
matches well with the fact that large gain neurons are
easily implemented in CMOS technology. This net-
work has the appealing property of infinite resolution,
i.e. so long as the components of d are distinct, so that
we can always conceive of the K largest of them, our
network finds these K largest. Other networks have had
a lower bound on the diffference between components
of d, e.g. [11]. Let us also remark that our network
does not require N (NN — 1) connections between differ-
ent neurons, although T is a full matrix. It has been
shown in [8] that only 3N connections are needed, be-
cause of the regularity of the interconnection matrix,
T. Tt is also worth mentioning that the computed gains
Am and A, do not depend on K. This could be an ad-
vantage for applications where from succesive lists of NV
variables, we would want to find the largest K items,
with K varying but N remaining the same.
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