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Abstract

Algorithms for the control of quantum mechanical sys-
tems are presented which are based on decompositions
of Lie groups. The derived control laws drive the state
of two and four level systems to any desired final con-
figuration. The algorithms for the two-level case allow
the use of an arbitrarily bounded control.
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1 Introduction

The state of a general multilevel quantum system is
described by a vector [(¢) >, in a finite dimensional
Hilbert space. At every time t, we have

[ (t) >= X(0)[¥(0) > . (1)

The operator X () is the evolution operator solution of
Schrodinger equation

ihX = H({t)X, (2)

with initial condition equal to the Identity. In many
experimental situations H(¢) has the form H(t) :=
Hy + >°%, Hiu;(t), where the operators (matrices)
Hy, Hy, ..., Hy, are time invariant and u;(¢), i =1, ...,m
are typically time varying components of electro-
magnetic fields which play the role of controls. In this
situation, system (2) can be written as [4] [8]

X(t)= AX(t) —|—§:BiX(t)ui(t), X(0) = Lixn. (3)

In (3), A, By, ..., By are matrices in su(n), where n is
the number of levels of the system under consideration.
The solution of (3), X(¢), varies in the Lie group of
special unitary matrices, of dimension n, SU(n). In
this paper we are interested in the control of X in (2)
(3). This is a way to obtain the control of the state

|t > in (1) and also to control the operation performed
on the state of the quantum system. This is of interest
in scenarios like quantum computing, where the state
of the system encodes information and the evolution
of the system has to be driven in order to perform a
prescribed logic operation.

2 Control of two-level systems

We consider the model (3) in the two level case and
with single input,

X = AX + BXu. (4)

The matrices A and B are in su(2) and we assume the
system to be controllable which is equivalent to assum-
ing that A and B are linearly independent.

F. Lowenthal [7] has shown that every two linearly inde-
pendent matrices in su(2), say Z; and Z,, generate the
Lie group SU(2). This means that every element X; in
SU(2) can be written as the finite product of alternate
elements of the one dimensional subgroups correspond-
ing to Z; and Z», namely

Xf — 621t1622t2621t3622t4 . eZItm (5)
for some parameters tq,ts, ..., t,,. Notice that, since the
one dimensional subgroups for every 7, 73 € su(2)
are closed, we can always assume that t1,ts,...,1,, are

positive, which is important in our context since they
will have meaning of time. The number of factors in (5)
depends on the value of the inner product < 7y, 75 >:=
Trace(Z175). In particular, it is minimal and equal
to three if Z; and Z, are orthogonal. F. Lowenthal
has derived a formula which relates < 71, Zs > to the
number of factors m in (5). In particular we have m =
3Jif< 2y, Zo>=0and m= f+2if
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with f > 2. Now, if the control u is bounded by
|u] < M, we choose a bang bang control v = +M
in order to obtain a final condition of the form (5) with
Z1 = A4+ MB and Z9 = A — MB. The number of
factors or, which is the same, the (maximum) number
of switches in the control can be obtained from formula
(6) by substituting 71 = A+ MB, 75 = A— M B. After
some manipulations, we obtain for the second term in
the inequality (6) the following function of M, that we
denote by L(M)
2 2
L(M) = [ — M7 (M)
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The parameter k 1s defined as

[< A A>
ko= 8
<B,B> (®)

Notice that the number of factors in (5) increases with
the parameter L(M). A study of this quantity as a
function of M shows that M = k achieves the minimum
value of number of switches. The function is decreasing
in the interval [0, k) and increasing in [k, +00). The
number of switches and the number of factors in (5)
tends to infinity as M goes to zero as well as M goes
to +o0o. In any case, we have an algorithm to steer the
state of system (4) via a bang bang control. Once the
coefficients t1,...,t, > 0, in (5) with 7, = A4+ M B,
Zs = A — M B, are known the control is kept constant
for intervals of length equal to these parameters.

3 Control of two interacting spin % particles

The control algorithm presented in the previous section
is based on the decomposition of the elements of SU(2)
in (5). Algorithms for problems of higher dimension
can be derived in a similar fashion if decompositions of
the type (5) are available. In fact, decompositions exist
for higher dimensional Lie groups (see e.g. [2]) but, in
general, we cannot insist that the matrices appearing
as factors are exponentials of the matrices appearing in
the equations of the system (3). This problem as been
dealt with in [3] for the important system of two inter-
acting spin % particles in a magnetic field. This system
is a four level one and it has been used to implement
the logic operation XOR in quantum computing [5].
For this system and the corresponding matrices in (3)
(with m = 3) an analysis of the Lie algebra su(4) and
an application of Cartan decomposition [6] lead to the
following result.

Theorem Consider the dynamics of two wnteracting
spin % particles [1] [3] and the corresponding equation
(3) that we rewrite as

X = A+ B, Xu, + ByXu, + B, Xu,. (9)

Every element Xy € SU(4) can be written as
X; = K1 A1 Ky Ay K3 A3 Ky, (10)

In (10) Ai23 are elements of the one dimensional
closed subgroup {X; € SU(4) : X; = 4%, s e R}
and K;, 7 =1,2,3,4, can be written as

K; = ealszeA%eanB,,eA%'eang AZ a4;B, AIE

The decomposition of the previous theorem is given in
terms of the matrices that appear in the equation of the
system. It is clear that a control which 1s identically
zero will steer the Identity matrix to a matrix of the
form e4* while a control with all the components equal
to zero except wuy, = % in an interval A > 0 will
steer the state very close to eP=v? if A is sufficiently
small. Concatenation of these controls will give (with
arbitrary accuracy) a final condition as in X; in (10)

and therefore every final condition in SU(4).

Proofs of the above results along with a discussion on
the computation of the parameters in (11), once a de-
sired final condition X is given, are presented in [3].
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