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Zh frqvlghu d wlph0ydu|lqj qrqolqhdu v|vwhp jryhuqhg
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b{ @ i+{+w,> w, . j4+{+w,> w,z . j5+{+w,> w,x +4d,

} @ k4+{+w,> w, . n45+{+w,> w,x +4e,

|m @ k5+{+�m,> �m, . n54+{+�m,> �m,z+�m,> +4f,

zkhuh { 5 Uq lv wkh vwdwh yhfwru/ w 5 U4 lv wkh wlph
yduldeoh/ x 5 Up lv wkh frqwuro lqsxw/ z 5 Uu lv wkh
xqnqrzq glvwxuedqfh/ } 5 Uo lv wkh xqnqrzq rxwsxw
wr eh frqwuroohg/ | @ +|3> |4> ===, lv wkh rqo| dydlodeoh
phdvxuhphqw rq wkh v|vwhp zlwk wkh glvfuhwh phdvxuh0
phqwv |m 5 Us> m @ 3> 4> ===/ wdnhq dw srvvleo| qrqxql0
irupo| vsdfhg wlph lqvwdqwv �m / zklfk kdyh qr �qlwh
olplwlqj srlqwv1 Wkh ixqfwlrqv i+{> w,/ j4+{> w,/ j5+{> w,/
k4+{> w,/ k5+{> w,/ n45+{> w,/ n54+{> w, duh dvvxphg wr eh
frqwlqxrxv lq w iru doo { dqg wzlfh frqwlqxrxvo| gl�huhq0
wldeoh lq { iru doo w/ zkhuhdv wkhlu �uvw dqg vhfrqg rughu
vwdwh ghulydwlyhv duh dvvxphg wr eh frqwlqxrxv dqg xql0
irupo| erxqghg lq w= Lw lv dovr dvvxphg wkdw i+3> w, @ 3/
k4+3> w, @ 3 dqg k5+3> w, @ 3 iru doo w1
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�Dfkr O1 lv dovr zlwk wkh Xqlyhuvlgdg Dxwöqrpd gh Edmd Fdo0
liruqld/ Hqvhqdgd/ Idfxowdg gh Lqjhqlhuðd1

zlwk lqwhuqdo vwdwh � 5 Ut> lv vdlg wr eh d joredoo|
+orfdoo|, dgplvvleoh frqwuroohu li wkh forvhg0orrs v|vwhp
+4,/ +5, lv joredoo| +xqlirupo|, dv|pswrwlfdoo| vwdeoh
zkhq z @ 31

Jlyhq d uhdo qxpehu � A 3/ lw lv vdlg wkdw v|vwhp +4,/
+5, kdv O52o50jdlq ohvv wkdq � li wkh uhvsrqvh }/ uhvxowlqj
iurp z iru lqlwldo vwdwh {+w3, @ 3> �+w3, @ 3> vdwlv�hv
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+6,
iru doo w4 A w3 dqg doo frqwlqxrxv ixqfwlrqv z+w,1 Wkh
uljkw0kdqg vlgh lq +6, vkrxog eh ylhzhg dv d pl{hg
O52o50qrup rq wkh xqfhuwdlq vljqdov d�hfwlqj wkh v|v0
whp dqg wkh vdpsohg0gdwd phdvxuhphqwv1

Wkh qrqolqhdu K40frqwuro sureohp ryhu vdpsohg0gdwd
phdvxuhphqwv lv wr �qg d joredoo| dgplvvleoh frqwuroohu
+5, vxfk wkdw O52o50jdlq ri wkh forvhg0orrs v|vwhp +4,/
+5, lv ohvv wkdq �= Lq wxuq/ d orfdo vroxwlrq wr wkh K40
frqwuro sureohp lv gh�qhg dv iroorzv1 D orfdoo| dgplv0
vleoh frqwuroohu +5, lv vdlg wr eh d orfdo vroxwlrq ri wkh
K40frqwuro sureohp li wkhuh h{lvwv d qhljkerukrrg X ri
wkh htxloleulxp vxfk wkdw lqhtxdolw| +6, lv vdwlv�hg iru
doo w4 A w3 dqg doo frqwlqxrxv ixqfwlrqv z+w, iru zklfk
wkh vwdwh wudmhfwru| ri wkh forvhg0orrs v|vwhp vwduwlqj
iurp wkh lqlwldo srlqw +{+w3,> �+w3,, @ +3>3, uhpdlqv lq
X iru doo w � ^w3> w4`=

Lq wkh suhvhqw zrun rxu lqyhvwljdwlrq lv frq�qhg wr vhhn0
lqj d orfdo vroxwlrq ri wkh K
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orzlqj frqwulexwlrq lv pdgh wr wkh h{lvwlqj olwhudwxuh rq
qrqolqhdu K40frqwuro ri g|qdplf v|vwhpv1

Wkh K40frqwuro sureohp iru d qrqolqhdu +wlph0lqyduldqw
ru wlph0ydu|lqj, v|vwhp zlwk d vdpsohg0gdwd phdvxuh0
phqw rxwsxw lv frqvwuxfwlyho| vkrzq wr eh htxlydohqw
wr wkh zhoo0vwxglhg K40frqwuro sureohp iru d fhuwdlq
qrqolqhdu +gh�qlwho|/ wlph0ydu|lqj, v|vwhp zlwk d wlph0
frqwlqxrxv phdvxuhphqw rxwsxw1 Lq idfw/ wkh sdshu
irupdol}hv/ zlwk wkh khos ri wkh glvfrqwlqxrxv wlph
vfdoh phwkrg ghyhorshg/ dq lqwxlwlyho| fohdu lghd wkdw
d vdpsohg0gdwd phdvxuhphqw pd| eh ylhzhg dv d wlph0
frqwlqxrxv phdvxuhphqw pdgh iru d vkruw wlph sh0
ulrg/ zkhuhdv d wlph0frqwlqxrxv phdvxuhphqw pd| eh
uhsuhvhqwhg dv d frqwlqxxp ri vdpsohg0gdwd phdvxuh0
phqwv1 Edvhg rq wklv htxlydohqfh/ d orfdo vroxwlrq ri
wkh vdpsohg0gdwd phdvxuhphqw ihhgedfn K40frqwuro



sureohp lv ghulyhg dw wkh vdph ohyho ri jhqhudolw| dv
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yhorshg wr fduu| rxw d irupdo ghulydwlrq ri d vroxwlrq
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sureohp iurp wkdw ri wkh wlph0frqwlqxrxv phdvxuhphqw
ihhgedfn K
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Wkhvh mxpsv ghvfuleh lqvwdqwdqhrxv fkdqjhv lq wkh g|0
qdplfv ri wkh K40frqwuroohu dw wkh vdpsolqj wlph pr0
phqwv �m> m @ 3> 4> ===1 Lq rughu wr vwdwh wkh pdlq uhvxow
ri wklv vhfwlrq/ wkh iroorzlqj frqglwlrqv duh lqwurgxfhg=

D4, xqghu % @ 3 wkhuh h{lvwv d erxqghg srvlwlyh vhpl0
gh�qlwh v|pphwulf vroxwlrq S +w, ri htxdwlrq +8, vxfk
wkdw wkh v|vwhp

=
{@ ^D� +E5E

W
5 � ��5E4E

W
4
,S `+w,{+w, +44,
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Wkhruhp 4 Ohw frqglwlrqv D4, dqg D5, eh vdwlv�hg1
Wkhq wkhuh h{lvwv %3 A 3 vxfk wkdw v|vwhp +8,0+:, kdv
d xqltxh/ frqwlqxrxv iurp wkh ohiw/ erxqghg/ srvlwlyh
gh�qlwh/ v|pphwulf vroxwlrq +S%+w,/ ]%+w,, iru hdfk % 5

+3> %r, dqg wkh rxwsxw ihhgedfn

x @ �jW5 +�> w,S%+w,� +47,

zlwk wkh h{whuqdo vwdwh �+w,/ jryhuqhg e| +;,0+43,/ lv
d orfdo vroxwlrq ri wkh VPI K40frqwuro sureohp1 Frq0
yhuvho|/ frqglwlrqv D4, dqg D5, duh vdwlv�hg li wkh qrq0
olqhdu K40frqwuro sureohp +4, kdv d orfdo h{srqhqwldoo|
vwdelol}lqj vroxwlrq1

Wkh surri ri Wkhruhp 4 lv jlyhq lq vxevhfwlrq 5151Ydul0
rxv vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d vroxwlrq ri
wkh K4�frqwuro sureohp iru d qrqolqhdu wlph0lqyduldqw
v|vwhp zlwk vdpsohg0gdwd phdvxuhphqwv pd| eh irxqg
lq ^7` dqg ^6`1

Wr wklv hqg/ zh qrwh wkdw ydoxh +<, iurp wkh uljkw ri
wkh frqwuroohu lqwhuqdo vwdwh � dw wkh vdpsolqj wlph pr0
phqwv �m> m @ 3>4> === duh ghwhuplqhg wkurxjk wkh hyr0
oxwlrq ri wkh dx{loldu| g|qdplf v|vwhp +43,1 Sduwlfx0
oduo|/ zkhq ghdolqj zlwk d olqhdu revhuydwlrq k5+{> w, @
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�m+w, @ ]%+�m�,^L . FW
5
+�m,F5+�m,]%+�m�,w`

�4

�^]�4
%

+�m�,�+�m�, . FW
5
+�m,|mw`

dqg +<, fdq eh uhzulwwhq lq wkh h{solflw irup

�+�m., @ ]%+�m�,^L . FW
5
+�m,F5+�m,]%+�m�,`

�4

�^]�4
%

+�m�,�+�m�, .FW
5
+�m,|+�m,`

@ �+�m�, .]%+�m�,^L .FW
5
+�m,F5+�m,]%+�m�,`

�4

�FW
5
+�m,^|m �F5+�m,�+�m�,`> +48,

olnh wkdw iru wkh yduldeoh ]% +fi1 +:, ,1



514 Frqyhuvlrq lqwr wkh K
4
0Frqwuro V|qwkhvlv

yld Frqwlqxrxv Phdvxuhphqwv1

Zh ghprqvwudwh qrz krz wr irup dq htxlydohqw FPI

K40frqwuro sureohp dqg wkhq/ edvhg rq vxfk dq htxly0

dohqfh/ zh vkdoo suryh Wkhruhp 41

Wr ehjlq zlwk/ ohw xv lqwurgxfh wkh ixqfwlrqv

"+w, @

�
3> w � 3
4> w A 3

> y+w, @
4[
m@3

"+w� �m,>

�+w, @ w. y+w,> �+v, @ lqi iw = �+w, A vj >

#+v, @

�
v� w> li �+v, @ w 5 G
y+�+v,,> rwkhuzlvh

zkhuh G @ i�mj
4

m@3
1 Lw lv fohdu/ wkdw wkh ixqfwlrqv �+v,

dqg #+v, kdyh wkh slhfhzlvh frqwlqxrxv ghulydwlyhv

b�+v, @

�
3> li �+v, 5 G
4> rwkhuzlvh

> b#+v, @

�
4> li �+v, 5 G
3> rwkhuzlvh

>

dqg
�+�+w,, @ w iru doo w 5 U4> +49,

�+�+v,, @ v iru doo v 5 U4 vxfk wkdw �+v, @5 G

�+�+v,�, @ lqi iv3 = �+v3, @ �+v,j

iru doo v 5 U4 vxfk wkdw �+v, 5 G>

�+�+v,., @ �+�+v,�, . 4

iru doo v 5 U4 vxfk wkdw �+v, 5 G= +4:,

Dorqj zlwk wkh VPI K40frqwuro sureohp iru wkh qrq0
olqhdu v|vwhp +4,/ zh vkdoo frqvlghu wkh vwdqgdug FPI
K40frqwuro sureohp iru wkh dx{loldu| v|vwhp
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e}+v, @ ek4+e{> v, . en45+e{> v,ex+v,

e|+v, @ ek5+e{> v, . en54+e{> v, ez+v, +4;,

zkhuh e{ 5 Uq lv wkh vwdwh yhfwru/ v 5 U4 lv wkh wlph
yduldeoh/ ex 5 Up lv wkh frqwuro lqsxw/ ez 5 Uu lv wkh
xqnqrzq glvwxuedqfh/ e} 5 Uo lv wkh xqnqrzq rxwsxw wr
eh frqwuroohg/ e| 5 Us lv wkh rqo| dydlodeoh frqwlqxrxv0
wlph phdvxuhphqw rq wkh v|vwhp>
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en54+e{> v, @ n54+e{>�+v,, b#+v,= +4<,

Dv vwdwhg ehorz/ wkh odwwhu sureohp lv htxlydohqw wr
wkh iruphu rqh1 Wklv htxlydohqfh zloo ixuwkhu doorz xv wr
ghgxfh d orfdo vroxwlrq ri wkh VPI K40frqwuro sureohp
iurp wkdw ri wkh FPI K40frqwuro sureohp1

Wkhruhp 5 Wkhuh h{lvwv d +orfdo dqg2ru h{srqhqwldoo|
vwdelol}lqj, vroxwlrq ri wkh VPI K40frqwuro sureohp
iru wkh qrqolqhdu v|vwhp +4, li dqg rqo| li wkhuh h{0
lvwv d +orfdo dqg2ru h{srqhqwldoo| vwdelol}lqj, vroxwlrq
ri wkh FPI K40frqwuro sureohp iru wkh qrqolqhdu v|v0
whp +4;,1 Pruhryhu/ li x+w, lv d +orfdo dqg2ru h{srqhq0
wldoo| vwdelol}lqj, vroxwlrq ri wkh iruphu sureohp wkhq
ex+v, @ x+�+v,, lv d +orfdo dqg2ru h{srqhqwldoo| vwdel0
ol}lqj, vroxwlrq ri wkh odwwhu sureohp1 Frqyhuvho|/ li
ex+v, lv d +orfdo dqg2ru h{srqhqwldoo| vwdelol}lqj, vrox0
wlrq ri wkh odwwhu sureohp wkhq x+w, @ ex+�+w,, lv d +orfdo
dqg2ru h{srqhqwldoo| vwdelol}lqj, vroxwlrq ri wkh iruphu
sureohp1

Surri1 Ohw e{+v, eh d wudmhfwru| ri +4;, vxemhfwhg wr
dq h{whuqdo glvwxuedqfh ez+v, dqg gulyhq e| dq dgplv0
vleoh g|qdplf FPI ihhgedfn frqwuroohu ex+v, zlwk wkh

lqwhuqdo vwdwh e�+v,= Wkhq lw lv vwudljkwiruzdug wr fkhfn
wkdw lq dffrugdqfh zlwk +49, dqg +4<,/ {+w, @ e{+�+w,,
lv d wudmhfwru| ri +4d, vxemhfwhg wr wkh h{whuqdo glv0
wxuedqfh z+w, @ ez+�+w,, dqg gulyhq e| wkh dgplvvleoh
g|qdplf VPI ihhgedfn frqwuroohu x+w, @ ex+�+w,, zlwk

wkh lqwhuqdo vwdwh �+w, @ e�+�+w,,= Khqfh/ lq vslwh ri glv0
frqwlqxlwlhv lq �+w,/ wkh ixqfwlrq e{+�+w,, lv frqwlqxrxv
iru doo w> dqg ixuwkhupruh/ wkh iroorzlqj uhodwlrqv]
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duh vdwlv�hg iru doo v3> v4 5 U4 dqg w3 @ �+v3,> w4 @
�+v4,1

Dqdorjrxvo|/ li {+w, lv d wudmhfwru| ri +4d, hqirufhg
e| dq h{whuqdo glvwxuedqfh z+w, dqg dq dgplvvleoh g|0
qdplf VPI ihhgedfn frqwuroohu x+w, zlwk wkh lqwhuqdo
vwdwh �+w, wkhq e{+v, @ {+�+v,, lv d vroxwlrq ri +4;,
hqirufhg e| wkh h{whuqdo glvwxuedqfh ez+v, @ z+�+v,,
dqg wkh dgplvvleoh g|qdplf FPI ihhgedfn frqwuroohu
ex+v, @ x+�+v,, zlwk wkh lqwhuqdo vwdwh e�+v, @ �+�+v,,=
Dorqj zlwk wklv/ uhodwlrqv +53, uhpdlq wuxh1

Gxh wr wkh deryh rqh0wr0rqh fruuhvsrqghqfh ehwzhhq
wkh wudmhfwrulhv ri wkh ruljlqdo v|vwhp +4, dqg wkrvh ri
wkh dx{loldu| v|vwhp +4;, d +orfdo dqg2ru h{srqhqwldoo|
vwdelol}lqj, vroxwlrq x+w, ri wkh VPI K40frqwuro sure0
ohp iru +4, jhqhudwhv wkh +orfdo dqg2ru h{srqhqwldoo|
vwdelol}lqj, vroxwlrq ex+v, @ x+�+v,, ri wkh FPI K
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qhqwldoo| vwdelol}lqj, vroxwlrq ex+v, ri wkh odwwhu sureohp
jhqhudwhv wkh +orfdo dqg2ru h{srqhqwldoo| vwdelol}lqj,
vroxwlrq x+w, @ ex+�+w,, ri wkh iruphu sureohp1 Wkhr0
uhp 5 lv wkxv suryhq1 �

Zh frqfoxgh wklv vxevhfwlrq zlwk surylglqj qhfhvvdu|



dqg vx!flhqw frqglwlrqv iru d orfdo vroxwlrq ri wkh K
4
0

frqwuro sureohp iru wkh dx{loldu| v|vwhp +4;, wr h{lvw1
Wkhvh frqglwlrqv duh dv iroorzv=

Æ4, Wkhuh h{lvwv d erxqghg/ srvlwlyh vhplgh�qlwh/ v|p0
phwulf vroxwlrq ri wkh htxdwlrq

�

=

eS +v, @ eS +v,D+�+v,, b�+v, .DW +�+v,, eS +v, b�+v,

.FW
4
+�+v,,F4+�+v,, b�+v, . eS +v,^

4

�5
E4+�+v,,E

W
4
+�+v,,

�E5+�+v,,E
W
5
+�+v,,` eS +v, b�+v, +54,

vxfk wkdw wkh v|vwhp
=

e{ +v, @ iD+�+v,,� ^E5+�+v,,E
W
5
+�+v,,

���5E4+�+v,,E
W
4
+�+v,,` eS +v,j b�+v,e{+v, +55,

lv h{srqhqwldoo| vwdeoh>

Æ5, wkhuh h{lvwv d erxqghg/ srvlwlyh vhplgh�qlwh/ v|p0
phwulf vroxwlrq wr wkh htxdwlrq

=

e] +v, @ eD+v, e]+v, b�+v, . e]+v, eDW +w, b�+v,

.E4+�+v,,E
W
4
+�+v,, b�+v,

. e]+v,^
4

�5
eS +v,E5+�+v,,E

W
5
+�+v,, eS +v, b�+v,

�FW
5
+�+v,,F5+�+v,, b#+v,` e]+v, +56,

vxfk wkdw wkh v|vwhp
=

e{ +v, @ i eD+v, b�+v,� e]+v,^FW
5
+�+v,,F5+�+v,, b#+v,

���5 eS +v,E5+�+v,,E
W
5
+�+v,, eS +v, b�+v,`je{+v, +57,

lv h{srqhqwldoo| vwdeoh dqg eD+v, @ D+�+v,, .
4

�5
E4+�+v,,EW

4
+�+v,, eS +v,=

Wkh fruuhvsrqglqj uhvxow lv vwdwhg ehorz lq wkh irup ri

ohppd1

Ohppd 6 Ohw frqglwlrqv Æ4, dqg Æ5, eh vdwlv�hg1
Wkhq wkhuh h{lvwv %r A 3 vxfk wkdw v|vwhp

�

=

eS% +v, @ eS%+v,D+�+v,, b�+v, .DW +�+v,, eS%+v, b�+v,

.FW

4
+�+v,,F4+�+v,, b�+v,

. eS%+v,^
4

�5
E4E

W

4 �
E5E

W

5
`+�+v,, eS%+v, b�+v, . %L> +58,

=

e]
%
+v, @ eD+v, e]

%
+v, b�+v, . e]

%
+v, eDW +v, b�+v,

.E4+�+v,,E
W

4
+�+v,, b�+v,

. e]%+v,^
4

�5
eS%+v,E5+�+v,,E

W

5
+�+v,, eS%+v, b�+v,

�FW

5
+�+v,,F5+�+v,, b#+v,` e]%+v, . %L +59,

kdv d xqltxh erxqghg/ srvlwlyh gh�qlwh/ v|pphwulf vr0
oxwlrq + eS

%
+v,/ e]

%
+v,, iru hdfk % 5 +3> %r, dqg d vroxwlrq

ri wkh K40frqwuro sureohp lv jlyhq e|

=

e� +v, @ ei+e�> v, . +
4

�5
ej4+e�> v,ej

W

4
+e�> v,

�ej5+e�> v,ej
W

5
+e�> v,, eS

%
+v,e�

. e]
%
+v,FW

5
+�+v,, b#+v,^e|+v, � ek5+e�> v,`> +5:,

ex @ �ejW5 +e�> v, eS%+v,e�+v,=

Frqyhuvho|/ frqglwlrqv Æ4, dqg Æ5, duh vdwlv�hg li wkh
K40frqwuro sureohp iru +4;, kdv d orfdo h{srqhqwldoo|
vwdelol}lqj vroxwlrq1

Wkh surri ri Ohppd 6 iroorzv wkh vwdqgdug olqh ri uhd0
vrqlqj/ xvhg lq qrqolqhdu K40frqwuro +vhh/ h1j1/ wkdw ri
^5` iru wlph0ydu|lqj vhwwlqj,/ dqg lw lv wkhuhiruh rplw0
whg1 Wkh deryh ohppd lv vxevhtxhqwo| xvhg lq surylqj
Wkhruhp 41

515 Surri ri Wkhruhp 4

Zh �uvw ghprqvwudwh wkdw frqglwlrqv D4, dqg D5, duh
htxlydohqw wr Æ4, dqg Æ5,/ uhvshfwlyho|1

Lqghhg/ li eS +v,> e]+v, duh vroxwlrqv ri +54,/ +56,/ wkhq lw
lv vwudljkwiruzdug wr fkhfn wkdw lq frqwlqxlw| lqwhuydov
ri �+w, wkh ixqfwlrqv S +w, @ eS +�+w,,> ]+w, @ e]+�+w,,
vdwlvi| +8,/ +9, xqghu % @ 31 Pruhryhu/ iru v 5

^�+�m�,> �+�m.,` zlwk �m 5 G dqg �+�m., @ �+�m�,.4>

zh kdyh wkdw b�+v, @ 3/ b#+v, @ 4> wkh iroorzlqj htxd0
wlrqv krogv =

eS +v, @ 3>
=

e] +v, @ � e]+v,FW
5
+�m,F5+�m, e]+v, +5;,

dqg wkh ixqfwlrqv

eS +v, @ eS +�+�m�,,>

e]+v, @ e]+�m�,^L . FW
5
+�m,F5+�m,]+�m�,v`

�4 +5<,

duh vroxwlrqv ri +5;,1 Wkxv/ lq vslwh ri glvfrqwlqxlwlhv

lq �+w,/ wkh ixqfwlrq eS +�+w,, lv frqwlqxrxv iru doo w/
wkhuhe| vdwlvi|lqj +8, iru doo w/ zkhuhdv wkh mxpsv

e]+�+�m.,, � e]+�+�m�,, @

e]+�m�,^L.FW
5
+�m,F5+�m,]+�m�,`

�4
�

e]+�m�,> m @ 3>4> ===

ri wkh ixqfwlrq e]+�+w,, duh wkh vdph dv wkrvh ri +9,/ +:,

dqg wkhuhiruh e]+�+w,, lv d vroxwlrq ri wkh gl�huhqwldo
htxdwlrq +9, zlwk mxpsv +:,1

Dqdorjrxvo|/ rqh fdq suryh wkdw li +S +w,> ]+w,, lv d vr0

oxwlrq ri +8,0+:, xqghu % � 3 wkhq eS +v, @ S +�+v,,>
e]+v, @ ]+�+v,, vdwlvi| +54,/ +56,1 Lq rughu wr frqfoxgh
wkh htxlydohqfh ri frqglwlrqv Æ4,/ Æ5, dqg D4,/ D5,/



lw uhpdlqv wr qrwh wkdw wkh vdph uhodwlrqv duh dovr lq
irufh ehwzhhq vroxwlrqv ri +44,0+46, dqg +55,/ +57,1

E| dsso|lqj Wkhruhp 5 dqg Ohppd 6/ lw iroorzv wkdw
frqglwlrqv D4,/ D5, duh qhfhvvdu| +fhuwdlqo|/ xqghu wkh
dgglwlrqdo dvvxpswlrq wkdw wkhuh h{lvwv d orfdo h{sr0
qhqwldoo| vwdelol}lqj vroxwlrq ri wkh VPI K40frqwuro
sureohp, dqg vx!flhqw iru d orfdo vroxwlrq ri wkh VPI
K40frqwuro sureohp iru +4, wr h{lvw1 Pruhryhu/ li wkhvh
frqglwlrqv duh vdwlv�hg/ wkh frqglwlrqv Æ4,/ Æ5, duh vdw0
lv�hg dv zhoo/ dqg gxh wr Ohppd 6/ wkhuh h{lvwv %3 A 3
vxfk wkdw v|vwhp +58,/ +59, kdv d xqltxh erxqghg/ srvl0
wlyh gh�qlwh/ v|pphwulf vroxwlrq + eS%+v,/ e]%+v,, iru hdfk
% 5 +3> %r, 1 Wkhvh ixqfwlrqv zhuh vkrzq wr jhqhudwh
wkh xqltxh erxqghg/ srvlwlyh gh�qlwh/ v|pphwulf vrox0
wlrq +S%+w, @ eS%+�+w,,/ ]%+w, @ e]%+�+w,,, ri +8,0+:, +wkh
xqltxhqhvv lv jxdudqwhhg e| wkh lqyhuwlelolw| ri wkh wlph
vxevwlwxwlrq lq wkh deryh uhodwlrqv= eS

%
+v, @ S

%
+�+v,,>

e]
%
+v, @ ]

%
+�+v,,,= Ixuwkhupruh/ dffruglqj wr Wkhruhp

5 wkh FPI vroxwlrq +5:,/ jlyhq e| Ohppd 6/ jhqhudwhv
wkh vroxwlrq

x+w, @ ex+�+w,, @ �ejW5 +
e�+�+w,,> �+w,,S%+�+w,,e�+�+w,,

@ �jW
5
+e�+�+w,,> w,S

%
+w,e�+�+w,,

ri wkh VPI K
4
0frqwuro sureohp lq txhvwlrq1

Wr frpsohwh wkh surri ohw xv ghprqvwudwh wkdw wkh ixqf0
wlrq �+w, @ e�+�+w,, vdwlv�hv wkh gl�huhqwldo htxdwlrq +;,
zlwk mxpsv +<,/ +43,1 Lq frqwlqxlw| lqwhuydov ri �+w,

zh kdyh b#+v, @ 3 dqg e| lqvshfwlrq e�+�+w,, lv d vr0
oxwlrq ri +;,1 Li v 5 ^�+�m�,> �+�m.,` zkhuh �m 5 G

dqg �+�m., @ �+�m�, . 4/ wkhq wkh uhodwlrqv b�+v, @ 3>
b#+v, @ 4 dqg +5<, duh lq irufh dqg/ frqvhtxhqwo|/

=

e� +v, @ ]%+�m�,^L .FW
5
+�m,F5+�m,]%+�m�,v`

�4FW
5
+�m,

�^|+�m, � k5+e�+v,> �m,`> �+�m�, � v � �+�m�, . 4=

Wkxv/ wkh mxpsv e�+�+�m.,, � e�+�+�m�,,> m @ 3> 4> ===

ri wkh ixqfwlrq �+w, @ e�+�+w,, duh wkh vdph dv wkrvh

gh�qhg e| +<,/ +43, dqg wkhuhiruh e�+�+w,, vdwlv�hv +;,0
+43, iru doo w= Wkhruhp 4 lv suryhq1

6 Glvwulexwlrq Irupdolvp

Dv vkrzq/ wkh VPI K40frqwuro sureohp/ uhzulwwhq lq
d qhz wlph yduldeoh rewdlqhg wkurxjk d fhuwdlq wlph
vxevwlwxwlrq +devroxwho| frqwlqxrxv/ qrq0lqyhuwleoh vxe0
vwlwxwlrq w @ �+v,,/ ehfrphv d FPI K40frqwuro sure0
ohp/ dqg ylfh yhuvd +wkh glvfrqwlqxrxv wlph vxevwlwx0
wlrq v @ �+w, lv hpsor|hg iru wkh fruuhvsrqglqj FPI
K
4
0frqwuro sureohp frqyhuvlrq,1 D glvwulexwlrq iru0

pdolvp lq qrqolqhdu vhwwlqj lv vxevhtxhqwo| ghyhorshg
wr pdnh vxfk d frqqhfwlrq ehwzhhq wkh VPI dqg FPI
K40frqwuro sureohpv wudqvsduhqw1

Wr ehjlq zlwk/ ohw xv frqvlghu d qrqolqhdu gl�huhqwldo
htxdwlrq ri wkh irup

by @ #+y> w, . $+y> w,�+w,>y+w3, @ y
3 +63,

zkhuh q0yhfwru ixqfwlrqv # dqg $ duh vx!flhqwo|
vprrwk dqg d vfdodu lqsxw

�+w, @
4[

m@3

�+w � �m, +64,

lv d frpelqdwlrq ri Gludf ixqfwlrqv1 Vlqfh d vroxwlrq
y+w, ri +63, lv h{shfwhg wr xqghujr glvfrqwlqxlwlhv dw wkh
lpsdfw wlph lqvwdqwv �m > m @ 3>4> === wkh olqhdu wkhru| ri
Vfkzduw} glvwulexwlrqv lv lqdssolfdeoh wr wkh gl�huhqwldo
htxdwlrq +63, ehfdxvh ri wkh luuhjxodulw| ri d surgxfw
ri wkh lpsxovlyh lqsxw �+w, dqg wkh glvfrqwlqxrxv +lq
w, ixqfwlrq $+y+w,> w,= E| yluwxh ri wklv/ wkh phdqlqj ri
+63, lv prgl�hg dv iroorzv1

Gh�qlwlrq 4 D ixqfwlrq y+w, lv vdlg wr eh d yleurlp0
sdfw vroxwlrq ri +63, li wkh zhdn- frqyhujhqfh ri dq du0
elwudu| vhtxhqfh ri lqwhjudeoh lqsxwv �l+w,> l @ 4> 5> === wr
wkh lqsxw ixqfwlrq �+w, lpsolhv wkh zhdn- frqyhujhqfh ri
wkh fruuhvsrqglqj vwdqgdug vroxwlrqv yl+w, ri +63, zlwk
�+w, @ �l+w,/ uhjdugohvv ri d fkrlfh ri dq dssur{lpdwlqj
vhtxhqfh i�l+w,j=

Uhfdoo wkdw d vhtxhqfh ri lqwhjudeoh +shdnlqj, ixqfwlrqv
�l+w,> l @ 4> 5> = = = frqyhujhv wr �+w, @

S
4

m@3 �+w� �m, lq
zhdn- wrsrorj| l�

olp
l$4

]
4

�4

�l+w,*+w,gw @ 	4m@3*+�m,

iru dq| frqwlqxrxv ixqfwlrq *+w, zlwk frpsdfw vxssruw1

Wkh frqfhsw ri d yleurlpsdfw vroxwlrq zdv lqwurgxfhg
lq ^4` iru qrqolqhdu v|vwhpv zkrvh lpsxovh uhvsrqvh gh0
shqgv xsrq wkh dssur{lpdwlrq ri wkh lpsxovh1 Wkh
iroorzlqj uhvxow lv h{wudfwhg iurp ^4`1

Sursrvlwlrq 7 Yleurlpsdfw vroxwlrqv ri +63, duh zhoo0
srvhg iru duelwudu| lqlwldo frqglwlrqv y3

5 U
q/ vdwlvi|

wkh gl�huhqwldo htxdwlrq by @ #+y> w, iru doo w exw wkh

lpsdfw wlph prphqwv �m> m @ 3> 4> ===> dqg wkhlu ydoxhv

dw w @ �m duh ghwhuplqhg wkurxjk wkh uhodwlrq

y+�m., @ �+4, +65,

zkhuh �+w, vdwlv�hv

b� @ $+�> w,> �+3, @ y+�m�,= +66,

Lq wkh uhpdlqghu/ yleurlpsdfw vroxwlrqv ri qrqolqhdu
gl�huhqwldo htxdwlrqv lq glvwulexwlrqv duh xwlol}hg wr
xqli| wkh VPI dqg FPI K40frqwuroohu htxdwlrqv dqg



wr vwudljkwiruzdugo| ghgxfh d orfdo vroxwlrq ri wkh VPI
K40frqwuro sureohp iurp wkdw ri wkh FPI K40frqwuro
sureohp1

Ohw xv qrz ghprqvwudwh wkdw wkh VPI K
4
0frqwuroohu

htxdwlrqv +9,0 +<,/ +45,/ +46, zlwk mxpsv fdq eh uhsuh0
vhqwhg lq wkh irup +63,/ +64, dv qrqolqhdu gl�huhqwldo
htxdwlrqv lq glvwulexwlrqv1 Iru wklv sxusrvh ohw xv vshf0
li| +63, dv iroorzv=

=

]%@ hD%+w,]%+w, .]%+w, hD
W

%
+w, .E4+w,E

W

4
+w, . %L

.]%+w,^
4

�5
S%E5E

W

5
S%`+w,]%+w,

�]%+w,F
W
5
+w,F5+w,]%+w,�+w,> ]%+w3, @ ]3

%
+67,

=

�@ i+�> w, . ^
4

�5
j4+�> w,j

W
4
+�> w,� j5+�> w,j

W
5
+�> w,`S%+w,�

.]%+w,F
W
5
+w,^|+w,� k5+�> w,`�+w,> �+w3, @ �3 +68,

=
{@ ^ �D%@3 . ]��5SE5E

W
5
S ,`+w,{+w,

�]+w,FW
5
+w,F5+w,{+w,�+w,> {+w3, @ {3= +69,

Gxh wr Sursrvlwlrq 8 yleurlpsdfw vroxwlrqv ri +67,0+69,
duh zhoo0srvhg iru duelwudu| lqlwldo frqglwlrqv/ vdwlvi|
wkh gl�huhqwldo htxdwlrqv +9,/ +;,/ +45, iru doo w exw wkh
vdpsolqj wlph prphqwv/ zkloh wkhlu ydoxhv dw w @ �m>

m @ 3>4=== duh irxqg wkurxjk wkh uhodwlrqv

]%+�m., @ �m+4,> �+�m., @ �m+4,> {+�m., @ �m+4,
+6:,

e| vroylqj wkh dx{loldu| gl�huhqwldo htxdwlrqv

=
�m +w, @ ��m+w,F

W
5
+�m,F5+�m,�m+w,> �m+3, @ ]%+�m�,>

+6;,
b�m+w, @ �m+w,F

W
5
+�m,^|+�m,�k5+�m+w,> �m,`> �m+3, @ �+�m�,=

+6<,
=

�m +w, @ ��m+w,F
W
5
+�m,F5+�m,�m+w,> �m+3, @ {+�m�,=

+73,
Vlqfh htxdwlrqv +6;, dqg +73, lqwhjudwh wr

�m+w, @ ]%+�m�,^L .FW
5
+�m,F5+�m,]%+�m�,w`

�4>

�m+w, @ iL � ]+�m�,^L .FW
5
+�m,F5+�m,]+�m�,w`�4

�FW
5
+�m,F5+�m,wj{+�m�,>

uhodwlrqv +6:,0+6<, uhvxow lq +:,/ +<,/ +43,1

Vr/ wkh yleurlpsdfw vroxwlrqv ri +67,/ +68, zlwk wkh lp0
sxovlyh lqsxw +64, frlqflgh zlwk wkh fruuhvsrqglqj vr0
oxwlrqv ri wkh gl�huhqwldo htxdwlrqv +9,/ +;, zlwk mxpsv
+:,/ +<,/ +43, dqg wkh vdph lqlwldo frqglwlrqv1 Lq rwkhu
zrugv/ wkh rxwsxw ihhgedfn +47, zlwk wkh h{whuqdo vwdwh
�+w,/ ehlqj d erxqghg/ srvlwlyh gh�qlwh/ v|pphwulf yl0
eurlpsdfw vroxwlrq ri +68,/ frxsohg wr +64,/ +67,/ uhs0
uhvhqwv dqrwkhu irup ri wkh orfdo vroxwlrq ri wkh VPI
K40frqwuro sureohp zkhuhdv frqglwlrq D5, lv uhirupx0
odwhg dv iroorzv=

D5*, xqghu % @ 3 wkhuh h{lvwv d erxqghg/ srvlwlyh vhpl0
gh�qlwh/ v|pphwulf yleurlpsdfw vroxwlrq ]+w, ri +67,
vxfk wkdw wkh qrqolqhdu gl�huhqwldo htxdwlrq +69, lq glv0
wulexwlrqv lv h{srqhqwldoo| vwdeoh1

Ixuwkhupruh/ vxevwlwxwlqj dq duelwudu| frqwlqxrxv
vwulfwo| srvlwlyh ixqfwlrq �+w, iru �+w, lq wkh VPI K40
frqwuroohu htxdwlrqv +69,/ +47,/ +67,/ +68,/ zh duulyh dw
wkh vwdqgdug K40frqwuroohu htxdwlrqv +fi1 wkrvh ri ^5`,
iru wkh qrqolqhdu v|vwhp +4d,/ +4e, zlwk wkh frqwlqxrxv0
wlph phdvxuhphqwv

|+w, @ k5+{+w,> w, . n54+{+w,> w,z+w, +74,

vxemhfw wr

n54+{> w,n
W

54
+{> w, @

4

�+w,
L> +75,

zkloh wkh odvw uhvwulfwlrq lq +7, lv qr orqjhu lq irufh1
Frqyhuvho|/ wkh VPI K40frqwuroohu htxdwlrqv lq glvwul0
exwlrqv duh vwudljkwiruzdugo| rewdlqhg iurp wkh zhoo0
nqrzq FPI K40frqwuroohu htxdwlrqv e| vxevwlwxwlqj
glvwulexwlrq +64, iru wkh ixqfwlrq �+w, lq wkh odwwhu htxd0
wlrqv1

Dv d pdwwhu ri idfw/ wkh VPI K40frqwuroohu wkxv frq0
vwuxfwhg fdq eh lqwhushwhg dv d olplwlqj uhvxow ri wkh
FPI K40frqwuroohuv xqghu wkh zhdn- dssur{lpdwlrq ri
glvwulexwlrq +64, e| frqwlqxrxv vwulfwo| srvlwlyh shdn0
lqj ixqfwlrqv �+w,= Lqghhg/ Gh�qlwlrq 7 dgplwv vxfk dq
lqwhusuhwdwlrq ri yleurlpsdfw vroxwlrqv ri wkh VPI K40
frqwuroohu htxdwlrqv lq glvwulexwlrqv1 Wklv lqwhushwd0
wlrq/ lq wxuq/ suryhv urexvwqhvv ri wkh K40frqwuro v|q0
wkhvlv wr vljqdo surfhvvlqj/ uhjdugohvv hlwkhu vdpsohg0
gdwd phdvxuhphqwv ru frqwlqxrxv phdvxuhphqwv/ pdgh
iru d vkruw wlph shulrg/ duh dffhswhg dv dq revhuydwlrq
prgho1

Uhihuhqfhv

^4` Ruory \1/ �Lqvwdqwdqhrxv Lpsxovh Uhvsrqvh ri Qrq0

olqhdu V|vwhp/� LHHH Wudqv1 Dxw1 Fwuo1/ 78/ ss1 <<<04334/

53331

^5` Ruory \1/ Dfkr O1/ dqg Vrolv Y1/ �Qrqolqhdu K4 Frq0

wuro ri Wlph0Ydu|lqj V|vwhpv� Surf1 6;wk FGF/ Skrhql{/

D]/ ss16:9706:9</ 4<<<1

^6` Vx}xnl V1/ Lvlgrul D1 dqg Wduq W1/ �K
4

Frqwuro ri

Frqwlqxrxv V|vwhpv zlwk Vdpsohg Phdvxuhphqw/� Surf1

66ug FGF/ Odnh Exhqd Ylvwd/ IO/ ss1 58860588;/ 4<<71

^7` Wxdq K1 G1 dqg Krvrh V1/ �Rq Urexvw K4 Frqwuro

iru Qrqolqhdu Glvfuhwh dqg Vdpsohg0Gdwd V|vwhpv/� LHHH

Wudqv1 Dxw1 Fwuo1/ 76/ ss1 :480:4;/ 4<<;1

^8` Ydq ghu Vfkdiw D1 M1/ �O50Jdlq Dqdo|vlv ri Qrqolq0

hdu V|vwhpv dqg Qrqolqhdu Vwdwh Ihhgedfn K
4
� Frqwuro/�

LHHH Wudqv1 Dxw1 Fwuo1/ 6:/ ss1 ::3�:;7/ 4<<51


