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Abstract

The purpose of this paper is to compute the risk—
sensitive filtering equations when the state process,
given as the solution of a stochastic differential equa-
tion on an infinite dimensional Hilbert space, is ob-
served through a counting observation.

1 Imtroduction

The filtering equations for finite dimensional systems
with a counting observation have been established by
Kliemann, Koch and Marchetti [4] and Elliott [2].

More recently, nonlinear filtering problems described
by the solution of an infinite dimensional system ob-
served in Gaussian noise have been studied by Ahmed,
Furhman and Zabczyk [1] and Elliott and Moore [3].
The method used in the last cited paper relies on a
change of measure technique which makes the observa-
tion a ”white noise”.

Risk—sensitive filtering with Poisson process observa-
tion has been studied by Malcom, James and Elliott in
[5] for finite dimensional systems.

2 The model

Let (Q2,F,P) be a complete probability space and
(Fi)i>0 a complete right—continuous filtration defined
on this space.

Denote by (Xt)tzo the stochastic process with values in

a real separable Hilbert space H defined as the solution
of the evolution equation written in the sense of 1to,

X, = Xo—l—/t(AXs—l—F(Xs))ds—i—/t G(X)dW (s) (1)

where

L. (W(t)):i>0is a cylindrical Wiener process with values
in M, adapted to the filtration (F;);>0, with increments
W(t) — W(s) independent of F, for t > s.

2. A is an unbounded operator which generates a con-
tinuous semi—group S(t) such that ||S(¢)|] < Me™** for
some M and « > 0.

3. Fis a bounded Lipschitz mapping from H to K.

4. G is a linear, closed operator on its domain D(()
with values in a space of Hilbert—Schmidt operators.

The observation process is the IR-valued stochastic
process (¥¢)i>o0 given by

yr = Ny (2)

where (N;)i>0 is a counting process with intensity
A(X:). That is, A is a mapping from H to IRy such

that oo
15 (/ /\(Xs)zds) < 400
0

and, the stochastic process defined for any ¢t > 0 by
Ny — fot A(Xy)ds is a (Fy)¢>0 martingale.

Let [ be a measurable function mapping IR" into IR
with than quadratic growth, and for any real number
f denote by D, the exponential process defined by

Dy = exp (9 /Ot l(xs)ds) .

For any measurable function ¢ mapping IR"” into IR for
which the expectation is finite, define the filter associ-
ated to the problem (1)—(2) by

m(¢) = Elp(ze)De/ V4]

where Yy = o(ys / 0 < s < t) is the filtration generated
by the paths of the observation process up to time t.



3 The reference probability measure

Denote by (Z;)i>0 the stochastic process defined for
any t > 0 by

Z, = exp (/Otln(/\(Xs))st - /Ot(/\(Xs) - 1)ds) .

Then, denoting by P the probability measure defined
on (£2, F) by the Radon—-Nikodym derivative

dpP

= | =gzt
dP !

T

one can deduce from Girsanov’s theorem (see e.g. [6])
that, under the probability measure P, the stochastic
process (N;)¢>0 is a counting process with intensity 1.

Therefore, defining for any function ¢ mapping H to
IR the "modified” unnormalized filter associated to the
system (1)—~(2) by

pi(¢) = Elo(w:) DiZy | Vi]

one can prove, by means of standard arguments in non-
linear filtering theory, that for any ¢ > 0, the following

conditionnal likelihood ratio holds m(¢) = pt((f)).
Pt

4 The risk—sensitive Zakal equation

For any real separable Hilbert space K, denote by
UCF(H,K) the linear space of mappings ¢ from H into
K which are bounded and uniformly continuous with all
its Fréchet derivatives up to order k. If ¢ € UC}(H,IR)
is such that the mapping © — ¢(Ax) defined on D(A)
has a continuous extension to all H, then its extension,
which is unique, is denoted by ® 4.

Following [1], denote by Dy the set
Do = {6 € UCE(H,IR) / 64 € UCT(H,R), 6
and (¢A)xx S UCI?(HaLl(HaH))} .

where L1(H,H) denotes the space of all nuclear oper-
ators from H into H with the nuclear norm.

Denoting by £ the infinitesimal generator of the
stochastic process (X;);>0 one has :

Theorem 4.1 For any function ¢ in Dqy, the unnor-
malized filter pi(¢) solves the following stochastic par-
twal differential equation

p(@) = E(6(Xo)+ / pa(L6)ds + / pa(616)ds

+ [ = e, — o).

Proof By 1to’s rule, one gets

H(X)DZ, = ¢>(X0)—|—/0t£(/>(Xs)Dssts
+ /Ot Zy Do (X3)G(X,)dW (5)
+/0t 07, DJ(X,)6(X,)ds

+/t Zo Do(MXs) — 1)(X,)(dN, — ds).

Then, one gets the Zakai equation (3), by conditionning
each side of the above equality on Yy, using the fact
that, under P, the stochastic integral with respect to
W(t) is a local martingale and the stochastic Fubini
theorem proved in [6].

5 The Kushner—Stratonovitch equation

By application of Ito’s formula, one can deduce from
the Zakai equation that the filter m(.) solves a ”modi-
fied” Kushner-Stratonovitch equation.

Theorem 5.1 For any function ¢ in Dqy, the filter
71 (@) solves the following stochastic partial differential
equation

m(¢) = 71'0((/>)—|—/0 ﬂ's(ﬁqb)ds—l—/o (ms(0lg) — ws(P)ms(01)) ds
tol

A EEY

(ms—(Ag) — T (M) 75— (0)) -
{dN; —m,_(A)ds).
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