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Abstract

The purpose of this paper is to prove that the unnor-
malized filter associated to a Hilbert space valued non-
linear filtering problem with correlated noises, which
solves a parabolic stochastic partial differential equa-
tion, the Zakai equation, admits a density with respect
to a given measure on the Hilbert space. We also com-
pute the stochastic differential equation solved by this
density.

1 Introduction

The purpose of this paper is to study a correlated fil-
tering problem, when both the signal and the obser-
vation processes evolve in infinite dimensional Hilbert
spaces H and V.

Our aim is to prove that the filter associated to this
filtering problem is absolutely continuous with respect
to a given reference measure p on H. In fact, we prove
that the Zakai equation, solved by the unnormalized
filter, has a solution which admits a density with re-
spect to u and we compute the equation solved by this
density.

Filtering problems with a signal process evolving in
a infinite dimensional Hilbert space and a finite di-
mensional observation process have been studied by
N.Ahmed, M.Fuhrman and J.Zabczyk [1]. In particu-
lar, the existence of an absolutely continuous solution
of the Zakai equation solved by the unnormalized fil-
ter is established in [1]. We generalize this result when
both the signal and the observation processes also e-
volve in a infinite dimentional Hilbert space.

This paper is organized as follow. In the second sec-
tion, we define the filtering problem we are dealing
with and in the third section we state our main re-
sult, that is the existence of a solution of the Zakai
equation which admits a density with respect to the
choosen measure p on H.

2 Setting of the problem

Let H and U be two real separable Hilbert spaces,
(W1 (t))e>0 and (W5 (t))¢>0 be two independent cylin-
drical Wiener processes defined on H and U respec-

tively and (X, Y;)¢>0 be a stochastic process on H xU,
solution of the following filtering problem

dX; = (AX; + F(Xy)) dt + RdAWy(t) + B dWs(t)
dY, = G(Xy) dt + dWs(t) (1)
where :
(Hy) Xois given in H and Yy = 0.

(Hz) The semi-group (S(t))¢>0 generated by the oper-
ator A is such that ||S(¢)|| < Me™®t for M and
a > 0.

(H3) F : H — H is Lipschitz continuous, G : H —
U is continuous and bounded and R is a non-
negative self-adjoint operator.

t
(H4) The operators Q¢ = S(s)QS(s)*ds, t > 0,

0
with Q = RR* + BB*, are trace class.

o0
(Hs) The operator Qo = / et Qe dt is nuclear.
0

Let K be a real separable Hilbert space and denote by
UCF(H,K), k € IN, the linear space of all mappings
¢ from H into K which are bounded and uniformly
continuous as well as all their Fréchet derivatives up
to order k.

Furthermore, following [1], denote by Dy the space

Dy={ ¢e€UCYHR)/ps € UCY(H,R),
ez and (Pa) ez € UC’,?(H,Ll(H,H))}.

Let (Z:)¢>0 be the stochastic process defined by :

t 1 t
zi= e ( [<a0t.av >y -3 [lCe ).
0 0

Then, since G is bounded, one can prove easily that
E(Z; ") =1 for every t > 0, and hence, denoting by
P the probability on (92, F,(F¢)¢>0) by the Radon-

dP
Nikodym derivative —| = Z, *, the version of Gir-
dP |z,

sanov’s theorem proved by J.Y.Ouvrard in [3] implies



that (Y3)¢>o0 is, under P, a (F;);>0-Wiener process in-
dependent of (W (t))>0-

Then, one can define for any ¢ € Dy the filter and the

unnormalized filter associated to the nonlinear filter-
ing problem (1) by m:(¢) = E[p(X;)/Vi] and pi(¢) =

E[¢(X+)Z [ V4] respectively.

Furthermore these processes are related by the Kalli-

anpur—Striebel formula (see [2]) m(¢) = Zt Ef;
¢

Finally, we recall that for every ¢ in Dy, the unnor-
malized filter p; associated to the filtering problem (1)
is solution of the following s.p.d.e, the Zakai equation

dp(®) = pe(Lo¢) di+ < pe(L19),dY; >v

where
Lo¢(X) = 3 T7(Q ¢ue(X)) + < X, A% (X) >u + <
F(X),¢:(X) >g and £19(X) = G(X)p(X)+B* ¢, (X

3 Existence of a density for the filter

We consider as a reference measure y on H the Gaus-
sian measure with mean 0 and covariance operator
Q, denoted by u = N (0, Qu).

Our aim is to prove the existence, under appropriate
assumptions, of a process Y;-adapted, (g¢)¢>0, with
value in H = L?(H, u), such that the process (o+)¢>0,
defined by o:(dz) = ¢ (x)u(dx), t > 0, solves the Za-
kai equation. We also give the equation satisfied by
the process (g¢)¢>0-

With this aim, suppose that the following assumption
is satisfied

(Hg) The law v of Xy is absolutely continuous with

d
respect to p and go = ﬁ € L*(H, ).

Let (ex) be an orthonormal basis of H consisting of
eigenvectors of @« and denote by Cp°(IR™) the set
of all functions from IR™ into IR with continuous and
bounded derivatives of all orders. Then, we say that
a function ¢ : H — IR belongs to FCp°(H) if there
exist m € IN and f € Cp°(IR™) such that ¢(z) = f(<
x,e1 >,..., <, ey >) forx e H.

Then we define the Hilbert space V = Wé’z (1) as the
completion of FCy°(H) with respect to the norm

16113 = [ Q2 bo (@)’ u(de) + [y $(x)° p(d) and V
can be identified as a subspace of L?(H, u1), the imbed-
ding being dense and continuous.

Furthermore, define a bilinear form G on V x V by

G(6,0) = /H (< 60(@), AQuotts () >

).

+ < F(), ¢ (x) >) pldr)
and an operator B from V to La(V, L>(H, u)) by
(B(g)u)(z) =< G(z)q(x),u >v — < Biga(z),u >v

1

_1 _1
+ < Qo® Biu, Qo’ @ > ().
Then, we obtain the main theorem of this paper.

Theorem Assume that hypotheses (Hy) to (Hg) hold
and that

(1) ImageQoo C Dom(A) and there exists K > 0
such that for every x,y € H

| <7,4Quy > | < K|Q*2|Q%yl.
(i) There exists C > 0 such that for every x € H

Q3F(z)| < C.

1 1

(iii) Image By C Image Q& N Image R{ .

Then Zakai’s equation has a solution of the form
o¢(dx) = q¢(x)p(dz), t>0

and the L*(H, p)-continuous process (q¢)i>o0 is the u-
nique weak solution of the s.p.d.e

dqy = L qdt + BqidY.

Example Suppose that H = L%(0,1) and consider the
stochastic heat equation

AX(1€) = (51,6 + F(X(,9)) dt + dWi(t,) +
b(&) dWo(t) with X (¢,0) = X (¢,1) = 0 and X(0,.) =
Xo(.)-

We suppose that the observation of the filtering prob-
lem solves the following equation

dY; = G(Xy) dt + dW»(t) with Yy = 0.

Then, if f is a bounded lipschitz function from IR to
IR, if G is a continuous bounded function from H to V'
and if b € H}(0,1), the Zakai equation has a solution
of the form o(dz) = q;(z) p(dz), t > 0 where ¢ is a
V;-adapted process, with value into L?(H, ).
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