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Abstract

This paper is concerned with the existence of a guaranteed
cost controller for an uncertain system which is subject to
structured uncertainty. The uncertainty in the system is
assumed to have a stochastic character and satisfy certain
stochastic integral quadratic constraints. It is shown that a
guaranteed cost output feedback controller for a stochastic
system can be synthesized as an output feedback controller
absolutely stabilizing this system. For each initial state of
the system, this controller can be found by parametric opti-
mization of solutions of apair of parameter-dependent gen-
eralized matrix Riccati inequalities or matrix Riccati equa-
tions arising in stochastic H ., theory.

Keywords: Robust control, robust performance, structured
uncertainty, stochastic H, control, stochastic absolute sta-
bility, multiplicative noise.

1 Introduction

Stochastic approach to uncertain systems modeling has re-
ceived much attention in the recent control literature. In
paralel with the areas of robust filtering where stochastic
processes traditionally form a major instrument of research,
stochastic uncertainty models have proved being useful in
robust control design. Stochastic uncertainty description
may allow to capture some features of uncertainty which can
not be captured otherwise or would lead to an excessively
conservative controller if were modeled using deterministic
models. In particular it was noted in [13, 8] that stochas-
tic uncertainty modeling may provide a possible approach
to the problem of non-worst case robust control design. Re-
call that the standard deterministic worst case robust control
design presumes that all uncertainties have an equal chance
of occuring, so that one does not expect that certain uncer-
tainty inputs are more or less likely than others. Although
the worst-case design methodology has proved its efficacy
in various engineering problems, it suffers from the disad-
vantage that the designer lacks the opportunity to discrimi-
nate between “expected” uncertainties and those uncertain-
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ties which are known to seldom occur. Examples presented
in[12, 13, 8] show that in some cases, this drawback of the
standard worst-case design methodology can be overcome
using an appropriate stochastic uncertainty description.

One particular robust control problem where stochastic un-
certainty modeling has been demonstrated to lead to a prac-
tically useful and nonconservative result was considered in
[13]. The reference [13] was concerned with a robust state
feedback control problem for a class of uncertain systemsin
which the uncertainty was characterized using a stochastic
integral quadratic constraint. In this paper, we address an
output feedback version of this problem. Asin [13, 8], we
use the stochastic integral quadratic constraint uncertainty
description which naturally extends the deterministic struc-
tured uncertainty model (cf., [5, 6, 9, 10, 14]) alowing for
stochastic perturbations. This opens new avenues for robust
control design with guaranteed performanceand in many in-
stances, allows to reduce the conservatism of existing tech-
nigues.

The main problem addressed is to find a linear output feed-
back controller yielding a guaranteed level of performance
in theface of stochastic structured uncertainty in the system.
In [13], such a controller was found as a minimax optimal
controller which minimizes the maximum (over al admis-
sible uncertainties) value of a cost functional. The class
of controllers considered were state feedback controllers,
which absolutely stabilized the system. The construction of
the optimal controller found in [13] was based on the stabi-
lizing solution of a generalized Riccati equation related to a
stochastic H, control problem and to a stochastic differen-
tial game considered recently in [12, 13]; also, see [8]. As
we consider output feedback control in this paper, the key
point of the guaranteed cost controller proposed hereis that
its construction exploits solutions to a pair of generalized
Riccati inequalities or Riccati equations.

Notation We use the notation R™, R™*? to dencte the
n-dimensional real Euclidean vector space and the space
of rea n x ¢-matrices equipped with the Euclidean matrix
norm. We shall use symbols || - || and (-,-) to denote, re-
spectively, the norm of vectors and matrices, and the inner
product of vectors. Furthermore, given a positive definite



symmetric matrix Q € R?%?, tr0; Q0O defines an inner
product on R"*4. Hence, this space can be considered as a
subspace in the Hilbert space of Hilbert-Schmidt operators.

Let {Q, F, P} be acomplete probability space and let w(t)
be a Wiener processin R? with covariance matrix Q. Also,
w(0) = 0. Let F; denote the increasing sequence of Borel
sub-o-fields of F, generated by {w(s),0 < s < t}. Also,
let E denote the expectation.

Let L§ denote the Hilbert space L+(Q2, Fs, P; R™) of F,-
measurable random variables 2 — R™, which is com-
plete with respect to the norm (E|| - |\2)1/2. For T < oo,
let Lo (s, T; R™) denote the Hilbert space generated by the
(t,w)-measurable {F;,t > 0}-non-anticipating processes
x(t,w): [s,T] x © — R™ and complete with respect to the

1/2
norm |||-[|| = (fSTE|| - Hth) . We shall write Lo (s; R™)
for La(s, +o00; R™).
Given asymmetric positive definite g x g-matrix Q, let Rqu
denote the Hilbert space of n x ¢-matrices, with the inner
product tr©, Q5.

We consider an uncertain stochastic system described by the
following stochastic differential 1to equation:

dx = (Az(t) + Bru(t) + B2&(t))dt + Hx(t)dw(t), (1)
2(t) = Crz(t) + Dyu(t),
y(t) = Cax(t) + D2&(t),

where z(t) € R™ isthe state, u(t) € R™ is the control
input, y(t) € R' isthe measured output, z(t) € R? isa
vector assembling all uncertainty outputsand £(¢) € R™2 is
avector assembling all uncertainty inputs. Here A, B1, Ba,
C1, Co, D1, Dy are matrices of corresponding dimensions,
and H isalinear bounded operator R"™ — R,“.

1.1 System uncertainty

Inatypical situation, the plant may contain several uncertain
feedback loops. In our notation, thisis described by the de-
composition of uncertainty output vector z and uncertainty
input vector ¢ into several blocks of reduced dimensions as
follows:

Z:[Z:/l’ 721/6]/’ 62[517 761’{)]’ (2)

This in turn induces a corresponding block decomposition
on thematrices C1, D1, D2, Bs in equation (1):

Cia D1,1:|
o= b=

Cl-,k Dl,k
By =[Ba1 ... By,
Dy=[Day ... Doyl 3)

The uncertainty in the above system (1) is then described by
the equation

&(t) =it z()lo,u(o); i=1....k (4

We suppose that this uncertainty satisfies the following
Stochastic Integral Quadratic Constraint introduced in [13];
also, see[8].

Definition 1 Let W; > 0,7 = 1,... , k be given matrices.
Then an uncertainty of the form (4) is said to be admissible
if the following conditions hold.

1 Ifu(-) € La(s, T; R™), 2(s) = h € L§, then there
exists a unique solution to (1), (4) that belongs to
LQ(S,T,R"),

2. There exists a sequence {¢;}3°, such that ¢; > s,
t; — oo asj — oo andthefollowing condition holds.
If ’LL() S Lg(S,tlj;le) and LL‘() S LQ(S,tlj;Rn),
then §¢() S LQ(S, tj; Rmz), and

B / (1012 ~ 1€ 0)]12) di
> (R, Wih), i=1,....k (5)

Here, E*" denotes the expectation conditioned on the
initial condition z(s) = h.

We use the notation & to denote the set of admissible un-
certainties. Observe that the trivial uncertainty £(-) = 0
satisfies the above constraint. In the sequel, we shall refer to
the system corresponding to this uncertainty as the nominal
system.

The uncertainty constraint given by (5) extends the integral
guadratic constraints such as givenin [9, 10, 11] to stochas-
tic systemswith multiplicative noise. Asinthese references,
this uncertainty description allows for the uncertainty input
¢ to depend dynamically on the uncertainty outputs. Also
note, that the uncertainty description in the form of the con-
gtraint (5) encompasses the standard norm-bounded uncer-
tainty description. Werefer to[13, 8] for afurther discussion
of Definition 1.

1.2 Guaranteed cost control problem

As has been mentioned above, the main problem addressed
in this paper is to find a linear output feedback controller
ensuring aguaranteed performancein the face of uncertainty
in the system (1). In this section, we set up this problem.

LeRe R, GeR™M* ™ R =R>0,G =G >0,
be given matrices. Associated with the uncertain system (1),
(4), consider the cost functional,

T () = / E>" ((2(t), Ra(t)) + (u(t), Gu(t)) dt,
(6)
defined on the set of output feedback controllers of the form

& = Ad+ By, &(s)=h
u = C.d + Doy ()



In (6), =(t) is the solution to (1), (4) satisfying the initial
condition z(s) = h. Also, we introduce the notation:

_ {x] . [A+Blpc02 Blcc}

T = , A= ,

X B(;CQ AC

— [HO0] - [By+BD.Dy
a=[00] =[P

C = [Cl + D1D.Cy chc} R D= D1D.Ds. (8)
Definition 2 Given the cost functional (6), a controller of
the form (7) is said to be a guaranteed cost controller for the

uncertain system (1), (4) with cost functional (6) and initial
condition h, if it satisfies the following condition:

(i) Thiscontroller stabilizes the nominal system exponen-
tially in mean-square sense, i.e. the resulting closed-
loop nominal system

dz(t) = Az(t)dt + Hxz(t)dw(t),
j(s) = [h/a h/]/a (9)

satisfies the condition: There exist constants ¢ > 0,
a > 0 such that

E"|z(t)]* < ef[alfPem).
(if) For all h € L3, the corresponding solution to the
closed-loop uncertain system (1), (5), (7)
dz(t) = (Az(t) + Bo£(t)) dt + Ha(t)dw(t), (10)
z = C7 + DE(t),

with any admissible uncertainty input (4) and initial
condition z(s) = [h' h']" liesin La(s,R™). Fur-
thermore, the corresponding control input «(-) and
admissible uncertainty input £(-) lie in Lo(s, R™?),
La(s,R™?), respectively.

(iii) The corresponding value of the cost functional (6) is
uniformly bounded for all admissible uncertainties:

sup J*M(u(-) <y (11)
o()e®

for acertainy > 0.

Inthe sequel, we will assumethat the following assumptions
hold:

Dll,iDl-,i > O, D27iD/27,L' >0 1= 1,... ,k.
Also, for the sake of simplicity we will assume that
D} ;Cii=0, By;Dj;=0. (12

These assumptions are standard assumptions arising in H .,
control; see, eg., [1].

We now are in a position to formulate a result which es-
tablishes a connection between the above guaranteed cost

control problem and a stochastic H > control problem. The
stochastic H*° state feedback control problem was consid-
ered in [12, 13, 3]. Also, the stochastic H > output feed-
back control problem was considered in [4] using a matrix
inequalities approach.

Letm, >0,...,7, > 0 besome positive constants and
By = {%_IBM \/LT_kBQ,k},
Dy = [\/LT_lDM JLT_]CDQ,,C},
R1/2 0
0 G2
O, = | vTiCia D, = | vVT1D1a
VTEC1k VTeD1,k

Note that D} D; > 0 and D, D} > 0 for any collection of
positive constants 7;. Also,

CiDy =0, ByD)=0.
Consider the system

dz = (Az(t) + Bru(t) + Bo£(t))dt

+ Hz(t)dw(t)  (13)
#(t) = Crax(t) + Dyu(t),
y(t) = Cax(t) + Dak(t),

driven by a disturbance input £(-) € Lo(s; R™?). AsSoci-
ated with the system (13), consider the following stochastic
H* control problem: Find an output feedback controller of
the form (7) satisfying the following conditions.

(i) The closed loop nominal system with { = 0 corre-
sponding to this controller is exponentially stable.

(ii) The closed loop system (13), (7) with z(0) = 0,
#(0) = 0 satisfies the stochastic H°° norm condition

B[ (=017 - 1€0I°) a

Foo
< _E / (G —r

The solution to the guaranteed cost control problem consid-
ered in this paper relies on the following result.

Lemma 1l Supposefor a giveny > 0 and theinitial condi-
tion h, there exists a guaranteed cost controller of the form
(7). Thenthereexist 1 > 0, ..., 7% > 0 such that this
controller solves the above stochastic H °° control problem
(13), (14).

The proof of the above lemma follows the lines proving of
the corresponding result in [13, 8] and is based on the so-
called S-procedure[15, 8].



In the sequel, we will show that the solution to the stochastic
H* output feedback control problem (13), (14) leads to a
guaranteed cost controller.

2 Stochastic H° control

In this section wereview solutionsto the stochastic H *° out-
put feedback control problem available from the literature;
see[12, 13, 8, 4, 2, 3]. The problem considered in this sec-
tion is the following. Consider the system (1) driven by a
disturbanceinput {(-) € L2(0; R™2). The closed loop sys-
tem corresponding to the system (1) and an output feedback
controller (7) isdescribed by the stochastic differential equa-
tion (10). We wish to find an output feedback controller of
the form (7) such that:

(i) The closed loop nominal system (9) corresponding to
this controller is exponentialy stable.

(ii) The closed loop system (10) with z(0) = 0, #(0) = 0
satisfies the stochastic H°° norm condition

+o00 +oo
B[ (0P - €0 e < —B [ el 1s)
0 0

for each £(-) € L2(0; R™2). Here, the output z(-) is
defined by the system (10).

Lemma 2 ([4]) The controller of the form (7) that solves
the above stochastic H *° control problem exists if and only
if the pair of Riccati inequalities

YA+ A'Y + H'YH + YBy;B)Y
—Cy(Dy DY) Cy + C1Cy < 0, (16)

A'X+ XA+ H*YH+ CC4
—X (B1D{D1)™'Bj — B2B)) X < 0.  (17)

admits symmetric solutions Y > 0 and X > 0 such that
Y > X. Ifinequalities (16), (17) admit such solutions, then
the solution of the above H *° control problemis given by a
controller of the form (7) in which

A. = A— B.Cy + B1C. + B2B} X,

Be = (Y = X)7'C3(D2D3)

C. = —(D{Dy)"'Bi X,

D. = 0. (18)

Guaranteed cost controllers based on Riccati inequalities
and associated L MIs are often known to be excessively con-
servative. Also in the deterministic case and in the stochas-
tic state-feedback case, the design of minimax optimal con-
trollers which guarantee optimal performance requires that
a solution to a corresponding H > control problem be ex-
pressed in terms of algebraic Riccati equations rather than

Riccati inequalities [8]. This motivates us to proceed from
considering the Riccati inequalities (16), (17) to considering
corresponding Riccati equations. The next result extendsthe
Strict Bounded Real Lemma [7] to the realm of stochastic
systems with multiplicative noise. It shows that the inter-
nal stability of the system (19) along with the satisfaction
of abound condition on the norm of the system operator is
equivalent to the solvability of a certain generalized Riccati
equation or generalized Riccati inequality. As a by-product
of this result, the equivalence between the considered gen-
eralized Riccati equation and generalized Riccati inequality
is established. Thisis an important fact since, in a general
case, algebraic matrix equationsand matrix inequalitiesaris-
ing in stochastic H > control are not equivalent; see, e.g.,
[4].

Lemma 3 (Stochastic Strict Bounded Real Lemma)
Consider the system (1) where v = 0:

dx = (Axz(t) + B2&(t))dt + Hz(t)dw(t), (19)
z(t) = Cra(t).

The following conditions are equivalent:

(i) Thelinear system
dx(t) = Ax(t)dt + Hxdw(t) (20)

which correspondsto the system (19) driven by the un-
certainty input £(-) = 0, is exponentially mean-square
stable. Also, the system (19) satisfies the following
stochastic H,.-norm condition: There exists a con-
stant ¢ > 0 such that condition (15) is satisfied for
each&(-) € L2(0; R™2).

(if) There exists a nonnegative definite solution to the gen-
eralized Riccati equation

AX+XA+H'XH+C{Ci + XB;ByX =0
(21)

such that the system
dz(t) = (A + BaBy X )xdt + Hrdw(t)  (22)
is exponentially mean-square stable.

(iii) There exists a positive definite matrix X satisfying the
matrix inequality

AX+XA+H'XH + CCy + XB;By X <0.
(23)

The equivalence of conditions (i) and (ii) was established in
[12, 13, 3]; a'so, see[8]. The proof of the fact that conditions
(i) and (iii) are equivalent can be found in [4].

We now present aresult which addresses the stochastic H *°
output feedback control problem using the generalized Ric-



cati equations approach. This result makes use of the fol-
lowing generalized Riccati equations:

YA+ A'Y + H'YH + YBy;B)Y
—Cy(DyDy) ' Cy + C1C1 = 0, (24)

A'X + XA+ H'YH+ C{Cy
—X (B1D\D1)"'B{ — B2B}) X =0.  (25)

Suppose there exists a unique positive definite solution Y to
the Riccati equation (24) such that the system

dr = (A+ B2ByY )zdt + Hzdw(t) (26)

is exponentially stable. Also, suppose that for that Y,
there exists a minima nonnegative definite solution X
to the Riccati equation (25) such that the matrix A —
(B1(DyD1)"'B] — BoB})X isstableand Y > X.

Consider the closed loop system (10) consisting of the sys-
tem (1) and the controller given by equations (7), (18). As
in[4], welet
- Y X-Y
X':[X—YY—X] (27

It is straightforward to verify that the matrix X is nonnega-
tive definite and satisfies the algebraic Riccati equation

AX+XA+H*XH+C'C+XBB,X =0 (28)

where the matrices A, B, C and the operator H are defined
by equations (8), (18); see [4]. Also, the system

dz = (A + By By X)zdt + Hzdw(t) (29)

is exponentially mean-square stable. Indeed, equation (29)
can be written as follows:

dr = ((A+ B2ByY)x
—((B1(D}D1)"' B} — B2B) X + B2BLY)d)dt
+Hazdw(t),
& = (A= (Bi(DyD1)"' B} — B:By)X )i

Hence, this system is exponentially mean-square stable due
to the stabilizing properties of the matrices Y and X men-
tioned above. We have verified all of the conditions needed
to apply the Stochastic Strict Bounded Real Lemma; see
Lemma 3. From Lemma 3, it follows that the output feed-
back controller (7), (18) solves the stochastic H > control
problem considered in this section. We summarizethe above
discussion in the following result.

Theorem 1 Suppose there exist solutions to the Riccati
equations (24) and (25) as described in the above. Then,
the output feedback controller (7), (18) solves the stochastic
H* control problem associated with the system (1).

Note that the deterministic H > control is recovered by set-
ting H = 0. In this particular case, equations (25) and (24)
turninto standard algebraic Riccati equationsarisingin H >
control [1]; equation (24) must be pre- and post-multiplied
by Y —!. Also, thecontroller (7), (18) becomesthe controller
solving the deterministic H>° control problem for the sys-
tem (1) with H = 0.

It is worth noting that in addition to coupling through the
condition Y > X, equations (24) and (25) are also coupled
through the term H*Y H in the second equation.

3 Design of a guaranteed cost controller

The solution to the guaranteed cost control problem consid-
ered in this paper relies on the following scaled versions of
the generalized Riccati inequalities (16), (17)

YA+ A'Y + HYH + Y By ByY
—Ch(DyDY) 10y + CCy < 0, (30)

AX + XA+ HYH+C,Cy
-X (31@3[91)—133 - BQB;) X<0 (3

and the scaled versions of the generalized Riccati equations
(24), (25)

YA+ A'Y + H'YH + Y ByBhY
—Cy(D2Dy) ' Cy + C1C1 =0, (32)

AX + XA+ HYH+C,Cy
X (B1 (D} Dy)"'B, - BQB;) X=0. (33

We present two versions of the controller design. The first
result given in Theorem 2 makes use of the solution of
stochastic H*° control problem based on Lemma 2. The-
orem 2 presents a necessary and sufficient condition for
the guaranteed cost control problem under consideration is
solvable. The second result given in Theorem 3 presents a
tractable procedure for guaranteed control design. We con-
jecture that this procedure leads to a controller less conser-
vative than the controller of Theorem 2.

Theorem 2 Given an initial condition z(0) = h, a con-
troller (7) solving a guaranteed cost control problem un-
der consideration exists if and only if there exist constants
71 > 0,..., 7 > 0 such that the corresponding Riccati
inequalities (30), (31) admit symmetric positive definite so-
lutions Y, X satisfying Y > X. Furthermore, if such con-
stants; > 0, ..., 7% > 0 exist, then the controller @(-) of
the form (7), (18) where X = X, Y = Y guaranteesthat

k

sup J*M(@,€) < /(X + ) 7 Wi)h. (34)
gee i=1



Let 7 bethe set of vectors T = [ry,... , 7], 71 >0, ...,
7 > 0, such that the corresponding equations (32) and (33)
satisfy the conditions of Theorem 1. Let Y- and X denote
the solutions to equations (32) and (33) corresponding to
TeT.

Theorem 3 Suppose the set 7 is non-empty. Let 7* attain
the infimum

k
] / . . n
inf b'(X- + Z;lel)h, heR"
Then, the output feedback controller «*(-) given by equa-
tions (7), (18) where X = X ., Y =Y, -, guaranteesthat

k

sup JO"(u*,€,) < inf B'(X, + Y 7Wi)h.  (35)
s (u", &) < inf A( ;

Note that the guaranteed cost controllersconstructedin The-
orems 2 and 3 are absolutely stabilizing controllers for the
uncertain system (1), (5). The definition of absolute stability
givenin[13, 8] isthe following.

Definition 3 A controller of the form (7) is said to abso-
lutely stabilize the uncertain system (1), (5) if the following
conditions hold:

1. The nominal closed-loop system is exponentially
mean-square stable.

2. There exists a constant ¢ > 0, independent of
the initial condition and such that for any admissi-
ble uncertainty ¢, the corresponding solution to the
closed loop system (1), (5), (7) belongsto Lo(s, R™),
the corresponding uncertain input £4(-) belongs to
LQ(S, ng)’ and

e+ 116 III? < B[R] (36)

Theorem 4 Suppose the conditions of Theorem 2 or Theo-
rem 3 are satisfied. Then, the controller constructed using
Theorem 2 or Theorem 3 absolutely stabilizes the uncertain
system (1), (5).

4 Conclusions

This paper has been concerned with the existence of a guar-
anteed cost controller for an uncertain stochastic system
subject to structured uncertainty. We have shown that for
each initial state of the system, the linear output feedback
controller yielding a guaranteed worst case performancein
the face of stochastic structured uncertainty in the system,
can be found by parametric optimization of solutions of the
pair of parameter-dependent generalized matrix Riccati in-
equalities or matrix Riccati equations. The generalized Ric-
cati inequalities and Riccati equations are of the type arising
in stochastic H° theory.
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