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Abstract

The existence of homoclinic chaos in the dynamics of
two kinds of pendula with linear viscous damping, is
proved via Melnikov’s method. We consider the clas-
sical inverted pendulum, whose pivot can move hori-
zontally on a cart, and the rotating inverted pendulum.
Both devices are two degrees of freedom (2-DOF) un-
deractuated systems. We analyze the case when the
motion of the actuated part is periodic, with a suffi-
ciently small amplitude.

1 Introduction

The classical inverted pendulum consists of a cart and
a pendulum on it, and the control objective is to bring
the pendulum from its hanging position (stable equi-
librium) to its upright position (unstable equilibrium)
by moving the cart horizontally. The rotating inverted
pendulum is a system consisting of a pendulum con-
nected to an arm rotating within a horizontal plane.
Both devices are underactuated mechanical systems
and may present a wide variety of dynamic behav-
iors, ranging from equilibrium points to chaotic mo-
tion. There exist many works that study the presence
of bifurcations and chaos in different kinds of pendula:
Alvarez and Verduzco [1], Doerner et al [3], Yagasaki
[4, 5], and Cuerno et al [2]. These works consider 1-
DOF systems, or include only numerical or experimen-
tal results. Here we present a formal proof of the exis-
tence of this kind of invariant sets for a class of these
mechanical devices.

2 Homoclinic chaos

In this paper we consider 2-DOF underactuated me-
chanical systems with the following form,

M(q)i+C(q:9) +9(q) + f(q) =, (1)
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where ¢ = (q1,92), M(q) = < ziggg zzggg ) with

my1(q) # 0 for each q, my2(q) = mai(q) = Bcosqy,
mzz(Q) = M2z constant, C(QaQ) - (CI(Q7q‘)762(Q7q‘))7
g(q) - (gl(q)a_oQ Sian)a Qg > 07 f(Q) = (fT1QI7fT2q2)7
and 7 = (71,0). We rewrite (1), obtaining

Tt = mubr+BGacosq+ci+g1+ fridn (2)
0 = B cosga+maafa +ca — agsings + fr,G2(3)

Then, if the control input is the acceleration of the ac-
tuated part, §; = u, system (2)-(3) reduces to

o — 01 8in gy + dacos ou + fryGo +2 =0, (4)

where 6, = ag/maz, d2 = B/maa, frz = fry/ma2, Ca =
€2/Ma2, and the torque 71 can be calculated {rom (2).
Suppose that the actuated part acceleration is periodic,

u = gy sin(wt), (5)

factorize the friction coefficient as f,, = eu, and sup-
pose that ¢; is a O(g?)-function, where € > 0 is small.
Then Eq. (4) reduces to

Go — 1 singe = —eh(qz, o, 1) + O(e2), (6)

where h = 115 cos gz sin(wt) + piada. We will prove
that (6) exhibits chaos using Melnikov’s method. TLet
H(q,p) = p?/2 + &, cosq be the Hamiltonian associ-
ated to (6) for e = 0, with (¢,p) = (¢2,4¢2). Then the
perturbed Hamiltonian system associated to (6) is

G¢=p, p=3dising—eh(g,p,t) + O(e?),

where h(q,p,t) = p1d2 cos gsin{wt) + pap. The unper-
turbed system (¢ = 0) on the cylinder has two equi-
libria: a hyperbolic saddle at (0,0) = (27,0) and a
center at (m,0). The saddle is connected to itsell by
two homoclinic orbits given by v*(t) = (q?f (t),pf (t)),
where q,jf(t) = 7w £ 2arctan(sinh(t)) and pf(t) =
+24/8; sech(t). We remark that the homoclinic trajec-
tories can be found by solving for the level curve of



the Hamiltonian given by H = §;. Now, the Melnikov
function is given by
M(to) = [7 (Hp,—Hg) A (0, =h)(y* (t + to))dt
= — 7 (n2p® + p162 cos gsin(wt)p)dt

Using the next relations: ffooo sech?(t)dt = 2,
ffooo sech(t) cos(wt)dt = msech(4"), and
[ sech(t)® cos(wt)dt = (1 + w?)sech(4L), we

obtain M(ty) = A+ Bsin{wty), where A = —82d; and
B = 2411021/ mw?sech(wr/2). The Melnikov function

has simple zeroes if

|B|>A| = w?sech (ﬂ) > ﬂ&
2 m|d2| 1

Now define Lo = sup,, g {w?sech(wr/2)}. Thus, if

4+/6 4,/maa
1> iy = =2 p1a, (7)
7TLO|(52| 7TLO|ﬂ|

I

then there exists w > 0 such that M(to) has simple
zeroes. We summarize the main result.

Proposition 1 System (2)-(8), with § = u given by
(5), fry = ep2, ca = O(?), will have an invariant
strange set (homoclinic chaos) if € is small enough and
inequality (7) is satisfied.

3 Examples

Classical inverted pendulum The equations of mo-
tion of the cart and pendulum system are given by

(m + M)& +ml cos 00 — ml0*sin + f..& = F,
mi cos 0 +mi?0 — mglsinf + f,.60 = 0,

where we have assumed a massless rod and point
masses, F' is the external force, g is the gravity, f,,
are the friction coeflicients, « is the horizontal displace-
ment of the cart and 6 is the inclination of the pendu-
lum to the vertical direction. We have mag = mi?,
ag = mgl, and 8§ = ml; then, (7) transforms to
w1 > 4/ glus/(mLo). Figure 1 shows a trajectory ob-
tained from this system.

Rotating inverted pendulum The Lagrangian
equations of motion for the rotating inverted pendulum
are given by

F = (ﬂl + ﬁo sin2 92)9‘1 — ﬁgég COS 92 + ﬁo sin(292)9192

+3362 sin 03 + f,, 01,

. . 1 ..

0 = —B36;cosby+ Babs — 5/30 sin(2602)6%60, — asin 6y
+fr2927

where B9 = mol3, 81 = (mu + m2)l}, B = mul3,

B3 = malila, @ = magls, 01 is the inclination of the ac-
tuated arm, and 65 is the inclination of the pendulum to

Figure 1: A chaotic trajectory of the cart-pendulum
system.

the vertical direction. Now, for this case, we have that
Moo = mgl%, Qo = mgglg, and ﬁ = —mglllg. Then, the
inequality (7) transforms to gy > 4v/glapa/(7ly Lo), and
this system will have chaotic motion if this inequality
is satisfied.

4 Conclusions

In this paper we describe some conditions that a class
of underactuated mechanical devices with linear viscous
damping in one of the joints must satisfy to display
homoclinic chaos. Two particular examples were an-
alyzed, the classical and the rotational pendula. The
results may also be applied to other similar devices,
not necessarily mechanical, e.g., electronic circuits or
magnetic wells.
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