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Abstract

This paper addresses robust H., control problem for
nonlinear systems with matched parameter uncertainty.
The necessary and sufficient conditions for existence of
global strong robust H, dynamic compensators are ob-
tained based on nonlinear matrix inequality (NLMI)
approach. It reduces a robust H,, control problems
to a standard H,, problem for an auxiliary nonlinear
system.

1 Introduction

Ho, control problems in linear systems and nonlin-
ear systems have been reduced to problems of solving
Riccati-type equations (AREs) and Hamilton-Jacobi
equations (HJEs) (or inequalities HJIs) in state-space
framework, respectively [1, 3]. It has recently been em-
phasized [2] that Hs, control problem in linear sys-
tems can be cast into the form of first-order matrix
polynomial inequalities called linear matrix inequalities
(LMIs) instead of AREs, which belong to the group of
convex problem and thus can efficiently find feasible
and global solutions to them via inter-point methods
[2]. Subsequently, motivated by LMI approach, the so-
lution of nonlinear H,, control problem are character-
ized by means of nonlinear matrix inequalities (NLMIs)
instead of the HJEs or HJIs in [4]. H control problems
in nonlinear systems with uncertainty were discussed
in [5, 6] and the conditions were reduced to HJEs (or
HJIs). Motivated by the discussion above, in this pa-
per we focus on robust H,, control problem in nonlin-
ear systems with uncertainty by NLMI approach. The
objective of this paper is to obtain the necessary and
sufficient conditions for the existence of so-called strong
robust H., controllers in terms of NLMI.
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2 Robust H,-control problem

Consider the following nonlinear systems with uncer-
tainty.

z = [A(z) + AA(z,t)]x + Bi(z)w

+[Ba(z) + ABa(x, t)]u, (1)
z = Ci(x)r+ Diz(x)u,
y = Cy(x)x+ Da(z)w,

where the dimensions of x,w, u, z and y are n, p1, p2, q1
and go respectively. For all z € X, A(z), B;(x), Ci(z)
and D;;(z) (i,j = 1,2) are C° matrix-valued functions.
AA(z,t) and AB(z,t) satisfy the following assumption.

Assumption 1 Suppose E(x) € R P, H;(z) (i =
1,2) are known C° matriz-valued functions, and

(AA(z,t) AB(z,t)) = E(x)G(z,t) (Hi(x) Ha(z)),

where G(z,t) € Q is unknown matriz-valued functions
with

Q = {G(x,t)|G (2,t)G(z,t) <T z€X, te R,

the elements of G(x,t) Lebesgue measurable}.

For systems (1), we are interested in constructing the
form of the dynamic compensator as follows

£ = AQE+ By, @)
u = C@)¢+ D)y,

where ¢ € X and Xg is a convex open subset in R*
(k < n) containing the origin. In this case, the closed-
loop systems (1) and (2) can be rewritten as the follow-
ing forms.
. = A.x.+ Bow (3)
z = Cexe+ Dow

where z. = (2’ §’)/, A, = Ac(ze), Be = Be(z.),Ce =
Ce(ze), Do = D.(x.) can be easily determined.

Inspired by [4], we concentrate on so-called strong ro-
bust Hso-performance in this paper. We give the defi-
nition of strong robust H-performance as follows.

Definition 1 The closed-loop systems (3) are said to
have strong robust H.,-performance if there exists a C°



positive definite matriz-valued function P. = P.(z.) =
P!(z.) > 0 which satisfies the following inequality

AP, + P,A. P.B. C!
B.P, -1 D.|<o (4)
C. D, I

and Wg—ix&) = 22/.P. for all z. € X = X x Xgo C
R™ x R*, all uncertainty G € Q and some C' positive
definite function V. : X — R*T.

We give the necessary and sufficient conditions of ex-
istence of the dynamic compensator (2) such that the
resulting closed-loop systems (3) have global strong ro-
bust H., performance.

Theorem 2 There exists a dynamic compensator (2)
such that the resulting closed-loop systems have global
strong robust Hoo performance if and only if there exists
a C° (or C>) positive function € = e(x.) for all x. €
X such that the resulting closed-loop systems of (2)
and the following systems (5) have global strong H s
performance.

i = Az)z+ (Bi(z) %E(m) ) @ + Ba(z)u,
5 — Ci(z) Dys(x)

c T (ﬁdec))“(ﬁHz(x))“’

y = Co(x)r+ (Da(z) 0)w,

(5)

where disturbance input w € RPHP1,

Sketch of the proof: Necessity: Divide the LHS of
(4) into two parts: My(z.) is independent of G(z,t),
and Ma(z.) depends on G(z,t). Suppose n # 0 is
a column vector with appropriate dimension, we have
n'Mo(z.)n < —n'Ma(z,t)n. Using the similar tech-
nique to [7] and after some manipulations, we can
choose two semi-definite positive of continuous matrices
M (x.) and M3(z.) independent of G(x, t) such that for
cach z. € Xe, [/ Mo(xc)n)* > 4n' My (ze)nm Ma(xe)n.
Then from [7], we have that for every v € X, there
exists a positive constant €, such that €2M;(v) +
€xMo(v) + Mz (v) < 0. It follows from the continuity of
every element of M;(z.) (i =0,1,2) for all 2, € X,
that there exists a closed ball B(v) centered at v such
that for all 7. € B(v), €2 My (z.)+ e, Mo(ze)+Ma(x:) <
0, then there is a partition of unity {B;,¢;}, where
B; = B;(v;), the union of their interiors covers X¢, ¢;
is a smooth map on R®** supported on B; with ¢; > 0
and > .0 ¢i(v) = 1. Let € = €(we) = Y sy €0, Pi(Te)-
Then e(x.) is well-defined and smooth on X, since
any given . € Xc, there is a definite number of in-
dex i such that z, € B;, that is, there exist some
positive integers ny > ny_1 > --- > ni such that
Zf\il ¢n;(x.) = 1. Using the following inequality:

(Zivzl pia;)? < Zi\;l p2a;, where Zi\;l a; = 1 with
a; > 0and p; >0,i=1,2,---, N. Therefore for each
. € X¢, we have

€ (xe) My () + €e(xe) Mo (ae) + Ma(z)

N
= [Zequﬁm(xc)]QMﬂxc)
“
+ Z €v,,, P (xe)Mo(zc) + Ma(zc)
N?,—l
< On; (556)[512;,,1. My (ze) + Evn,;MO(xC) + Ms(x.)]
=1
< 0. (6)

From Schur complement, we can show that (6) implies
that the close-loop systems (2) and (5) have strong
global H., performance [4]. This completes the proof
of necessity.

Sufficiency: similar to [8], so the proof is omitted.
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