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Abstract: In this paper, we consider the model pre-
dictive control for continuous-time systems by multirate
sampled-data approach. A output feedback multirate
MPC algorithm is proposed for LTI continuous-time sys-
tems based on the so-called periodic piecewise output
feedback approach. First the multirate receding horizon
optimal control is derived for discrete-time systems. It is
shown that the multirate receding horizon control design
of the LTI continuous-time systems can be reduced to
that of a LTI discrete-time systems. Then the multirate
sampled-data design of the LTI continuous-time systems
is developed.
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1. Introduction
Model predictive control (MPC), also known as receding
horizon control (RHC), is well established as the industry
standard for controlling constrained multivariable pro-
cesses [5]. MPC refers to a class of control algorithms
in which a dynamic process model is used to predict
and optimize process performance. The first MPC tech-
niques were developed in the 1970s because conventional
single-loop controllers were unable to satisfy increasingly
stringent performance requirements. MPC is well suited
for high performance control of constrained multivariable
processes because explicit pairing of input and output
variables is not required and constraints can be incor-
porated directly into the associated open-loop optimal
control problem. However, almost all proposed MPC al-
gorithms use the purely discrete-time (DT) model only
based on the behavior at the sampling instants which
ignores the intersample behavior.

During the last few years there has been an increased
interest in the direct design of digital controllers using
continuous-time (CT) performance measures. Such sys-
tems arise naturally when a digital controller is applied
to a CT plant. A realistic model of a controlled sys-
tem consists of a sampled-data (SD) system operating
in continuous time. Purely CT models do not account
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for the practical constraint that continuous output infor-
mation is rarely, if ever, available. Purely DT models
completely ignore the intersample behavior of the sys-
tems. SD control systems, respectively, digital control
systems, are hybrid dynamic systems which usually con-
sider of a CT plant (which can be described by a set of
first-order ordinary differential equations) and a digital
controller (which can be described by a set of first-order
ordinary difference equations). When data in such sys-
tems are sampled at more than one rate, such systems are
called multirate SD control systems, respectively, multi-
rate digital control systems. In contrast to standard CT
or DT techniques, direct SD methods address both the
intersample behavior of the process, as well as the effect
the sampling frequency has on the performance.

Multirate systems arise when various measurement
sampling functions and control signal hold elements op-
erate at different rates. Optimal control of multirate sys-
tems with a quadratic cost function are well developed
in [2] and the references therein. If the state of the sys-
tem cannot be completely available, an output feedback
controller have to be designed. In general, we have to
design an observer when the state cannot be completely
available. As pointed out in [6], so-called periodic output
feedback can avoid the design of observer. In this paper,
we will use the design method of periodic output feed-
back to propose a multirate MPC algorithm for LTI CT
systems.

In [7], the authors presented an LMI optimization
based approach for the infinite horizon constrained MPC,
which is motivated from that the infinite-time optimal
control can be solved by the LMI based approach. How-
ever, the authors didn’t discuss the finite horizon MPC
and the output feedback MPC although they are exten-
sively used in practice. As pointed out in the above pa-
per, there are two reasons why LMI optimization is rel-
evant to MPC. First, LMI-based optimization problems
can be efficiently solved numerically using interior-point
algorithm in polynomial time, often in times comparable
to that required for the evaluation of an analytical solu-
tion for a similar problem. Thus LMI optimization can
be implemented on-line. Secondly, it is possible to re-
cast much of existing robust control theory in the frame-



work of LMIs. The implication is that we can devise an
MPC scheme where, at each time instant, some LMI op-
timization problems (as opposed to conventional linear
or quadratic programs) are solved that incorporates in-
put and output constraints. In this paper, we will show
that finite horizon output feedback optimal control can
be solved by the recursive LMI optimization. An LMI-
based algorithm for finite horizon MPC will be present.
We will show that the finite horizon constrained opti-
mization problem on the design of piecewise output feed-
back control law can be solved by a recursive LMI opti-
mization.

2. Background
In this paper, continuous-time signals will be represented
by (·) around an independent variable, whereas DT sig-
nals will be represented by bracket [·]. h is the sampling
period. S and H are the ideal sampler and hold operator
respectively. Consider the DT linear system

x[k + 1] = Adx[k] + Bdu[k], y[k] = Cdx[k]

where x[k] ∈ Rn is the state vector of the plant, u[k] ∈
Rm the control vector, y[k] ∈ Rp the plant output vec-
tor. At each sampling time k, plant measurements are
obtained and a model of the process is used to predict
future outputs of the system. In the predictions, M con-
trol moves u[k + i|k], i = 0, 1, . . . ,M − 1, are computed
by minimizing the objective function

min
u[k+i|k],i=0,...,M−1

Jp[k] =
P−1
∑

i=0

xT [k + i|k]Qx[k + i|k]

+
M−1
∑

i=0

uT [k + i|k]Ru[k + i|k]

where Q > 0 and R > 0 are symmetric weighting ma-
trices, subject to constraints on the control input u[k +
i|k], i = 0, 1, . . . ,M − 1, and sometimes also on the state
x[k + i|k], i = 0, 1, . . . , P − 1, or the output y[k + i|k],
i = 0, 1, . . . , P − 1. It is assumed that there is no control
action after time k +M −1, i.e. u[k + i|k] = 0, i ≥ M. In
the receding horizon framework, only the first computed
control move u[k|k] is implemented. At time k + 1, the
optimization is resolved with new measurements from the
plant. The purpose of taking measurements at each time
step is to compensate for unmeasured disturbances and
model uncertainty. This is the main feature of the re-
ceding horizon control. In particular when P = ∞, it is
referred to as infinite horizon MPC.

3. LQ Design for Multirate SD Systems
Consider the following LTI CT system

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t), (1)

where (A,B) and (A,C) are assumed to be stabilizable
and detectable, respectively. We consider a controller

which samples all the plant outputs with the same period
h0, and changes the plant input with a shorter period
h (and keeps it constant over the time interval of h),
where h = h0/N, and N is a positive integer. We call h0

frame period, and N input multiplicity. This means that
each component is fed into the system by means of the
following zero-order hold mechanism

u(t) = u(jh), t ∈ [jh, (j + 1)h) (2)

As in [1], the control law is assumed to be piecewise con-
stant, i.e. it is given by

u(kh0 + jh) = F (j)y(kh0), j = 0, · · · , N − 1 (3)

where F (j) denotes constant feedback gains. This type
of controller is called multirate constant output feedback
controller, which is equivalent to the SD controller us-
ing a piecewise constant generalized hold functions. If
the controller (3) is applied to the plant represented by
(C, A,B), the transition matrix (for the frame period
h0) of the closed-loop system becomes Φ = exp(Ah0) +
B̄F̄C, where Ad = exp(Ah), Bd =

∫ h
0 exp(At)Bdt, B̄ =

[

AN−1
d Bd · · · Bd

]

, F̄ =
[

F (0)T · · · F (N − 1)T
]T

.
It is shown in [1] that for almost every h0, the matrix B̄F̄
can be assigned an arbitrary value by suitable choice of
F̄ if (A,B) is controllable and if N ≥ υ, where υ is a con-
trollability index of (A,B). If (C,A) is observable, then
the eigenvalues of Φ can be assigned arbitrarily for almost
every h0 by suitable choice of F̄ .

A controller designed in this way and applied to a lin-
ear system will achieve the desired closed loop behavior
in the output sampling instants, but is likely to result
in strong oscillation between sampling instants. An ef-
fective approach to improving intersample behavior is to
compute a hold function which minimizes a CT quadratic
performance index

min
u[k]

J =
∫ tf

0

[

xT Qx + uT Ru
]

dt + xT (tf )Qfx(tf ), (4)

where Q ≥ 0, R > 0 and Qf ≥ 0 are constant matrices.
Without loss of generality, we assume that Nf = tf/h0 is
a positive integer. Let (Ad, Bd, C) denote the DT system
of (1) at rate 1/h, i.e., Ad = eAh, Bd =

∫ h
0 eAsB(s)ds.

The discretized system of (1) at rate 1/h is as follows

x[l + 1] = Adx[l] + Bdu[l], y[l] = Cx[l] (5)

Also, sampling the performance index (4) at rate 1/h
yields the equivalent DT weights Rd =

∫ h
0 (H̄T (t)QH̄(t)+

R)dt, Qd =
∫ h
0 (eAt)T QeAtdt, and Sd =

∫ h
0 (eAt)T QH̄(t)dt,

where H̄(t) =
∫ t
0 eAsBds. Then the problem becomes to

find a multirate feedback control law (3) minimizing the
following performance index

J =
NNf−1

∑

l=0

[

x[l]
u[l]

]T [

Qd Sd

ST
d Rd

] [

x[l]
u[l]

]

+xT [NNf ]Qfx[NNf ], (6)



with the periodic output feedback u[l] with rate 1/h. If
we assume the control law is piecewise constant, then

u[kN + j] = F (j)y[kN ], j = 0, · · · , N − 1 (7)

Define an N -periodic matrix S(l) ∈ Rp×p, l = 0, 1, 2, . . . ,
as

S(l) =
{

0, l = kN
I, l 6= kN , S̄(l) = I − S(l)

From (7), the control action u[kN + j] is related with
only y[kN ] for j = 0, . . . , N − 1. If we construct a new
vector y̌[l] as the output of the following sample-and-hold
mechanism

ŷ[l + 1] = S(l)ŷ[l] + (I − S(l))y[l]

y̌[l] = S(l)ŷ[l] + (I − S(l))y[l],

then system (5) and (7) can be rewritten as

x̂[l + 1] = Â(l)x̂[l] + B̂u[l], y̌[l] = Ĉ(l)x̂[l], (8)

u[l] = F (l)y̌[l], F (l + N) = F (l)

where

x̂[l] =
[

x[l]
ŷ[l]

]

, Â(l) =
[

Ad 0
(I − S(l))C S(l)

]

(9)

B̂(l) =
[

Bd

0

]

, Ĉ(l) =
[

(I − S(l))C S(l)
]

The performance (6) can be rewritten as

J =
NNf−1

∑

l=0

[

x̂[l]
u[l]

]T Q̂ Ŝ
ŜT Rd

[

x̂[l]
u[l]

]

+x̂T [NNf ]Q̂f x̂[NNf ], (10)

where Q̂ =
[

Qd 0
0 0

]

, Ŝ =
[

Sd
0

]

, Q̂f =
[

Qf 0
0 0

]

.

Obviously, the matrices Â(l), Ĉ(l) are N -periodic and
B̂, Q̂, Ŝ are constant.

Sampling the system (8) at N [2], we can find that
the time-varying system (8) is equivalent to the following
time-invariant DT system

xN [k + 1] = ÃxN [k] + B̃uN [k], yN [k] = C̃xN [k],

uN [k] = F̃ yN [k], xN [0] = x[0], (11)

where F̃ = diag(F (0), · · · , F (N − 1)),

xN [k] = x̂[kN ], k ≥ 0 (12)

uN [k] = [u[kN ]T , · · · , u[kN + N − 1]T ]T , (13)

yN [k] = [y̌[kN ]T , · · · , y̌[kN + N − 1]T ]T , (14)

Ã =
[

AN
d 0

C 0

]

, Ψ =
[

Ad 0
0 I

]

,

B̃ = [ΨN−1B̂, ΨN−2B̂, · · · , B̂],

C̃ = [ĈT , ĈT , · · · , ĈT ]T , Ĉ =
[

C 0
]

Notice that uN [k] = F̃ yN [k] = F̃ C̃xN [k] = F̄ ȳN [k],
where F̄ =

[

F (0)T · · · F (N − 1)T
]T

and

ȳN [k] = ĈxN [k] (15)

is an augmented output vector.
The LTI system (11) can be seen as a state-sampled

representation of system (8), feeding by an augmented
input vector (13) and producing an augmented output
vector (15). System (11) is stable if and only if system
(8) is stable [2]. Obviously for 0 < j < N,

x̂[kN + j] = ΦÂ(j, 0)xN [k] + Ξ(j)uN [k]

where Ξ(j) :=
[

ΦÂ(j, 1)B̂(0) · · · B̂(j − 1) 0 · · · 0
]

.
Define Ξ(0) :=

[

0 · · · 0 0 · · · 0
]

. So, with ini-
tial condition xN [0] = x̂[0], (10) can be rewritten as

J =
Nf−1
∑

k=0

[

xN [k]
uN [k]

]T [

Q̃ S̃
S̃T R̃

] [

xN [k]
uN [k]

]

+xT
N [Nf ]Q̂fxN [Nf ] (16)

where Q̃, S̃ and R̃ are time-invariant matrices

Q̃ =
N−1
∑

j=0

ΦÂ(j, 0)T Q̂(j)ΦÂ(j, 0) (17)

R̃ =
N−1
∑

j=1

Ξ(j)T Q̂(j)Ξ(j) + R̃s + R̃T
s

+diag
[

R̂c(0), R̂c(1), · · · , R̂c(N − 1)
]

(18)

S̃ =
N−1
∑

j=1

ΦÂ(j, 0)T Q̂(j)Ξ(j) +
[

Ŝ(0), ΦÂ(1, 0)T Ŝ(1),

+ · · · ,ΦÂ(N − 1, 0)T Ŝ(N − 1)
]

(19)

where R̃s =
[

Ξ(0)T Ŝ(0), · · · ,Ξ(N − 1)T Ŝ(N − 1)
]

. Clearly,

Q̃, S̃ and R̃ are constant. It is well known that the opti-
mal state feedback control that attains the minimum of
(16) is [2]

uN [k] = K(k)xN [k] (20)

K(k) = −(R̃ + B̃T P̃ (k + 1)B̃)−1(B̃T P̃ (k + 1)Ã + S̃T )

where P̃ (k) is the backward solution of the following DT
Riccati equation

P̃ (k) = Q̃ + ÃT P̃ (k + 1)Ã− (B̃T P̃ (k + 1)Ã + S̃T )T

(R̃ + B̃T P̃ (k + 1)B̃)−1(B̃T P̃ (k + 1)Ã + S̃T )

with final condition P̃ (Nf ) = Q̂f .
The discrete time-invariant system (11) has the state

xN [k] = x̂[kN ]. However, as the lower part of the state
x̂[·] consists of augmented vector ŷ[·] as given in (9),
which are known to be only related to x[kN ], any state
feedback control uN [k] = K(k)xN [k] can be written as

u[kN + i] = Ki+1,1(k)x[kN ] + Ki+1,2(k)ŷ[kN ],



for i = 0, . . . , N−1. The output feedback control law will
be derived based on the dynamic programming.

We now use the optimality principle to derive an re-
cursive optimization approach for the above DT output
feedback problem corresponding to the performance in-
dex (16) and the dynamic system (11). Let

Jk =
[

xT
N [k] uT

N [k]
]

[

Q̃ S̃
S̃T R̃

] [

xN [k]
uN [k]

]

.

Then the output feedback optimal control problem is to
design control law uN [k] = F̄ (k)ȳN [k] minimizing

J =
Nf−1
∑

k=0

Jk + xT
N [Nf ]Q̂fxN [Nf ].

Let J∗(xN [k], k) denote the minimal value of the perfor-
mance starting at time k. Then the optimality princi-
ple states that any input that is optimal over the inter-
val (k, Nf ) must necessarily be optimal over the interval
(k + 1, Nf ) so that the following recursive relation must
hold true

J∗(xN [k], k) = min
uN [k]

(Jk + J∗(xN [k + 1], k + 1)) , (21)

for k = Nf − 1, Nf − 2, · · · , where

xN [k + 1] = ÃxN [k] + B̃uN [k], ȳN [k] = ĈxN [k].

Equation (21) is the optimization equation we are seek-
ing. The above optimization equation can be solved by
starting at the end time Nf and optimizing backward in
time step by step. Thus, e.g., at time k = Nf if the state
xN [Nf ] is known, we have

J∗(xN [Nf ], Nf ) = xT
N [Nf ]Q̂fxN [Nf ]

Now we move back one step in time and assume xN [Nf−
1] is known. Then

J∗(xN [Nf − 1], Nf − 1) (22)

= min
uN [Nf−1]

(

JNf−1 + J∗(xN [Nf ], Nf )
)

The value of uN [Nf − 1] that minimizes the right-hand
side of (22) may be computed by taking the gradient
with respect to uN [Nf − 1] and setting it equal to zero.
Output feedback control law may be computed by us-
ing a gradient-search-based numerical optimization ap-
proach [10]. In the following we will give an LMI-based
approach to compute the optimal output feedback gains.
Let the optimal output feedback control is u∗N [Nf − 1] =
F̄Nf−1ȳN [Nf − 1]. Then

J∗(xN [Nf − 1], Nf − 1)

= min
F̄Nf−1

(

xT
N [Nf − 1]PNf−1xN [Nf − 1]

)

,

where PNf = Q̂f , Q̄i = Q̃ + S̃F̄iĈ + (S̃F̄iĈ)T ,

PNf−1 = (Ã + B̃F̄Nf−1Ĉ)T PNf (Ã + B̃F̄Nf−1Ĉ)

+Q̄Nf−1 + (F̄Nf−1Ĉ)T R̃F̄Nf−1Ĉ. (23)

This optimization problem can be solved by the following
optimization

minF̄i
(trace(Pi)) s.t.

Pi ≥ (Ã + B̃F̄iĈ)T Pi+1(Ã + B̃F̄iĈ) + Q̄i + (F̄iĈ)T R̃F̄iĈ,

with Pi+1 = PNf , which is an LMI optimization problem

minF̄ (trace(Pi)) s.t.




Q̄i − Pi (Ã + B̃F̄iĈ)T (F̄iĈ)T

Ã + B̃F̄iĈ −P−1
i+1 0

F̄iĈ 0 −R̃−1



 ≤ 0. (24)

Denote the solution is F̄Nf−1 and define PNf−1 as in (23).
Then, recursively, the feedback gains F̄Nf−2, · · · , F̄0 can
be computed by the above LMI optimization with Pi+1

substituted by PNf − 1, · · · , P1, respectively. This means
that finite-horizon output feedback optimal control prob-
lem can be recursively solved by an LMI-based algorithm.
In every step, an LMI optimization problem is required
to be solved.

Algorithm 1: LMI Algorithm for Finite-Horizon
Output Feedback Optimal Control

Step 1. Set i = Nf − 1 and P (i + 1) = Q̂f .

Step 2. Solve the LMI optimization (24). Denote F̄ (i)
as the solution.

Step 3. Set

Pi = (Ã + B̃F̄iĈ)T Pi+1(Ã + B̃F̄iĈ)

+Q̄i + (F̄iĈ)T R̃F̄iĈ (25)

Step 4. If i = 0 stop, else set i = i− 1 and goto Step 2.

Note that Ĉ =
[

C 0
]

and denote

F̄i =
[

Fi(0)T · · · Fi(N − 1)T
]T

.

Then the piecewise output feedback control law can be
rewritten as





u[kN ]
. . .

u[kN + N − 1]



 =





Fk(0)
. . .

Fk(N − 1)



 Cx[kN ]. (26)

Obviously, the above control law is very simple.

Remark 1 In general, we cannot obtain a constant gain,
i.e., F̄Nf−1, · · · , F̄0 = F̄ for the output feedback optimal
control problem. Hence the control law u[kN + j] =
Fk(j)Cx[kN ], j = 0, · · · , N − 1, may not be periodic.
For the finite-horizon state feedback optimal control, it
is known that one has to solve a recursive Riccati equa-
tion, where the computation is simple. However, in the
case of output feedback, it is required to solve an LMI op-
timization problem in every step, which is obviously more
complicated than in the case of state feedback.



Remark 2 Equation (25) is a standard recursive dis-
crete Lyapunov equation for the case of output feedback.
In the case of state feedback, the recursive discrete Lya-
punov equation can be solved using the corresponding re-
cursive Riccati equations.

In applications the design of feedback controllers is of-
ten complicated by the presence of physical constraints:
saturating actuators, temperatures and pressures within
safety margins, working space limited by constructive re-
strictions, etc. This stimulated substantial theoretical
advancements in the field of feedback control of dynamic
systems subject to input/state constraints. Handling of
hard constraints is in fact one of the potential benefits of
predictive control [5, 8]. Here, we consider component-
wise peak bounds on the input u[kN + j], given as

|ul[kN + j]| ≤ ul,max, j = 0, · · · , N − 1, (27)

for l = 1, · · · , nu. Note that the control law to be designed
is uN [i] = F̄iȳN [i], i.e., u[iN + j] = Fi(j)Cx[iN ], i =
0, · · · ,M − 1. Define a polyhedral set as

Ω(α) = {x[k] ∈ Rn| |xi[k]| ≤ αi, αi > 0, i = 1, · · · , n}

which denotes discrete state constraints. Then inequali-
ties (27) hold if

n
∑

m=1

∣

∣

∣f ij
lm

∣

∣

∣ αm ≤ ul,max,
{

f ij
lm

}

= Fi(j)C. (28)

Note that xN [i + 1] =
[

AN
d + B̄F̄iC 0

0 0

]

xN [i]. This

means that x[(i + 1)N ] = (AN
d + B̄F̄iC)x[iN ]. Then for

any x[kN ] ∈ Ω(α), x[(k + 1)N ] ∈ Ω(α) if and only if

n
∑

m=1

∣

∣āi
lm

∣

∣αm ≤ αl,
{

āi
lm

}

= AN
d + B̄F̄iC (29)

which is the discrete state invariance condition. Obvi-
ously, (28) and (29) are two sets of LMIs on F̄i if α = {αi}
is given. Hence, we can add the two set of inequalities
into the LMI optimization for the input constraint prob-
lem.

4. Multirate MPC for SD Systems
Let (A,B, C) be a given CT system

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t) (30)

with x(0) = x0 and h0 be the sampling period. At each
sampling time kh0, assume that exact measurement of
the state of the system is available, i.e., x(kh0|kh0) =
x(kh0), and Mh0 is the control horizon, i.e. u(kh0 +
t|kh0) = 0, ∀t > Mh0. The Singlerate MPC problem[4] is
to design the control input u(kh0 + t|kh0), 0 ≤ t < Mh0,
which minimize the following objective function

min
u(kh0+t|kh0),0≤t<Mh0

J =
∫ ∞

kh

(

xT Qx + uT Ru
)

dt (31)

where Q > 0 and R > 0. Using the zero order hold, the
objective function can be rewritten as

min
u[k+i|k],i=0,...,M−1

J =
∫ ∞

kh

(

xT Qx + uT Ru
)

dtdt (32)

Note that this is a hybrid optimization problem since
both the CT and DT signals are involved in (32).

In this paper, we will use the multirate control ap-
proach of last section, i.e. changing the plant input
with shorter period h and keeping it constant over the
time interval of h, where h = h0/N. M control moves
in [kh0, (k + M)h0) will be computed by minimizing the
objective function (31) and only the computed control
moves of the first period h0, i.e. [kh0, (k + 1)h0), are
implemented. At time (k + 1)h0, the optimization is re-
solved with the new measurements from the plant, i.e.
x((k + 1)h0), (or y((k + 1)h0). The above control law is
called multirate MPC (MMPC). According to the deriva-
tion of last section, the optimization problem in (31) can
be transformed to a N -periodic DT LQ problem.

First we will discuss the case that A is stable. The
objective function (31) can be written as J = J̃ +xT (k+
M |k)QMx(k + M |k), where

J̃ =
∫ (k+M)h

kh
[xT (t)Qx(t) + uT (t)Ru(t)]dt

QM =
∫ ∞

Mh
eAT (t−Mh)QeA(t−Mh)dt =

∫ ∞

0
eAT tQeAtdt

From the derivation of last section, the hybrid optimiza-
tion problem is reduced to a DT one

J =
M−1
∑

i=0

[

xN [k + i|k]
uN [k + i|k]

]T [

Q̃ S̃
S̃T R̃

] [

xN [k + i|k]
uN [k + i|k]

]

+xT
N [k + M |k]Q̂MxN [k + M |k] (33)

where Q̂M =
[

QM 0
0 0

]

, subject to

xN [k + 1] = ÃxN [k] + B̃uN [k], ȳN [k] = ĈxN [k] (34)

Since A is stable, QM can be obtained by the following
CT Lyapunov equation [4]

AT QM + QMA + Q = 0

Now we are ready to obtain the following theorem.

Theorem 1 Consider the stable system (A,B, C) and
the objective function (31). The optimal discrete output
feedback controller can be obtained as follows

uN [k + i|k] = F̄iȳN [k + i|k], i = 0, · · · ,M − 1 (35)

where F̄i is the solution of the following recursive opti-
mization problems

minF̄i
(trace(Pi)) s.t.





Q̄i − Pi (Ã + B̃F̄iĈ)T (F̄iĈ)T

Ã + B̃F̄iĈ −P−1
i+1 0

F̄iĈ 0 −R̃−1



 ≤ 0
(36)



with PM = Q̂M , and for i = 0, . . . ,M − 1,

Pi = (Ã + B̃F̄iĈ)T Pi+1(Ã + B̃F̄iĈ) + Q̄i (37)

+(F̄iĈ)T R̃F̄iĈ

And hence the implemented multirate MPC control law
in the interval [kh0, (k + 1)h0) can be constructed as

u[kN + j|kN ] = F0(j)Cx[kN ], j = 0, . . . , N − 1. (38)

The above theorem can be easily proven based on the
dynamic programming. The theorem is the extension of
the single-rate result [4]. However, the recursive Riccati
equation is substituted by the LMI optimization (36).
From (33) and the result of [4], we can find that the
equivalent DT objective function for SD system includes
a crossover which differs from the discrete MPC case.

The MMPC algorithm for SD systems is then ob-
tained from Theorem 1.
Algorithm 2: MMPC Algorithm for Stable CT

Systems

Step 1 Compute Q̃, R̃, S̃, and Q̂M .

Step 2 Get the state measurement x(kh0) at the sam-
pling time kh0, compute the optimal output feed-
back control F̄i by LMI optimization (36) for i =
0, · · ·M − 1. Implement the multirate control (38)
in the interval [kh0, (k + 1)h0).

Step 3 Return Step 2 at the next sampling time (k+1)h.

For the unstable plant, as suggested in [9], rather than
assuming the control moves to be zero after the end of
the control horizon one can introduce a stabilizing local
controller

uN [k + i|k] = F̄N ȳN [k + i|k], for i ≥ M, (39)

(as opposed to uN [k + i] = 0). The idea is essentially
the same, but the terminal cost need to be defined with
respect the system xN [k +1] = (Ã+ B̃F̄N Ĉ)xN [k] rather
than xN [k + 1] = ÃxN [k]. The local feedback F̄N can
be obtained off-line by solving the following Lyapunov
equation

Q̂M = (Ã+B̃F̄N Ĉ)T Q̂M (Ã+B̃F̄N Ĉ)+Q̄N+F̄N ĈT R̃F̄N Ĉ
(40)

Notice that F̄N =
[

FN (0)T · · · FN (N − 1)T
]T

is constant and hence the resulting output feedback

u[k̄N + j|kN ] = FN (j)Cx[k̄N |kN ], (41)

where k̄ = k+ i, i ≥ M, j = 0, · · · , N−1, which is a peri-
odic constant output feedback. It was shown in [1] that, if
a system is controllable and observable, then for almost
all output sampling rates, any self-conjugate pole con-
figuration can be assigned to the discretized closed-loop
system by periodic piecewise constant output feedback,
provided the number of gain changes is not less than the

systems controllability index. By using the iterative LMI
algorithm of [3], we can always find a feasible solution of
Lyapunov equation (40) off-line.

As in [4], we can show that the above control law is
stabilizing just like in the DT case.

Theorem 2 For stable A and M ≥ 1, assume that the
sampling period h is not pathological. Then the MPC
control law (35)-(37) is stabilizing.

5. Conclusion
In this paper, an output feedback multirate MPC algo-
rithm is proposed for LMI CT systems through multirate
SD approach. The finite horizon output feedbackoptimal
control problem is solved by a recursive LMI optimiza-
tion.
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