Spectral analysis of segmented data
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Abstract

Time series analysis is reformulated to allow processing of
segmented data. This involves the reformulation of param-
eter estimation and order selection. Parameter estimation
for autoregressive (AR) models is done by fitting a single
model to all segments simultaneously. Parameter estimation
for moving average (MA) and the combined ARMA mod-
els can be derived entirely from long autoregressive models.
The finite sample theory required for order selection of AR
models has be generalized to segments of data. The resulting
algorithm can also deal effectively with segments of unequal
lenght.
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1 Introduction

Spectral analysis of stationary stochastic signals is used in
various fields, e.g. radar [7], fluid dynamics and geophysics
[10]. In many situations the duration of one interrupted mea-
surement is submitted to practical limitations. However, it is
often possible to obtain several segments of data. The infor-
mation in the segments can be combined to obtain a more
accurate spectral estimate.

With the windowed periodogram, the information can be
combined by averaging the periodograms of the individual
segments. The generalization of time series analysis to seg-
ments of data is less straightforward. However, time series
models provide a more accurate spectral estimate than the
windowed periodogram [4]. Therefore, time series analysis
is used for spectral analysis of segmented data.

An example of the situation where the information in var-
ious segments is combined is in the estimation of a clutter
model from radar data [7]. Here, a number of segments of
equal length is available which can be considered to be inde-
pendent. Another situation where various segments are ob-
tained is an interrupted measurement of a stationary stochas-
tic process [8]. The interruptions or gaps can consist of one
or several observations. Here, the segments are of unequal
length. Moreover, if a gap between two segments is small

the segments will be correlated.

In time series analysis, a signal x is modeled as an
ARMA(p, q)-process. This model is determined in two
stages: parameter estimation for model orders 1,..., Liax and
selection of model order and type. With the ARMAsel algo-
rithm both parameter estimation and order/type selection are
done without using prior information about the signal prop-
erties [4]. The power spectrum and the autocorrelation func-
tion are calculated from the estimated time series model. In
this paper the ARMAsel algorithm is generalized to allow
processing of segmented of data.

The order selection for AR models requires a generalization
of the finite sample formulae, which are already known for a
single segment [5]. For MA and ARMA order selection, the
residual variance to be used in a selection criterion is calcu-
lated by fitting the model to all segments taken together. The
described algorithm also allows the analysis of segments of
unequal length.

2 Parameter estimation

The usual way of combining the information contained in
segments is to take the average of the models estimated from
the individual segments. This will reduce the variance of
the estimate, but does not reduce the bias. The bias can be
reduced by fitting a single model to all segments taken to-
gether [6].

The Burg algorithm is an accurate estimator for AR-
parameters [1]. With the Burg algorithm, reflection coef-
ficients k are estimated directly with an iterative algorithm
[9]. More specifically, an AR(p) model is fitted to the data
with the restriction that the best AR(p — 1)-model of the
AR(p)-model is fixed to the AR(p — 1) model found in the
previous step. This results in the estimation of a reflection
coefficient k), in each iteration step while all previous reflec-
tion coefficients k1, ..., kp—1 are fixed. The resulting AR(p)
model is guaranteed to be stationary. This algorithm is gen-
eralized to segments by estimating the reflection coefficient
from all segments taken together:
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where 5°[7] and @*[?] are the forward and backward resid-
uals for segment s and order p. A comparison with a variety
of averaging methods showed that this Burg algorithm is the
best way of estimating a AR-model from segmented data

[6].

This algorithm is particularly useful for estimation from seg-
ments of unequal length. Suppose an AR model of order 20
is to be estimated from 10 segments of 10 observations and
1 segment of 100 observations. Then, reflection coefficients
k1 up to ko can be estimated using all segments. Reflection
coefficients k19 up to ko are estimated from the remaining
segment of 100 observations. This efficient usage of all seg-
ments is due to the iterative estimation in the Burg algo-
rithm. This kind of efficiency cannot be achieved with the
Yule-Walker or least squares estimators.

MA models can be estimated from an intermediate AR
model using the Durbin estimator. This estimator has been
made efficient by using the correct order for the intermedi-
ate AR model [3]. Similarly, ARMA estimation can be done
by fitting an ARMA model to an intermediate AR-model.
By selecting the most accurate estimate from several linear
reduced-statistics estimators the accuracy is improved [2].

3 Order selection

For MA and ARMA, an asymptotic order selection criterion
can be used. For AR models, order selection is done using
finite sample theory [1]. The order selection criterion which
is used, the Combined Information Criterion CIC, requires
an expression v; for the variance of reflection coefficients ;
estimated in white noise. The v; for segments of data are
given by:
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where S is the number of segments and Ny is the number
of observations in segment 5. Asymptotically, v; reduces
to ﬁ It can be used for order selection in independent
segments. Surprisingly, it can also be used for segments
which originate from a single long signal with missing ob-
servations. At first sight, one would expect that the variance
expression would be different for this situation, as the seg-
ments are correlated. However, when an AR-model of suf-
ficiently high order is estimated, the residuals become white
noise. As a result, the residuals in the various segments will
be independent, even when the original segments are corre-
lated. This has been tested in a simulation experiment of an
AR(2)-process with k1 = —0.9, k» = 0.8. A single signal of
200 observations has been split up into 10 segment of 10 ob-
servations and 1 segment of 100 observations to create heav-
ily correlated segments. For orders 1 and 2 the residuals are
not white noise, because there are still significant parameter
to be estimated. This results in a deviation between the v;
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Figure 1: Variance of reflection coefficients & estimated from cor-
related segments of an AR(2) process. Simulation re-
sults (105 runs) are compared to the v;.

and the actual variance of estimated %; (see figure 1). These
deviations do not adversely influence the quality of order
selection. For p > 2, the variance of estimated reflection
coefficients is accurately described by equation 2.
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