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Abstract

The problem of state estimation for a class of nonlin-

ear systems with Lipschitz nonlinearities is addressed

using sliding-mode estimators. Stability conditions

have been found to guarantee convergence if no noise

a�ects the system and the channel equations, and

non-divergence in the presence of additive bounded

disturbances. The design of such estimators is based

on the solution of an algebraic Riccati equation that

is di�cult to solve. A method is presented in order

to �nd a suitable solution that optimizes the perfor-

mance. Successful simulations have been performed

to illustrate the e�ectiveness of the proposed design

method.

1 Introduction

The problem of designing state estimators for nonlin-
ear systems is still di�cult, even though numerous re-
sults have been reported in the literature about �lters
and observers. Filters for general nonlinear stochas-
tic systems have been extensively studied since the
sixties (see [1] for an introduction). Unfortunately,
it is almost impossible to reach exact analytical so-
lutions to such �ltering problems, except when su�-
cient statistics of the underlying Markov process can
be generated by a �nite dimensional �lter (see, among
others, [2]). Thus, it is often necessary to resort to ap-
proximate �lters. For example, if the noises and the
state are assumed to be Gaussian processes, estima-
tion may be accomplished by means of an extended
Kalman �lter (EKF). Such a �lter is frequently used
in practical applications and may be obtained by ap-
plying the Kalman �lter to the state and channel
equations linearized around the last-estimated state
vector. As far as other approaches are concerned,
the most recent advances in nonlinear �ltering are re-
ported in [3].

If there is no noise a�ecting the system and channel
equations, the problem of state reconstruction can be
faced using various techniques [4, 5]. One solution
consists in applying a canonical state-space transfor-
mation so as to concentrate nonlinearities to a func-
tion dependent only on known input and output vari-

ables [6, 7]. This enables one to design an observer
with linear error dynamics in the transformed state-
space. Unfortunately, it is di�cult to �nd this trans-
formation for general nonlinear systems. Therefore,
simpler observers are usually considered (and stabil-
ity results are proved for them), like, for instance,
constant-gain �lters [8], which do not require such
transformations. A number of theoretical results are
now available for constant-gain observers [9, 10, 11].
As compared with these observers, sliding-mode esti-
mators have both a term linearly dependent on the in-
novation and a variable-structure one [12], thus their
potential is greater than those of other estimation
techniques [13].

The works on variable-structure observers deal more
with the problem of model matching compensation
and with the development of viable design meth-
ods for linear systems (see, for such methods, [14]
and [15]). The design of sliding-mode observers with
nonlinear dynamics is faced in [12] and [16] but
the focus is more on robustness to bounded nonlin-
earities/uncertainties. Other examples of nonlinear
sliding-mode observers are reported in [13] and [17].
In [13] an approximate analysis of the noise e�ects
is made and [17] describes an observer based on the
equivalent control method. A stability analysis of a
sliding-mode observer's error dynamics when the slid-
ing conditions are satis�ed is presented in [18].

In this paper, nonlinear dynamic systems with lin-
ear channels are considered and their nonlinearities
are supposed to be Lipschitz. The properties of the
sliding-mode observers both without noises and with
noises have been studied in order to establish con-
vergence conditions [19]. More speci�cally, the same
conditions have been found to guarantee convergence
in a purely noiseless setting and non-divergence if the
noises a�ecting the system dynamics and the mea-
surement channel are assumed to be bounded. These
convergence conditions are similar to those obtained
for constant-gain observers [9, 10]. However, the de-
sign of both such observers and the above-mentioned
sliding-mode estimators turns out to be di�cult. A
method to choose the design parameters has been de-
veloped so that the performance of a sliding-mode ob-
server may be optimized in a noisy case. More specif-
ically, these parameters are chosen so as to minimize
an upper bound to the asymptotic estimation error.



The paper is organized as follows. A sliding-mode ob-
server is presented in Section 2 with the related con-
vergence results. This estimator can be applied in a
noisy case, i.e., when the state and channel equations
are corrupted by additive noises. The same conver-
gence conditions of the observer enable one to ensure
non-divergence when bounded noises a�ect the plant,
as shown in Section 3. In Section 4, the issues re-
lated to the design of such sliding-mode estimators
are discussed and an optimization-based method for
selecting the design parameters is described. Section
5 illustrates the results obtained by simulations and
presents a performance comparison of the proposed
�lter with the EKF. A summary and prospects for
future work are included in Section 6.

2 Sliding-mode observers for noiseless

systems

Consider the class of continuous-time nonlinear sys-
tems described by

:
x = Ax+ f (x; u)
y = C x

; t � 0 (1)

where x(t) 2 X � R
n is the state vector, u(t) 2

U � R
p is the input vector, and y(t) 2 Y �

R
m is the measurement vector. The function f :

X � U ! R
n is supposed to be locally Lipschitz

in x 2 X , i.e., there exists �f > 0 such that
k f (x

1
; u)� f (x

2
; u) k � �f kx1 � x

2
k , 8x

1
; x

2
2 X ,

u 2 U . The channel is linear but, in general, not all
the state variables are measurable. Here a nonlinear
sliding-mode observer is proposed whose structure is
the following:

:

x̂= A x̂+ f (x̂; u) + L (y � Cx̂) + Sobs ( x̂; y) (2)

where L is a constant gain matrix,

Sobs ( x̂; y)
4

=

8>>>>>><
>>>>>>:

P�1 CT (y � C x̂)

ky � C x̂k
;

ky � C x̂k > "

P�1 CT (y � C x̂)

"
;

ky � C x̂k � "

(3)

e is the estimation error (i.e., e(t)
4

= x(t) � x̂(t) ),
and " is the amplitude of the boundary layer [12].
The symmetric positive de�nite matrix P is the so-
lution of a Riccati equation, which will be speci�ed
later on. A similar sliding-mode observer is described
in [16] and the relevant results are those reported in
[10] concerning an observer for systems with Lipschitz
nonlinearities, as discussed in [19]. A schematic rep-
resentation of the sliding-mode observer is shown in
Fig. 1.

Figure 1: Scheme of a sliding-mode nonlinear ob-
server.

A convergence result for the sliding-mode observer (2)
has been established as follows (see [19]):

Theorem 1. Given the system (1) with (A;C) ob-
servable and f (x; u) locally Lipschitz in x 2 X with
the Lipschitz constant �f , if there exist a gain matrix
L and a positive de�nite matrix Q such that A�LC
is stable and the algebraic Riccati equation

(A� LC)T P + P (A� LC) + �2f P P + I = �Q (4)

has a symmetric de�nite positive matrix P , then the
estimation error dynamics of the sliding-mode ob-
server (2) is exponentially stable.

The proof of Theorem 1 can be found in [19].

Remark 1. The formula of the sliding-mode observer
(2) presents two terms related to the innovation (i.e.,
y � C x ). The �rst is the linear part dependent on
the gain L , like most estimators for nonlinear sys-
tems (recall, for instance, the time-varying gain of the
extended Kalman �lter). The second is the variable-
structure term, which injects a high-frequency contri-
bution. This term may give better results in compar-
ison with other estimation methods [13].

The sliding-mode observer (2) can also be used within
a more realistic noisy framework, as it will be clari�ed
in the next section.

3 Sliding-mode �lters for noisy systems

An extension of the class of nonlinear systems (1) can
be described as

:
x = Ax+ f (x; u) + w
y = C x+ v

; t � 0 (5)

where x(t) 2 X � R
n is the state vector, u(t) 2 U �

R
p is the input vector, w(t) 2W � R

n is the system



disturbance vector, y(t) 2 Y � R
m is the measure-

ment vector, and v(t) 2 V � R
m is the channel noise.

The vectors w(t) and v(t) are bounded noises with
unknown statistics: the only knowledge of these dis-
turbances concerns their norm upper bounds �w > 0
and �v > 0 such that kw(t)k � �w and kv(t)k � �v ,
8t � 0 .

In this case, the variable-structure term is

Sfil ( x̂; y)
4

=

8>>>>>><
>>>>>>:

P�1RCT (y � C x̂)

ky � C x̂k
;

ky � C x̂k > "

P�1RCT (y � C x̂)

"
;

ky � C x̂k � "

(6)

where R is a symmetric matrix of appropriate di-
mension such that RCT C is positive semi-de�nite.
Thus, the sliding-mode �lter turns out to be

:

x̂= A x̂+ f (x̂; u) + L (y � Cx̂) + Sfil ( x̂; y) (7)

Remark 2. The variable-structure term (6) di�ers
from (3) in the presence of measurement noises and in
the matrix R . This matrix is very useful in designing
the �lter as it provides more degrees of freedom. As a
consequence, the introduction of such matrix allows
a more e�ective �lter design in order to optimize the
�lter performance, as will be clari�ed in Section 4. Of
course, there exists a basic requirement, i.e., that the
sliding-mode �lter may perform as an observer if the
process and measurement noises are identically zero.
This is ensured if R is chosen such that RCT C is
positive semi-de�nite, which implies the exponential
convergence of the estimation error in a noiseless set-
ting. If R is taken equal to the identity matrix, the
resulting estimator is identical to that presented in
[19].

The noises w and v prevent one from attaining con-
vergence results for the sliding-mode observer but the
same conditions as in Theorem 1 enable one to guar-
antee non-divergence. In other words, we can state
the following

Theorem 2. Given the system (5) with (A;C) ob-
servable, f (x; u) locally Lipschitz in x 2 X with the
Lipschitz constant �f , and the bounded noises w(t)
and v(t) (with norm upper bounds �w and �v , respec-
tively), if there exist a gain matrix L and a positive
de�nite matrix Q such that A�LC is stable and the
algebraic Riccati equation

(A� LC)T P + P (A� LC) + �2f P P + I = �Q (8)

has a symmetric de�nite positive matrix P , then
the sliding-mode �lter (7) has a uniformly ultimately
bounded estimation error, i.e., there exist a positive
constant �e and a Lyapunov function V = eT P e

such that
:

V < 0 for kek > �e .

The proof of Theorem 2 is given in the Appendix.

4 Design of sliding-mode estimators for noisy

nonlinear systems

In the previous section, the Lyapunov stability theory
has been used to derive a bound to the estimation
error. As can be deduced from the proof of Theorem
2 in the Appendix, the bound �e depends on �e1 and
�e2 , which are functions of constant parameters, like
�v , �w , �f , A , C (all given by the dynamical and
channel equations) and L , P , Q , R , " . Thus, the
design parameters are L , P , Q , R and " , which
can be suitably found. " can be chosen on the basis
of the amplitudes of the noises in standard conditions
by taking, for instance, a value of " close to �v . The
choices of L , P , Q , and R are more di�cult.

One possible solution is to apply the algorithm pre-
sented in [10]. This algorithm is based on the

idea of �nding L such that
�min (A� LC)

�2(T )
(T is

the Jordan matrix of A � LC ) may be minimized

[�2(D)
4

= kDk kD�1k , �min(D) , and �min(D) , are
the condition number (if D is invertible), maxi-
mum eigenvalue, and minimum eigenvalue of a gen-
eral square matrix D ]. Then it is possible to ap-
ply Theorem 2 and Theorem 5 of [10]: the condition
��min (A� LC)

�2(T )
> �f ensures that the algebraic

Riccati equation (8) will be satis�ed for certain P
and Q . In order to design the sliding-mode observer,
the algorithm suggests a procedure of the type:

1) �nd L such that
��min (A� LC)

�2(T )
> �f ;

2) solve the Riccati equation (8) by computing P
for a given Q ;

3) �nd R = RT such that RCT C � 0 ;
4) compute �e1 and �e2 ;
5) if the values of �e1 and �e2 are acceptable; then

exit; otherwise go to 1):

(9)

This algorithm exhibits two considerable drawbacks.
One is the solution of the Riccati equation (8), which
must be computed symbolically, thus it is not eas-
ily solvable with many state variables. The second
drawback is the fact that the solution depends on the
values of the design parameters, di�cult to select in
some suitable way. Similar design procedures are pre-
sented in [15, 16].

The above-written disadvantages may be overcome



by using the di�erent algorithm proposed here for
the computation of the design parameters. It has
been demonstrated in Theorem 2 that there exists a
Lyapunov function such that its derivative becomes
negative if kek > �e = max (�e1; �e2) (see the proof of
Theorem 2 in the Appendix). As both �e1 and �e2
depend on the matrices of the Lyapunov design, one
way of solving the problem lies in �nding L , P , Q ,
and R such that the norm upper bounds may be
minimized. A possible method for accomplishing this
task relies on the application of minimax optimiza-
tion; such optimization can be expressed as follows:

min
L;P;R

fmax [ �e1 (L; P;Q;R) ; �e2 (L; P;Q;R; ") ] g(10)

such that

Q = �
�
(A� LC)T P + P (A� LC) + �2f P P + I

�
A� LC < 0
P > 0 ; P = P T

Q > 0

RCT C � 0 ; R = RT

In order to perform the minimax optimization, the
Matlab function minimax of the Optimization Tool-
box has been used in the examples. The constrained
optimization allows one to lower the upper bounds as
much as possible, provided that the stability condi-
tions are ful�lled.

Remark 3. The minimax optimization for the choice
of the design parameters may su�er from the nui-
sance of local-minima trapping. However, the initial
choice of the parameters is improved by the proposed
method. Moreover, it is worth noting that this al-
gorithm does not require that (8) be solved as the
Riccati equation is used to compute the value of Q
as a function of P and L by means of (11). Stan-
dard minimax routines are available in widespread
mathematical programs to perform the optimization
successfully.

5 A numerical example

Consider the nonlinear dynamic system

:
x1= �ax1 � b x1 jx1j+ c u
:
x2= x1

(11)

with measures y = (x1; x2)
T : it represents a sys-

tem with a quadratic drag, like, for instance, a rigid
body rotating in water. x1 and x2 describe the an-
gular speed and the heading, respectively. The pa-
rameters are a = 0:2 � 1=sec , b = 2:0 � 1=rad , and
c = 0:02 � 1=(Kgm2) . Pseudorandom inputs with

maximum torques equal to 50N m have been consid-
ered and the Lipschitz constant has been taken equal
to �f = 0:3060 .

The solution of the Riccati equation for P
4

=�
2:4819 0:2051
0:2051 2:3461

�
, with L

4

=

�
2:3969 0:7215
0:7428 2:8626

�
,

Q
4

=

�
11:2045 2:2143
2:2143 12:2087

�
, and

R
4

= 10�3
�

0:2359 �0:2355
�0:2355 0:4159

�
, has been ob-

tained by applying (10) with initial guesses of the

identity matrices for P , L , and R , "
4

= 0:1 ,

�v
4

= 0:0001 , and �w
4

= 0:0001 . For the sake of
comparison, it is interesting to recall a result ob-
tained using (9) for the above-described system (see

[19]), that is, P
4

=

�
1:2374 �0:4473
�0:4473 0:7710

�
, L

4

=�
3:0964 �2:9344
1:2432 2:7036

�
, and

Q
4

=

�
6:7782 �6:0429
�6:0429 5:7193

�
(R has been taken

equal to the identity matrix), "
4

= 0:1 , �v
4

= 0:0001 ,

and �w
4

= 0:0001 .

Simulations have been carried out in a stochastic set-
ting by applying a simple Euler's discretization for
a sample time of 0:1 s to (11). A Gaussian white
noise with standard deviation equal to 0:5 deg=s was
assumed to act on the �rst equation of (11). The
measures of x1 and x2 were corrupted by additive
Gaussian white noises with standard deviations equal
to 1 deg=s and 1 deg , respectively. The initial states
are distributed around the zero vector according to a
Gaussian distribution with standard deviations equal
to 5 deg=s and 5 deg , respectively. An EKF has
been designed using the dynamics model (11) and
its covariances have been initialized with the afore-
said Gaussian distributions. The RMS errors on 1000
simulation runs are shown in Figs. 2 and 3 for both
the sliding-mode �lter and the EKF. The plots of
the estimates of x1 are in Fig. 4. The computa-
tions of �e1 and �e2 obtained by means of (10) for

"
4

= 0:1 , �v
4

= 0:0831 , and �w
4

= 0:0410 give the val-
ues of 0:0903 and 0:1803 , respectively. The same
evaluation based on (9) provides the values of 0:3110
and 0:1172 for �e1 and �e2 , respectively. The plots of
the Euclidean norm of the estimation error for a ran-
domly chosen simulation run and of the upper bounds

(i.e., �e
4

= max(e1; e2) ) obtained by the two methods
are shown in Fig. 5.

The design of the sliding-mode �lter has been ac-
complished well, as the �lter performances are sim-
ilar to those of the EKF. The particular system cho-
sen here is well suited for the estimation with the
EKF, as the linearization of the quadratic term in
(11) does not cause any troubles. The EKF performs
like the sliding-mode observer in the estimation of



x1 , whereas its performance is a little higher in the
estimation of x2 (see Figs. 2 and 3).
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Figure 2: RMS errors on the x1 estimates.
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Figure 3: RMS errors on the x2 estimates.

6 Conclusions

A sliding-mode estimation method for a class of non-
linear systems has been considered. The stability of
the error dynamics has been studied both in a purely
noiseless setting (i.e., with uncertainty due only to the
initial state) and in a noisy case (i.e., assuming addi-
tive bounded noises to a�ect the dynamic and chan-
nel equations). A suitable method for selecting the
design parameters has been presented that aims to
optimize the performance of the proposed estimator.
Satisfactory simulation results have been obtained.
Moreover, the proposed method has been successfully
applied to fault detection in underwater vehicles [20].

Future work will concern improvements in the design
method and the extension of the estimator to a more
general class of systems, including the possibility of a
variable-structure vector thresholding.
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Figure 4: Plots of the true value, estimates, and
measure of x1 .
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Figure 5: Plots of the upper bounds to the sliding-
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Appendix

Proof of Theorem 2. Let us prove the result stated
in Theorem 2. The norm of a general matrix B is de-

�ned as kB k
4

=
p

�max (BT B) . Moreover, f(x)
is replaced f (x; u) , for the sake of compactness. By
using equations (5) and (2), it is possible to compute
the error dynamics:

:
e = (A� LC) e+ f (x)� f (x̂)� Sfil ( x̂; y) + d

where d
4

= w � Lv (once the gain L has been cho-
sen). Consider the Lyapunov function V = eT P e

(where, P is a positive de�nite matrix) and compute
its derivative

:

V= eT
�
(A� LC)T P + P (A� LC)

�
e+ 2[f(x)

�f(x̂)]TP e� 2 eT P Sfil(x̂; y) + 2 eTPd



We obtain:

:

V� �eT Qe� 2 eT P Sfil(x̂; y) + 2 eTPd (12)

By a simple algebra, we can compute an upper bound
to 2 eTPd :

2 eT P d � 2 �max (P ) kek kdk � 2�max (P ) �d kek

where �d
4

= �w + kLk �v . Now, two cases have to be
considered, i.e., ky � C x̂k > " (Case 1) and ky �
C x̂k � " (Case 2).

Case 1. Suppose ky�C x̂k > " ; from (12), we derive

:

V� �eT Qe+ 2 kRCk kek+ 2�max (P ) �d kek

� �a1k e k
2 + b1 kek

where a1
4

= �min (Q) and b1
4

= 2 kRC k+ 2�max (P )

�d . Thus
:

V < 0 , if k e k > �e1
4

=
b1
a1

.

Case 2. In this case, upper bounds can be found in
two possible ways, depending on the use of condition
ky � C x̂k � " . If this condition is satis�ed, it is

easy to obtain the same result of Case 1,
:

V becomes

negative if k e k > �e1
4

=
b1
a1

, as in Case 1. Otherwise,

another way of obtaining an upper bound is

:

V < �eT Qe�
2 eT RCT C e

"
�

2 eT RCT v

"

+2 eTPd � �eT
�
Q+

2RCT C

"

�
e

+

�����2 eT RCT v

"

����+ 2�max (P ) �d kek <

< �eT
�
Q+

2RCT C

"

�
e+

2 kRC e k k v k

"

+2�max (P ) �d kek � �a2 kek
2 + b2 kek

where a2
4

= �min

�
Q+

2RCT C

"

�
and b2

4

=

2 �v kRCk

"
+ 2�max (P ) �d . Thus,

:

V < 0 if kek >

�e2
4

=
b2
a2

.

To sum up, Case 1 and Case 2 lead to �nd �e1 and

�e2 such that
:

V becomes negative if kek > �e
4

=
max (�e1; �e2) .
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