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Abstract

A theorem is formulated that gives an exact probabil-
ity distribution for a linear function of a random vec-
tor uniformly distributed over a ball in n-dimensional
space. This mathematical result is illustrated via ap-
plications to a number of important problems of es-
timation and robustness under spherical uncertainty.
These include parameter estimation, characterization
of attainability sets of dynamical systems, and robust
stability of a�ne polynomial families.

1. Introduction

Di�erent �elds of control theory exploit di�erent mod-
els for the uncertainty. In parameter and state esti-
mation, random perturbations is a tradition, and least
squares and Kalman �ltering are the standard tools for
estimation. In parametric robustness, deterministic un-
certainty models are of most concern ([1]). Often, hard
bounds on the uncertain parameters are not known; in-
stead, their probabilistic characteristics may be avail-
able, and the solution often involves Monte Carlo sim-
ulations ([2]). Main bene�ts are the low computational
complexity and a considerable enhancement of admis-
sible uncertainty domains in exchange of a small risk
of violation of deterministic speci�cations. The results
obtained so far relate to independent random variables.
We follow the probabilistic approach and work with

dependent random parametric uncertainty, | the uni-
form distribution on a ball in l2-norm.

2. A linear function in a uniform
distribution on a ball

Notation: B
:
= fx 2 Rn : kxk � 1g; @B :

= fx 2 Rn :
kxk= 1g; U(Q) is the uniform distribution on the set
Q � Rn; N (0; Im) is the standard m-dimensional Ga-
ussian distribution; C(m) is the �2 distribution with m
degrees of freedom; \�" means \distributed as."

Lemma 1. Let � � N (0; In). Then �=k�k � U(@B).
If, in addition, a random variable � � U([0; 1]) is inde-
pendent of �, then �1=n�=k�k � U(B).
The �rst proposition of the lemma traces back to [3].

Theorem 1. Let q � U(B), B � Rn; let a matrix

A 2 Rm�n has rank m � n. Then the random variable

�
:
=
�
(AAT)�1Aq; Aq

�
has beta distribution � � B(m2 ; n�m

2 + 1) with density

f� (x) =

8<
:

�(n2 + 1)

�(m2 )�(
n�m
2 +1)

x
m

2
�1(1�x)n�m2 ; x2 (0; 1)

0; x =2(0; 1)

Theorem 1 provides an explicit description of a con-
�dence ellipsoid for a random vector which is a linear
transformation of a uniform distribution on a ball.

Theorem 2 (Asymptotic form). Assume that for ev-

ery n � m, a matrix An 2 Rm�n has rank m, and
q(n) � U(B), B � Rn. Then the random vector �(n)

:
=

n1=2(AnA
T
n )
�1=2Anq

(n) tends in distribution toN (0; Im)
as n!1.

Since k�k2�C(m) for � �N (0; Im), we observe that

n
�
(AnA

T
n)
�1Anqn; Anqn

�
!C(m) in distribution. Hence,

with increase of dimq, the transformed vector Aq tends
to concentrate closer the center of the image of the sup-
port set. Below, we exploit this e�ect when construct-
ing probabilistic predictors of sets in Rn.

3. Parameter estimation

We consider the linear regression model

yi = aTi c
� + �i; i = 1; : : : ; n; (1)

where c� 2 Rm, m � n, is the vector of unknown pa-
rameters, ai 2 Rm; i = 1; n, are �xed known regres-
sors, yi; i = 1; n, are observations, and �i 2 R; i = 1; n,
is noise such that �

:
= (�1; : : : ; �n) � U(rB) � R

n.
Assuming that there are m linearly independent vec-
tors among the ai, the least squares estimate for c� isbc = (ATA)�1ATy, where y

:
= (y1; : : : ; yn)

T and A =
[aT1 a

T
2 : : : aTn ] 2 Rn�m. The theorem below provides a

closed-form description of con�dence ellipsoids for c�.

Theorem 3. Let 0�p�1 and let �p denote the 100p%
quantile of the beta distribution B(m2 ; n�m

2 +1). Then,
under the conditions above, the ellipsoid

Ep
:
=
n
x 2 Rk :

�
ATA(x� bc); x� bc� � r2�p

o
(2)

is a 100p% con�dence domain for the vector c� in (1).

4. Attainability sets of dynamic systems

We consider a discrete-time dynamic system

xk+1 = Axk +Bwk+1; k = 0; 1; : : :; wk 2 Rm;



with A 2 Rn�n; B 2 Rn�m, where the uncertainty
fw1; : : : ; wNg accumulated by the N -th step satis�esPN

k=1 kwkk2 � c2 for some c > 0

For every N > 0, the attainability set of this system is
the set of all its possible states which can be attained by
the N th step [4]. For a controllable pair (A;B), this set
is the ellipsoid QN =EN

:
=fx 2 Rn : (S�1N (x�xN ); x�

xN ) � c2g with center xN
:
= ANx0 and matrix SN =

MNM
T
N , where MN

:
= [AN�1B AN�2B : : : AB B] 2

R
n�mN is the controllability matrix of the system.
Let the uncertainty be random; namely, the mN -

dimensional vector w
:
= (w1;w2; : : : ;wN) is w � U(B),

B�RmN . We represent xN = xN+cMNw and consi-

der the random variable �N
:
=
�
(c2MNM

T
N )
�1(xN�xN );

xN � xN

�
. Theorem 1 yields �N � B(n2 ; mN�n

2 + 1).

Next, we specify the con�dence probability p and de-
note the 100p% quantile for beta distribution by �N;p.

Theorem 4. The ellipsoid

EN;p =
n
x 2 Rn :

�
S�1N (x� xN ); x� xN

�
� c2�N;p

o
is a 100p% predictor of the attainability set EN in the
sense that ProbfxN 2 EN;pg = p.

With increase of N , the quantile �N;p decreases, and
Theorem 4 gives a considerable volumetric reduction,
Vol(EN )=Vol(EN;p) = 1=�nN;p; i.e., the probabilistic
approach allows for the high-con�dence replacement of
the state uncertainty EN with the much smaller pre-
dictor EN;p.

5. Robust stability of polynomials

We consider the following polynomial family:

p(s; q) = p0(s) +
nX
i=1

qipi(s); (3)

where p0(s) is the nominal and pi(s); i = 1; n, are
known perturbation polynomials with real coe�cients,
q = (q1; : : : ; qn)T is the vector of uncertain parameters
subjected to spherical constraints

q 2 
B
:
=
n
q 2 Rn :

nX
i=1

q2i � 
2
o
; (4)

and 
 > 0 is the range of uncertainties. We consider the
continuous-time case and Hurwitz stability. The nomi-
nal polynomial p0(s) is assumed to be stable. The goal
is to check if (3){(4) is robustly stable and to deter-
mine the robust stability radius 
max

:
= maxf
 : p(s; q)

is stable for all q 2 
Bg.
The traditional approach uses the value set concept

and the zero exclusion principle, [1]. The value set

of (3){(4) is the ellipse E(!) = fx 2 R2 :
�
C(x �

p0(j!)); x� p0(j!)
�
� 
2g; where C :

= (AAT)�1 and

A = A(!) =

�
Rep1(j!) : : : Re pn(j!)
Imp1(j!) : : : Impn(j!)

�
:

The deterministic robust stability radius is found to be


max = inf
!�0

�
Cp0(j!); p0(j!)

�1=2
; (5)

which is obtained by performing the frequency sweep
with E(!), see [5] for the results of such kind.
Assume that the speci�ed uncertainty radius 
 is

greater than the robustness margin 
max obtained via
a deterministic test of the sort (5) and let q � U(
B).
Given probability risk " 2 [0; 1], for any �xed ! � 0 we
introduce a 100%(1 � ") probabilistic predictor of the
value set E(!) as a domain E1�"(!) � E(!) such that
Probfp(j!; q) 2 E1�"(!)g = 1 � ". Theorem 1 yeilds

E1�"(!)
:
=
n
x 2 R2 :

�
C(x�p0(j!)); x�p0(j!)

�
�
2"

o
,

where 
" = 

p
1� "2=n, i.e., E(!) and its predictor are

similar ellipses and 
"=
 = (1 � "2=n)1=2 < 1 is the
similarity coe�cient. Hence, if q � U(�(")
B), where
�(")

:
= 
=
" > 1, then Probfp(j!; q) 2 E(!)g = 1� ".

We then perform the frequency sweep with the predic-
tor E1�"(!). To overcome the so-called cross-frequency
e�ect, we formulate

Lemma 2. Let a symmetric matrix B(!) 2 Rn�n have
rank 2 for all ! 2 


:
= [!1; !2] and !0 2 
. Let

kB(!)�B(!0)k�� for all ! 2 
 and some small �>0.
Then for q � U (B) and any " 2 [0; 1], we have

Prob
n�

B(!)q; q
�
� 1�"2=n 8! 2 


o
� 1�("2=n+�)n=2:

Using Lemma 2, the relative volume of the violating
portion of the ball 
B in the q-space can be estimated
quite accurately. Numerical experiments con�rm the
validity of the approach.
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