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Abstract

The behaviour of nonlinear systems can be affected by
undesired inputs — the disturbances. To decrease or to
decouple the influence of those disturbances this paper
deals with an advanced algorithm which solves the dis-
turbance decoupling problem. Based on the mathemat-
ical foundations of differential algebra, the algorithm
determines if a system is decouplable or not and which
disturbance decoupling controller can be applied. The
algorithm is restricted to rational systems. To handle
analytical systems as well, a system transformation is
introduced in order to receive a rational substitute sys-
tem. The disturbance decoupling problem can then be
solved for this substitute system.

1 Introduction

Disturbances — signals or variables unwantedly affect-
ing the outputs — occur in almost any kind of technical
plant in practice. Thus, any kind of investigation di-
minishing this undesirable affect is worthwhile since it
may dramatically simplify a controller design for these
plants. One approach is to decouple the disturbances
such that the abovementioned disturbance inputs no
longer affect the output of the system. This result
may be obtained by computing a disturbance decou-
pling controller, e.g. a dynamic or static state feedback
controller decoupling the disturbance inputs and sys-
tem outputs. This task is referred to as the disturbance
decoupling problem (DDP). The plant’s behaviour (the
dynamics) is described most often in terms of differ-
ential equations. Since most physical models inherit
ordinary but nonlinear differential equations, this con-
tribution presents an algorithm to solve the nonlinear
DDP.

In contrast to the differential geometric approach to
nonlinear control theory [8, 10, 13] this paper presents a
differential algebraic based algorithm to solve the DDP
by means of a DDP-controller. Thus, this presenta-

tion starts with a brief introduction to the most im-
portant differential algebraic terms in our setting. The
algorithm is restricted to rational systems and there-
fore, we show how a rational substitute system may be
computed automatically for analytic systems. Subse-
quently, the disturbance decoupling algorithm is pre-
sented. In addition, a theoretical example illustrates
the rational substitute system algorithm and the distur-
bance decoupling algorithm is presented in this paper
with a simulation study.

2 Foundations of differential algebra

Differential algebra was introduced by [12] and found
its way into control theory in the 1980s [5]. Classi-
cal algebra has been introduced to handle (algebraic)
equations of variables with numeric coefficients. Analo-
gously, differential algebra was introduced to handle dif-
ferential equations of variables with coefficients which
may be meromorphic functions in a complex region C™.
Hence, the close connection between algebra and differ-
ential algebra is as follows: Algebraic equations may be
considered differential equations in which (time) deriva-
tives of variables do not occur i.e. the coefficients are
equal to zero (c. f. [9]).

An algebraic field is constructed by a set which is closed
w.r.t. two operations — namely addition and multipli-
cation — while in differential fields the set has to be
closed w.r.t. three operations: addition, multiplication
and differentiation. In both kinds of fields addition
and multiplication are commutative and associative and
the multiplication is distributive w.r.t. addition, too.
Within a differential field K a differentiation (-)’ is de-
fined for any a € K as a map a — a' € K, with [12]

(a+b) =ad +0 and (ab) = ba' + ab'.

Any a for which a’ = 0 holds is called constant.

Let K/k be a (differential) field extension and L C K
such that all elements of L are k-(differential)-algebraic



independent. The maximum number of such elements
in L is called the (differential) transcendence degree of
K/k (diff. trgK/k) and L is called a transcendence basis
of K/k [7].

Let k be a differential field. Then, according to [6] a
system is a finitely generated differential field extension

Let u be the input of a dynamical system. Then, the
dynamics of a system L/k is a finitely generated differ-
ential field extension L/k(u) [6].

Hence, diff. trg L/k(u) = 0 for all (finitely generated)
dynamics holds (c. f. [6]). Outputs of the correspond-
ing system are finite many elements of the dynamics
Y1,---,Yp € L. Thus, there exists a set {z1,...,2,} C
L, which is a (non-differential) transcendence basis of
the dynamics L/K (u). The elements of this transcen-
dence basis of the dynamics are the states of a system.

The dynamics of a system in differential algebra can
also be described with the disturbances d in form of
the state-space model

> z=f(x,u,d), TR ueR™,
RS y=h(x,d , deR',ycRr.

Respectively, the state-space model for the undisturbed
system with d = 0 is as follows:

:'i::f(wauad”dEO: LUE]Rn,uE]Rm,
y=h(z,d)lazo , deR! ,ycRPr.

Let d (dimd = ¢q) be the disturbances of a disturbed
system k(y, u, d)/k(u,d). Then, the differential output
rank p}; of the disturbed system is defined as

d=0
ERS

py = diff. trg k(y)/k,
with p3 < min{m + ¢, p} [3, 5]

Let k{y,u)/k(u) be any (undisturbed) system. Then,
the differential output rank of the system is defined as

p" := diff. trg k(y)/k, with p* < min{m,p} [3].

3 Algorithm for disturbance decoupling

After the introduction to the foundations of differen-
tial algebra and the disturbance decoupling problem
(DDP), this section demonstrates an advanced algo-
rithm based on differential algebra and an algorithm
developed by [14], which solves the DDP. The method
of differential algebra is restricted to rational systems
(Xgs). The algorithm introduced in [1, 2] is able to
handle these rational systems and to decide if a sys-
tem is decouplable. If the case holds, then the control
law is computed. However, in practice the behaviour

of nonlinear systems can be described in many cases
by analytical systems (Xag). It turns out that utilizing
an additional system transformation is unavoidable to
receive the rational substitute system. For this system
the advanced algorithm can be used again.

3.1 System transformation

In order to solve the DDP for analytical systems with
the aid of the advanced algorithm which is introduced
in this paper and bases on differential algebraic method-
ology, a system transformation is useful. This system
transformation converts the orignal system into a ra-
tional substitute system. The rationalizability is re-
lated to two preconditions: the dynamical behaviour of
the substitute system is the same as the behaviour of
the analytical system and the conditions of differential
algebra hold. Hence, in the original system all non-
rational partial functions r;(z1, ..., z,) are substituted
by new state variables x,;. By establishing the time
derivative(s) for the new state variables dz,;/dt, an
extended system model is obtained, which is the ratio-
nal substitute system. To compute this transformation
automatically, an algorithm is developed in [11] for ana-
lytical input-affine systems (Xaps). To convert an Yag
into an Yars, the possiblity of an additional transfor-
mation exists. As this section handles Yag, this kind of
system transformation is extended from ¥ars to Xas.
This can be achieved for all technically relevant non-
rational functions of the original system, which can be
expanded in a Taylor series. Those functions are e.g.
trigonometrical, logarithmical, exponential, square root
etc. functions. The following example demonstrates the
strategy:

Example: Rational substitute system
Consider the ¥ Ag with inputs w1, us, disturbance d and

outputs y1, y2 given as:
|1 — X2
) Y= Lo .

) uiv/ry — 1+ e*2
€r =
uz sin(xs) + d
The non-rational partial functions are determined as

z3 :=ri(z1) = Va1 — 1,
xg :=1o(x2) = €72,

x5 :=r3(w2) = sin(x2),
x6 :=14(w2) = cos(xz).

The time derivatives of the additional states lead to

. d (1) = i 1 &y
&3 :=—r (1) =8 —F/—m7— = —,
P Y T Moy =1 23y
d
5&4 = ETQ(.TQ) = .7.726962 = $4£b2,
. d . .
Ty = arg(a:Q) = &y co8(x2) = Tela,
. d L .
X6 1= —r4(x2) = —@asin(ze) = —w5da.

dit



Substituting ©; = ujxs + x4 and &y = uszs + d yields
the rational substitute system

U1T3 + T4
usxs + d
U1T3 + T4

T = 21‘3
z4(T5u2 + d)

Te (1‘5’LL2 + d)

L —z5(x5u2 + d) |

3.2 Algorithm for rational systems

The structure of the algorithm is subdivided into four
steps. The first step includes all possible methods of
simplification. Next, the time derivatives of the system
output up to the system order n are calculated in the
second step. Verifying the differential algebraic condi-
tion for disturbance decoupling p}; < p* is checked in
the third step. Hence, the control law is computed in
the fourth and final step. The final step is an iteration
step, which rewrites the time derivatives of the output
g into the normal form IN;(x,d,w). Solving this set
of equations in normal form with respect to the inputs
u, yields the terms of inputs resp. the control variables
held in the set U;. If the set of equations is uniquely
solvable and the number of possible inputs or step n
has reached, the algorithm terminates and the control
law consists of the set terms.

Advanced algorithm:

Step 1:

Simplify the rational system by converting rational
functions to a common denominator, factorization, ex-
panding an expression, partial fraction and/or multidi-
mensional division of polynomials.

Step 2:

Compute the time derivatives of the system output up
to the system order n: 4,4, ...,y™.

Step 3:

3.1: Calculate the differential output rank pg of Xrs
by computing the dimensions dim &y, of the com-
mon (non-differential) vector spaces £ via de-

termination of the rank of Jacobian matrices Jy,
(Jo=0;k=1,...,n):

dim &, =n + rank Jg,

0y .
3 0o --- 0
0 i ..
Jo=| 0d sa |,
N 1
oyk) gy oy
9d pq  0dD ]

with d = {Z] = p;j=dim En—dim &,y

3.2: Calculate the differential output rank p* of LE5°
by computing the dimensions dim &}, of the com-
mon (non-differential) vector spaces & via de-
termination of the rank of Jacobian matrices Jj,
(Jo=0;k=1,...,n) (see [4, 15]):

dim &, =n + rank Jy,

oy 7
Bu o --- 0
oy 0y
Ji=| Ou 0u ;
. .0
oyt gyk) oy
| Ou 9u ou(D) |

= p*=dim &, — dim E,_;.

3.3: If the condition p}; < p* holds, the system is dis-
turbance decouplable and the computation of the
control law starts in step 4.

Step 4:

4.1: Rewrite the first time derivative of the output y
into the normal form

Ni(x,d,u) = h(x,d,u) —y = 0.

Let Up := C*(R,R™) be the initial set of all pos-
sible control variables. Therefore, the auxiliary
set of control variables is defined by

U :={u € C®°R,R™)|u = r (x,d)},
as the set of all roots of u for
Ni(xz,d,u) =0.

Here, 71 (x, d) represents the solution of the set of
equations. The set of all possible control variables
is further restricted to

U UpnUy , for Uy #£0
L U() ,fOI‘Ulzw.

4.2: If the number of determined control variables of
U; does not conform with the number of system
inputs u, the remaining terms for u are computed
in the next step k.

Step k (k> 5): Let | .=k — 3.

k.1: Case distinction:

a) If 2 <l < mn, then no further computation of
y® is needed (c. f. step 2).

b) If I > n, then compute y®.



k.2: Rewrite the time derivative of the output

d
l -1

into the normal form
Ni(z,d,u) =g -y =0

The auxiliary set of control variables for the roots
of Ni(z,d,u) w.r.t. u is defined as:

U == {u € C°(R,R™)|u = 7/(x,d)}.
The set U; is given by:

U = J U NG, for U, #0
b= Ul—l 5 for Ul = @

k.3: If the number of terms for w in U; equals the num-
ber m of inputs or if step n has reached, then stop.
Furthermore, the set of equations IN;(x,d, u) has
to be uniquely solvable. If this does not hold,
another iteration step — step k.1 — follows.

The control variables that decouple the system from
disturbances are given by all w € U;. The highest
time derivatives of the output yy) (i =1,...,p and
j =1,...,1) which occur in u, have to be substituted
with the new inputs v;. All lower time derivatives of
the output are replaced with additional state variables
z, as representatives for the control dynamics. If the
algorithm yields p}; > p*, the system is not disturbance
decouplable using static state feedback.

4 Application of the DDP-algorithm

Consider the Yrg with inputs uq, us, disturbance d and
outputs y1, y2 given as:
_ |t
) y - |:£L’21| .

Due to the transformation to a common denominator
resp. the factorization of the rational function in the
first state equation and cancellation of the term

232 — u1 T2, the system model can be simplified as:

(mo3 —uy23)d
. 72
€r = U1T3 — UjT2

T2 — ULU2

Step 1:

1‘2d
. — tu 1
= | U , Y= : (1)
Z2
T2 — UrU2

Step 2:

Compute the time derivatives of the system output up

to the system order n = 2:

y=| m and

371dU1 + CEQdQ + dU1U,2 - mlddl
. P} U2
Y= uy

To — UU2 — Wi U2 — U U2

Step 3:

3.1: With the Jacobian matrices for d = [u; us d]*

%9
- 0y - _|od
Jl.—a—danng.— a_ya_y s

od pd

P} can be calculated as:
dim& =n+rank JJ; =2+2=4,
dim & =n+rank Jo =2+4=6,
= phi=dim Ey—dim & =6—4=2.

3.2: With the Jacobian matrices for u = [u; us]*
9%
oy ou °
Ji == and J» :=
1 au an 2 a_y a_y )
Ou Ou

p* can be calculated as:

dim & =n+rang J; =2+2=4,
dim & =n+rang Jo=24+4=6,
= p*:dlmEQ—dlm 51 =6—4=2.
3.3: Consequently, the condition p}; < p* holds and

the control law for the disturbance decoupling can
be worked out as follows in step 4.

Step 4:
4.1: The normal form N;(x,d,u) =0 is given by

dx; .
— +u2 =y
Nl (wa d7 u) = 1
To — U1U2 — Y2
The solution of this set of equations w.r.t. the
inputs u is given by
.TQd + X2 — 3)2

Ul = {u
Y1
_ (@2 —92) }

dry +T0 — o

up = ’

U2



since Up := C(R,R™),
U := {u € C®°(R,R")|u = r (x,d)}
and hence, U; := Uy N U;.
4.2: The number of controls in U; complies exactly
with the number of inputs m = 2 and further-

more, the set of equations is uniquely solvable.
Thus, the algorithm terminates.

Substituting the time derivatives of the outputs g1, ¥
with the new inputs vy, vs yields the control law
l'zd + Ty — U2
U1
u(m, d: U) = ’ (2)
(1’2 — ’1)2) V1
dl’g + Ty — U2

V(’l)l#())/\(dl’z-f‘l'z—vz;é()).

Finally, we obtain the linearized and disturbance de-
coupled substitute system

o= ] v [2]

The fact that the substitute system is disturbance de-
coupled, can be proved easily. By computing the time
derivatives of the substitute system output y the con-

Hy®
= 0 holds for any k£ € N.

dition

The plant and control law are implemented in the sim-
ulation program MATLABD/SIMULINKD. The initial
state variables are chosen to z10 = 1, 20 = 3. For
this system implementation a simulation study with
test signals as the new inputs and a constant distur-
bance signal are realized. The system inputs of the
uncontrolled system (1) are sine curves:

uy = 5sin(4t + 0.5) + 10, o := 2sin(5t) + 4.25.

If no DDP-controller is applied, the system output y; is
dependent of any constant disturbance d € {0;5;10;50}
as shown in figure la and y, is independent of d (see fig-
ure 1b).

Applying the DDP-controller with the new inputs
vy = 5sin(4t + 0.5) + 10, v := 2sin(5t) + 4.25,

the control variables u, us are visualized in figures 2a/b
and show the mode of operation and the excellent per-
formance of the controller for the time-varying con-
troller inputs v; and vy. For constant disturbances d
the outputs y1, y» are made independent by using the
DDP-controller as presented in figure 3. The system
ouput errors

~ d#0 d=0
&=y —yi=" and
~ _ dz0 d=0
€2=1Yy" — Y2

between the disturbed and undisturbed controlled sys-
tem are zero and shown in figure 4.
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Figure 1: Uncontrolled system outputs: (a) y1 (b)
(uy := 5sin(4¢40.5) 410, uz := 2sin(bt) +4.25)
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Figure 2: Control variables with DDP-controller: (a) u1
(b) u2
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Figure 3: System outputs y1 and y» with DDP-controller
(v1 := 5sin(4¢+0.5) 4+ 10, vs := 2sin(5t) +4.25,
d € {0;5;10;50})
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Figure 4: System ouput errors €1, €> with DDP-controller

5 Conclusion

This paper presents an algorithm to solve the distur-
bance decoupling problem. The algorithm is based on
differential algebra and subsequently, the system must
be described by rational differential equations. How-
ever, using a transformation of the system shown here,
the disturbance decoupling can be solved for most an-
alytical systems. The algorithm checks if the analysed
system can be disturbance decoupled or not by a sep-
arate condition. In case of disturbance decouplabil-
ity, the computation of the control law follows. For
a MIMO-system the disturbance decoupling problem is
solved with the presented algorithm. To illustrate the
function of the control law simulations for several dis-
turbances and new inputs are included. It is proven
that the disturbances have no more influence on the
outputs. Further investigations are required to reduce
disturbances in systems which are not disturbance de-
couplable.
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