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Abstract

In this paper, robust control design is consid-
ered for nonlinear systems with time variant uncer-
tainties. Instead of assuming that bounding func-
tion on uncertainties is either known or parameteri-
zable in terms of unknown constants, uncertainties
or their bounding function will be estimated. It
is shown that bounded uncertainties from a known
or partially known exo-system can be estimated as
part of a globally stabilizing robust control. The
proposed method extends the existing results of
adaptive robust control, and it makes robust con-
trol more applicable by requiring less information
on uncertainties.

1 Introduction

Robust control of nonlinear uncertain systems
have attracted a lot of attention. Much of the in-
terests stem from the fact that nonlinear and un-
certain dynamics are common in many applications
and that robust control is the design method to
guarantee stability and performance. Robust stabi-
lizability in terms of structure properties of systems
and their uncertainties, design procedures, robust
stability and performance, properties of robust con-
trol, and robust optimality are among of the sub-
jects studied in [5, 2, 1, 3, 11, 12, 6, 7, 8, 4, 17,
15, 13]. Although exact knowledge of the plant
is not required, robust control designs have to be
done according to the extent of information that is
known. Information such as bounding function on
and structural properties of the uncertainties in the
system is required in most of the existing results.
It is adequate to assume in analytical analysis that
uncertainties be bounded in a certain sense, but
getting information about the size of uncertainties
could be very difficult in many applications. Since

uncertainties are uncertain by nature, the less in-
formation about uncertainty we need to know in
design the more applicable the resulting robust con-
trol becomes.

In a standard robust control design result such
as [2], bounding function on nonlinear uncertainty
is assumed to be known. In this case, robust con-
trol is designed to compensate for the worst uncer-
tainty within the bounding function. In case that
bounding function can be parameterized in terms of
unknown constants, adaptive robust control can be
designed to adaptively estimate the bounding func-
tion [3]. While this result represents a major step
forward in reducing required information on uncer-
tainty, it is often restrictive and conservative as the
unknowns have to be constants. In this paper, we
investigate how to design robust control for systems
whose uncertainties or their bounding functions are
parameterized in terms of unknown outputs from a
known or partially known exo-systems. Using the
proposed method, time variant signals, not just un-
known constants, will be estimated and a globally
stabilizing robust control can be found.

2 Problem Statement

An uncertain system consider in the paper is of
form

& = flz,t)+ Afu(z,v,t) + AB,(z,v,t)u
+B(z, )[A fn(z,v,1) + ABp(2,v,t)u +u], (1)

where z(t) € R" is the state, u(t) € R™ is the
control to be designed, 2 C RP is a bounded set,
v(t) € Q denote the time variant uncertainties,
f(z,t) and B(z,t) are known parts of system dy-
namics, A fy(z,v,t), ABy(x,v,t), Afm(x,v,t) and
ABp,(z,v,t) are uncertainties, and the subscripts
« and ,, in (1) denote the so-called unmatched and



matched uncertainties [2, 13], respectively.

The robust control problem is to design a con-
trol u(z,t) such that the resulting closed loop sys-
tem is stable (in the sense of either asymptotical
stability or stability of uniform ultimate bounded-
ness [2, 13]) for all possible values of bounded un-
certain vector v(t) in the prescribed set Q. Robust
control design requires several technical assump-
tions. Typically, robust control design is based
upon stability or stabilizability of known dynam-
ics. Specifically, the system consisting of known
dynamics

& = f(z,t) + B(z, t)u. (2)
is referred to as the nominal system of system (1).

The first assumption, given below, is on stability of
the nominal system.

Assumption 1: The origin, © = 0, is glob-
ally asymptotically stable for the uncontrolled nom-
inal system © = f(x,t). Therefore, there ex-

ists a C' function V(z,t) R x R - RN
such that n(llz]) < V(z,t) < %(z]]) and
OV (2, 1)/0t + VAV (@ 1) (1) < —([l]) where
Y1,72,7 : BT = RT are class Koo functions.

It is easy to show that assumption 1 is equiva-
lent to the nominal system being stabilizable under
a known, nominal control. Assumption 1 is impor-
tant as it provides Lyapunov function V (x,t) used
to synthesize robust control.

The second assumption, originally defined in
[5, 2] and given below, is the standard match-
ing condition which ensures robust stabilizabil-
ity. It has been shown in [13] and in the refer-
ences therein that, in several cases, robust stability
can be achieved without the matching condition.
Nonetheless, the assumption is employed here so
we can focus our attention on estimating uncer-
tainties.

Assumption 2: Uncertain system (1) satis-
fies the matching conditions (MCs).  That is,
there exists a positive constant €, such that, for
all (z,v,t) € R* x S x R, Afu(z,v,t) = 0,
AB,(z,v,t) =0, and ||ABy(z,v,t)|| <1 —¢. To
make mathematical derivations simpler, it is also
assumed that AB,(x,v,t) = 0.

The third assumption will be on the size of un-
certainty A fp,(z,t) because, as stated in the defini-
tion of robust control problem, uncertain variable
vector v(t) is bounded. In principle, the assump-
tion is necessary as a successful robust control has

to compensate for the potentially destabilizing un-
certainty and to be bounded itself. In other words,
control in the presence of unbounded uncertainty is
not, only mathematically impossible but also phys-
ically unrealistic. However, there are several ways
by which the assumption on uncertainty size can be
made, and the choices will have major impact on
whether and how robust control can be successfully
applied.

Typically, uncertainties are handled and com-
pensated for by defining or estimating their size
bounding functions. The first option in making the
third assumption, originally described in [5, 2] and
restated below, is to assume that size information
on uncertainty is known.

Assumption 3A: The uncertainty is bounded in
Euclidean norm by a known nonlinear function as,
for all (z,v,t) € R" x Q x R, [|Afm(z,v,t)]] <
pm(x,t), where py(x,t) is Caratheodory, uniformly
bounded with respect to t, and locally uniformly
bounded with respect to x.

Assumption 3A states that, although uncertain
vector v(t) is unknown, its range of variation is
known, and its contribution in Af,,(-) and AB,,(-)
can be quantified so that known bounding functions
can be found. Although this assumption is reason-
able in many cases, uncertainties are unknown by
nature and, in other cases, finding bounding func-
tions may become the major obstacle to applying
robust control. To overcome this difficulty, it was
proposed in [3] that an adaptive version of robust
control could be developed. Similar to the standard
adaptive control results [9, 10, 14, 16, 8], adaptive
robust control is applicable if bounding function
pm(x,t) is parameterizable in terms of a set un-
known but constant parameters as described by the
following assumption.

Assumption 3B: The uncertainty is bounded in
Euclidean norm as follows: for all (z,v,t) € R™ x
Q x Rt 1A fo(z, v, )| < pu(w,t), and

pm(@,t) = W (z,1)0, (3)

where vector ¢ € R contains all multiplicative
and additive, unknown constant parameters, and
W (x,t) is a vector consisting of know functions that
are Caratheodory, uniformly bounded with respect
to t, and locally uniformly bounded with respect to
x.

Since uncertain vector v(t) is bounded, choos-
ing constant vector ¢ as its magnitude vector can



always be done. However, as will be shown in the
subsequent section, such a treatment implies trade-
off. First, demanding a constant upper bound in-
troduces conservatism for any time variant uncer-
tainty. Second, adaptive robust control under as-
sumption 3B may not be one that is both contin-
uous and asymptotically stabilizing. These limita-
tions prompt us to study better designs of robust
control. The approach we take in the paper is to
properly estimate time-varying uncertainties. To
this end, we introduce the following assumptions
as the new options of defining bounding functions
on uncertainties. Compared with assumptions 3A
and 3B, bounding functions are now allowed to be
in terms of unknown time varying parameters or to
be simply the output of a known model.

Assumption 3C: The uncertainty is bounded in

Euclidean norm as follows: for all (z,v,t) € R™ x
QxRT,

1A fm (2,0, 1) < WY (2,0)61(8), (4)

where unknown vector ¢1(t) € Rt is assumed to be
the bounded output of a quasi-linear system

(i)l :gl(xat)d)l +g2(x,t), (5)

vector Wi(z,t) and functions g;(x,t) are known,
they are uniformly bounded with respect to t and lo-
cally uniformly bounded with respect to x, and there
exists a constant, positive definite matriz P, such
that, for all z € R™ and for t, matriz

Pigi(z,t) + gip(:r,t)Pl <0 (6)
is negative semi definite.

Assumption 3D: The uncertainty is bounded in
Euclidean norm as follows: for all (z,v,t) € R™ x
QX RE, A fm(z, 0,1)]| < WE (2, )6 (¢), and un-
known vector ¢o(t) € R2 is the bounded output of
a nonlinear exo-system

(1.)2 :h1($,¢2,t)+h2($,t), (7)

where wvector Wy(z,t) and functions h;(-) are
known, they are uniformly bounded with respect to
t and locally uniformly bounded with respect to x,
and vector function hi(-) has the property that, for
all bounded x and for all z,w,t,

(z —w)' Py [hy (2, 2,t) — hy(2,w,1)] <O (8)

is negative semi-definite for a known positive defi-
nite matriz Ps.

It is obviously that, if g;(x,t) = 0, assumption
3C reduces to assumption 3B and that assumption

3D includes assumption 3C as the special case that
hi(x, @2, t) is linear with respect to ¢o. Note that a
bound on ¢ (¢) or ¢2(t) can only be developed by
solving analytically the corresponding differential
equation (which may be nonlinear and whose ini-
tial condition is unknown but bounded), and that
the resulting bound would be in general a func-
tion of state z. Therefore, although ¢ (¢) and ¢ (¢)
are assumed to be bounded (if z is bounded) and
the model of exo-system is known, finding function
W (xz,t) in (3) from either (4) or (7) could be quite
difficult. In other words, the extensions from as-
sumption 3B to 3C and 3D are not trivial.

Assumption 3C and 3D imply that bounding
function on uncertainty A f,, (x, v(t), t) is generated
by a known exosystem, either linear or nonlinear.
Various conditions in the assumptions are to ensure
boundedness of the bounding function. Since v(t)
is the source of time variant uncertainty and since
time variant uncertainty generated from a known
exo-system can be estimated, robust control design
may be pursued without the operation of develop-
ing a bounding function, which the subject of sec-
tion 4. The issue of further relaxing assumption 3C
(or 3D) to admit an uncertain model for exogenous
signal v(t) will be studied in section 5.

3 Robust Control Designs

We begin with two of existing results on robust
control designs. The first one is the standard result
in [5, 2].

Lemma 1: Consider system (1) satisfying assump-
tions 1, 2 and 3A. Then the closed loop system
is either uniformly ultimate bounded (if € > 0) or
asymptotically stable (if € = 0) under control

p(z, t) (
Iz, 1)l + €

=]
~

U(.T,t) = _pm(mat)

where € > 0 is a design constant, and p(z,t) =

BT (2,t) V2 V (2, ) pm (2, 1).

It is known that, if bounding function is
known, robust control compensates for uncertain-
ties through size domination and that there are
many robust controls equivalent to (9. In case that
bounding function is not known, an adaptive ro-
bust control can be designed using the certainty-
equivalence principle as did in standard adaptive
control design. The main result in [3] can be re-
stated as the following lemma.



Lemma 2: Consider system (1) satisfying assump-
tions 1, 2 and 3B. Then the closed loop system is
either uniformly ultimate bounded (if k, > 0 or
ke = 0) or asymptotically stable (if ke > 0 and
ko = 0) under control

fu(z, 1)

wolve 0

U(:L’,t) = _ﬁm($>t)

where pm(z,t) = Wl(z,t)¢ > 0, p(z,t) =
BT (z,t) Ve V(2,t)pm(,t), € is a design param-
eter given by

€= —kee (11)

with €(ty) > 0, ¢ is the estimate of ¢ and is gener-
ated by adaptation law

¢ =WT(x,t)|BT (x,1) Vo V@, 1)|| — kath, (12)
and k, > 0 and k. > 0 are gains.

The above adaptive robust control scheme pro-
vides an avenue for us to apply robust control to the
cases that uncertainties are bounded by a param-
eterizable nonlinear function. Since uncertainties
are often generated by exo-systems, assumption 3C
or 3D is introduced in order to make robust control
more applicable while reducing conservatism. Ro-
bust control designs under these two assumptions
are given by the following two theorems.

Theorem 1: Consider system (1) satisfying as-
sumptions 1, 2 and 3C. Then the closed loop sys-
tem is either uniformly ultimate bounded (if k, > 0
or ke = 0) or asymptotically stable (if ke > 0 and
ko = 0) under control

ﬂl (mat)

Tm@olve

u(z,t) = —pma(z,t)
where pAml(xJ) = WIT(I'J)QASI > 0, ﬂl(x)t) =
BT (2,t) 72 V(2,t) pma1 (7, 1), € is a design parame-

ter given by (11), ¢1 is the estimate of ¢1(t) and is
given by adaptation law

le = gl(x)t)qgl +g2(1',t) -|-P1_1W1T(£L’,t)
X B” (2,t) 7o V(w, )| — kP "1, (14)

and k, > 0 and k. > 0 are gains.

Proof: Consider the Lyapunov _function
Ll(m7t>?1)¢l) = Y(Z’,t) + 05¢{P1¢1 + klea
where ¢1 = ¢ — ¢1 is the output estimation

error, and k; = 0 if ke = 0 and &k = 1/k if
otherwise. It follows from (14) and (4) that

(Z)l = gl(x>t)(£1 - PI_IWIT(I')t)”BT(x)t) Vz

V(x,t)|| — ko Py 11 + ko Py 1. Therefore, by (13)
and (6) that

Li < —y(lzl) + e = llan (@, )l + llu (z, 1)

+¢1 Piopy + kyé

ko ~ kq
—1(llzl) = 161 + 22 ]
+(1 — kike)e, (15)

IN

from which the stability results can be concluded
using the stability theorems in [2, 13]. m|

Theorem 2: Consider system (1) satisfying as-
sumptions 1, 2 and 3D. Then the closed loop sys-
tem is either uniformly ultimate bounded (if kg > 0
or ke = 0) or asymptotically stable (if ke > 0 and
ko = 0) under control

ﬂg(l‘,t)

le@olte 9

U(l‘, t) = _ﬁmZ(ma t)

where pAm2(x>t) = WZT(I'J)Q% > 0, ﬂ2(1‘,t) =
BT(x,t) 72 V(2,t) pma(,1), € is a design param-
eter given by (11), bo is the estimate of ¢o and is
given by adaptation law

(.2)2 = h1(£l?,(2)2,t)+h2(x,t)+P271W2T(£E,t)
X||B" (z,t) 7 V (@, 0)| = kaP5 ' o, (17)

and k, > 0 and k. > 0 are gains.

Proof: Consider the Lyapunov function
L2(m7t>¢2)¢2) = V(l‘,t) + %¢gp2¢2 + klﬁ, where

@2 = ¢o — P2 is the estimation error, and k; = 0
if ke = 0 and k; = 1/k. if otherwise. It follows
from (17) that QNS2 = [h1($,¢2,t) - hl(x)QZgZ:t)] -
Py Wi (2, )| BT (z,t) Vo V(z, 0|l + kaPy ‘2.
Under assumption 3D, we know from (15) and
(16) that Ly < —y(llzll) — &ll@=l + 5 llgol* +
(1 — kike)e, from which the two types of stability

can be concluded using the stability theorems in
[2, 13]. |

4 Direct Estimation of Uncertainty

If system uncertainty is bounded by a function
parameterized in terms of outputs (rather than con-
stants only) from a known exo-system, we can use
the results in theorems 1 and 2 to reduce conser-
vatism in developing bounding functions. In the
theorems, global boundedness of the estimation er-
ror and asymptotic convergence of state x can be
concluded only if, in robust controls (13) and (16),



design parameter € is set to an exponential decay-
ing function as defined by (11). It has been shown
in [13] that, if €(¢) is an L; time function, robust
control of form (13) becomes discontinuous in the
limit unless W;(0,¢) = 0. Thus, trade-off between
asymptotic stability of state x and continuity of
robust control is needed in an application of the
theorems.

Possible discontinuity of robust control is due
to the use of bounding function in its design. As
defined in (3) and (4), uncertainty Af,,(z,v,t) is
known to be bounded in norm by a function. In
robust control design and stability analysis, ev-
ery possibility of the uncertainty within the given
bounding function must be considered. The worst
uncertainty that is admissible by inequality of form
(4) is one of those that change arbitrarily fast
within the bound and may even become discrete
or jump dynamics in the limit. Therefore, to com-
pensate asymptotically for such uncertainty, robust
control must be capable of becoming discontinuous
itself.

The extension from assumption 3B to 3C (or
3D) brings about another way of handling uncer-
tainties in robust control. Since uncertainties are
general time-varying (due to their own dynamics),
assumption 3A or 3B must be made if only un-
known constants can be estimated in the design.
By admitting unknown time variant output of a
known exo-system, we can get rid of the process
of developing bounding function (which is conser-
vative by its nature) and focus upon directly esti-
mating time variant uncertainties. The following
corollary corresponds to theorem 1, its proof is al-
most identical to that of theorem 1, and its result-
ing control will be both continuous and asymptot-
ically stabilizing. Theorem 2 can be re-stated in a
similar fashion.

Corollary 1: Consider system (1) satisfying as-
sumptions 1 and 2. If the uncertainty is generated
as: for all (z,v,t) € R* x @ x R, Afp(z,v,t) =
Wi (x,t)¢1(t), where unknown vector ¢i(t) € R
is the bounded output of exo-system (5), matriz
Wi (z,t) € R™*1 and functions g;(x,t) are known
and continuous, they are uniformly bounded with
respect to t and locally uniformly bounded with re-
spect to x, and g1(x,t) satisfies (6) for a con-
stant, positive definite matrix Py. Then, the closed
loop system is either uniformly ultimate bounded (if
ko > 0) or asymptotically stable (if k, = 0) under
control

u(z,t) = —Wi(z, t)oy, (18)

where (Z)l is the estimate of ¢ and (;1 =
gz, ) + go(z,t) + P W (2,t)BT (2,) Ve

V(2,t)—ko Py * ¢y for a constant scalar gain k, > 0.

5 Estimation Based on Uncertain Model of
Exo-System

As for system (1), dynamics of the exo-system
with output ¢;(¢) may not be known exactly. If the
model of exo-system is a black box (completely un-
known), the corresponding robust control problem
is in general ill-defined. This is because, unlike a
typical model identification problem or state obser-
vation problem, output of the exo-system is itself
an uncertainty to be estimated. Thus, in this sec-
tion, we shall investigate the problem of robust con-
trol design under the following assumption and ex-
tend the result of theorem 2 to corollary 2 (its proof
is omitted for briefness). In essence, the assump-
tion implies that the exo-system is stable (for all
bounded x), is partially known, and has a bounded
output. Stability results in theorem 1 and corollary
1 can be extended in a similar fashion.

Assumption 3E: Uncertainty Afp,(x,v,t) is
bounded by inequality (7) where unknown vector
$2(t) € R2 is assumed to be the bounded output
of a nonlinear system

¢2 = hy (CE, o, t)+Ah1 (.T, o2, t)+h2($, t)+Ah2 (.T, t),

(19)
vector Wy(x,t) and functions hyi(x,ds,t) and
ha(z,t) are known, but functions Ahy(z, ¢2,t) and
Ahsy(z,t) are uncertain. Furthermore, vector func-
tion hi(-) has the property that, for constant o > 1,
for a known positive definite matriz P>, and for a
non-negative function 3(-) and

(z — w)TP2 [hi(z, 2,t) — hy(z,w, )]
< =Bl Nzl w2 = wl],

and uncertainties Ahy(x,pa,t) and Ahy(z,t) are
bounded as, for all z,t and for a known scalar func-
tion a(-), |Ahi(x, ¢2,t) + Aha(z, 1) < afl|zl]).

Corollary 2: Consider system (1) satisfying as-
sumptions 1, 2 and 3E. Then, the closed loop sys-
tem can be stabilized under robust control

fiz(z,1)
1y (z, )| + €’
where ﬁmQ(mat) = WZT(mat)(Z)Q > 0: ﬂé(ﬁ?,t) =

ko VO (2, t) BT (x,t) 72 V(2,1)pma2(,1), € is a de-
sign parameter given by (11), b > —1 is another

U(l‘,t) = _ﬁmZ(mvt) (20)



design parameter, (2)2 is the estimate of ¢o and is
given by adaptation law

by = hi(x,do,t) + ho(z,t) + k, V0 (x, t) Py
xWi (z,6)||BT (z,t) Vo V (2, 8)|| — ka Py 6o,

and k, > 0, kg > 0 and k. > 0 are gains. More
specifically, the closed loop system is globally and
asymptotically stable under control (21) by setting
ko = 0 and k. > 0 if gain k, > 0 and constant
b > —1 can be chosen such that, for all s > 0 and
for all (2, 1), V*(z, )W (2, )| BT (2,8) 7. V (3, D]
is well defined and

. 1 b
Al,‘ifzok”ﬁ T(s,A1,X2)77(5)v(s)

> (0= 12770 FETALL(P)a 7T (s);

or, the closed loop system is globally, uniformly
and ultimately bounded under control (21) by sim-
ply choosing gains k, > 0, k, > 0 and constant
b > 0 such that

kvka'ﬁ(s)')/(s)

_ = > 1.
s=to0 A2, (Py)a?(s)

6 Conclusions

Robust control can be made more applicable by
designing it in conjunction with estimation of non-
linear time variant uncertainties. It is proposed
in the paper that, despite of their nonlinearity and
time variance, uncertainties or their bounding func-
tions can be estimated as long as they are generated
by exo-systems whose models are either known or
partially known. Technical conditions are found in
the paper under which estimation and stability can
be achieved. Compared with the existing results on
adaptive robust control, the proposed result rep-
resents a step forward in handling nonlinear time
variant uncertainties. An illustrative example will
be presented at the conference.
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