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Abstract

In this paper, a continuous, time-varying tracking con-
troller is designed that globally exponentially forces the posi-
tion/orientation tracking error of an underactuated surface ves-
sel to a neighborhood about zero that can be made arbitrarily
small (i.e., global uniformly ultimately bounded). The result is
facilitated by fusing a filtered tracking error transformation with
the dynamic oscillator design presented in [4]. We also illustrate
that the proposed tracking controller yields a GUUB result for the
regulation problem. In addition, an extension is provided that il-
lustrates that the proposed unified tracking/regulation controller
can be applied to a twin rotor helicopter model.

1. INTRODUCTION

Over the past decade, many researchers have studied the control
problem for underactuated systems with nonintegrable constraints.
The majority of this research has targeted nonholonomic systems
(i.e., systems with nonintegrable velocity constraints), such as
wheeled mobile robots and the general chained-form system (for a
survey of research that has targeted tracking and regulation con-
trol of nonholonomic systems see [2], [5], [4], [9], [10], [11], [19],
[20], and the references within). However, motivated by the chal-
lenging theoretical aspects and numerous practical applications,
researchers have also attacked underactuated systems with nonin-
tegrable dynamics (e.g., surface vessels, twin rotor helicopters, un-
derwater vehicles, V/CTOL aircrafts, etc.). For example, in [17],
Reyhanoglu et al. provides a detailed discussion on the controlla-
bility and the stabilizability of underactuated mechanical systems
with nonintegrable dynamics. The conclusion from this discussion
is a result similar to Brockett’s condition [1] for nonholonomic
systems. That is, Reyhanoglu et al. illustrated that underactu-
ated systems with nonintegrable dynamics cannot be asymptoti-
cally stabilized by a continuous, time-invariant feedback law. In
[12], Pettersen et al. showed that underactuated surface vessels
cannot be asymptotically stabilized by either continuous or dis-
continuous time-invariant feedback laws. In addition, Pettersen et
al. [12] proposed a time-varying feedback controller for an under-
actuated surface vessel that contained explicit time-periodic sinu-
soidal terms (similar in structure to [19]) to obtain local exponen-
tial regulation. In [13], Pettersen et al. modified the continuous
time-varying feedback law of [12] to design a controller that also
locally exponentially regulates the position and orientation of an
underactuated surface vessel.

In addition to the regulation problem, several controllers have
also been proposed for the tracking control problem. Specifically,
in [8], Godhavn utilized a continuous time-invariant state feedback
controller to achieve global exponential position tracking provided
the desired surge velocity is always positive; however, due to the
control structure, the orientation of the surface vessel is not con-
trolled. In [14], Pettersen et al. proposed a tracking controller that
achieved global exponential practical stability (i.e., global expo-
nential stability of an arbitrarily small neighborhood of the desired
trajectory) of an underactuated surface vessel. In [15], Pettersen
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et al., proposed a continuous time-invariant control law that ob-
tained semi-global exponential position and orientation tracking,
provided the desired angular trajectory remains positive. That is,
Pettersen et al. proved semi-global exponential position and ori-
entation tracking for a class of desired trajectories (i.e., a straight
line or a sinusoidal trajectory cannot be tracked).

In this paper, we design a continuous time-varying tracking con-
troller that yields global uniformly ultimately bounded (GUUB)
position/orientation tracking. Specifically, we first manipulate a
reference model generator and the dynamic model of an under-
actuated surface vessel into a form that allows a Lyapunov-based
control structure to be developed. That is, motivated by the dy-
namic oscillator designed in [4] by Dixon et al. for wheeled mobile
robots, a time-varying dynamic oscillator is constructed that glob-
ally exponentially forces the position/orientation tracking error to
a neighborhood about zero that can be made arbitrarily small. The
new result is facilitated by fusing a filtered tracking error trans-
formation with the dynamic oscillator design. In addition, since
the only restriction we place on the desired trajectory is that the
reference generator remain bounded, it is straightforward to illus-
trate that the proposed controller also yields a GUUB result for
the regulation problem.

The paper is organized as follows. In Section 2, we present the
kinematic and dynamic model for an underactuated surface vessel
and then transform the open-loop tracking dynamics into a more
convenient form for the subsequent controller development and the
stability analysis. In Section 3, we present the proposed GUUB
tracking control design. The corresponding closed-loop error sys-
tem is given in Section 4 while the stability analysis is given in
Section 5. An extension that illustrates that the proposed track-
ing controller also solves the regulation problem is given in Section
6. In Section 7, we illustrate that the proposed tracking/regulating
controller for underactuated surface vessels can also be applied to
other underactuated systems with nonintegrable dynamics such as
twin rotor helicopters. Concluding remarks are presented in Sec-
tion 8.

2. KINEMATIC AND DYNAMIC MODEL DEVELOPMENT

2.1.  Model Formulation
As described in [7], the kinematic equations of motion of the center
of mass (COM) for a surface vessel (SV) can be written as follows
q=15(q)v (1)
. . . N T -
where ¢(t) = [:cc(t) Ye () H(t)] € R3 represents the time

derivative of q(t) = [zc(t) we(t) 0] € R3, zo(t), yelt),
and 6(t) € R! denote the Cartesian position and orientation,
respectively, of the COM of the SV, the transformation matrix
S(g) € R3%3 is defined as follows

cos@ —sinf O
S(q) = | sinf cos@ 0 (2)
0 0 1

and the velocity vector v(t) € R? is defined as
v=[v1 wva wv3]T (3)

where vy (t),va(t), and v3(t) € R denote the surge, sway, and yaw
velocities of the SV, respectively. Under the assumptions that: i)



the body-fixed coordinate axis coincides with the center of gravity
(CQ), it) the mass distribution is homogeneous, and i) the heave,
pitch, and roll modes can be neglected, the dynamic model for the
SV can be expressed in the following form [7]

Mo + D(v)v = 7o (4)
where 9(t) € R denotes the time derivative of v(t) defined in

(3), M € R3%3 represents the constant, diagonal, positive definite
inertia matrix, which is explicitly defined as

m 0 0
M=|0 m 0 (5)
0o 0 I

m, I, € R represent the mass and inertia of the SV, respec-
tively, D(v) € R3X3 represents the Centripetal-Coriolis and hy-
drodynamic damping effects, and is explicitly defined as follows

—Xv1 O —mua
D)= 0 —Yyo mvy—VYes |, (6)
0 7N’U2 7N'v3

Xo1, Yu2, Y3, Ny2, and Ny3 € R¥ denote constant damping
coefficients, and the force-torque control input vector denoted by
To(t) € N3 is explicitly defined as

o) =[F 0 7T (7)

where F(t) € R denotes a control force that is applied to produce
a forward thrust, and 7(t) € R! denotes a torque that is applied
about the CG (see Figure 1).

In order to simplify the subsequent control development and
stability analysis, we first design an outer-loop controller for F(t)
and 7(t) as follows

F =—Xy1v1 + mFy (8)

and
T = —Nyovg — Ny3vz + IoT1 (9)
where Fi(t),71(t) € R! denote subsequently designed auxiliary
control inputs. Based on (3), (4), (5), (6), (7), (8), and (9), we

can rewrite the expression for the dynamic model given in (4) as
follows

o Fy +wvovg

o1 1

Y2 | = | — (Yooua + Yygvg) —vivy | - (10)
. m

U3 1

2.2.  Reference Model Development

Motivated by the desire to generate a reference model that satisfies
the same dynamics as that given in (4), we take the time derivative
of &c(t),ye(t) given in (1) and then use (2), (3), and (10) to obtain
the following expression

Te Frcosf+ xq
fyc = Flsin9+x2 . (11)
[ v3

where x1, X9 € R are explicitly defined as

Y, Y.
X, = w2 (Ye cos O — & sinf) sin 6 — Lgvs sin 0
m 12)
Y, Yos (
Xg = LQ(yccosé'f:tcsine)cosHJrLSngOSQ
m m

Based on (11), we construct a reference trajectory generator as
follows

Lre FircosOr + X
gre | =| Firsinfr+x,0 (13)
0r V3r

where X,.1, X2 € R! are explicitly defined as

sin 0,

Xp1 = (Yo2 (Yrc cos 0y — &resinby) + Yy3vss) 1)

cos 0,

Xro2 = (Yv2 (yrc cos 0, — Trcsin 07‘) + Y'US'UST)

»
»

Figure 1 — Actuator Diagram for an Underactuated Sur-
face Vessel

where Zcr(t),yer(t),0-(t) € R represent the Cartesian po-
sition and orientation of the reference SV, respectively, and
Fi,(t),v3.(t) € R! denote reference input signals. It is as-
sumed that the reference model is constructed such that zc,(t),
ycr(t)y GT(t); i’cr(t)y ycr(t); eT(t); i’cr(t)a 'ycr(t); 1.)37‘(t)) Flr(t) S
Loo where 03,(t) denotes the time derivative of vz, (t) defined in
(13). Note that the reference orientation is generated by a refer-
ence velocity input rather than a reference force or torque input
to facilitate the subsequent stability analysis.

2.3.  Open-Loop Error System Formulation

To rewrite the open-loop tracking error system in a more conve-
nient form, we define the following global invertible transformation

. o Y.
w —60cosf +2sinf —0sinh — 2cosb Dl Tz
z = m r
! 0 0 1 LY
#2 cos 6 sin @ 0 0
(15)

where w(t) € R, z(t) = [ z1(t) za(t) ]T € R? are auxiliary
tracking error variables, 74 (t), 7y(t) € R! are filtered tracking
error variables defined as

e =% +pd Ty =3 +pi (16)

p € R is a positive constant control gain, and & (t), § (1) € R?
represents the time derivative of (t), §(t) where Z(t), §(t), 6(t) €
R denote the difference between the actual position/orientation
and the reference position/orientation of the SV as follows

Y = Yc — Yer é:G—GT (17)

and Zer(t), Yer(t), 0-(t) are generated by the reference generator
defined in (13). By taking the time derivative of (15), and using
(1), (2), (3), (11), (13), (16), and (17), we can rewrite the open-
loop tracking error dynamics in the following advantageous form

T =Tc— Ter

w = uTJTz4f (18)
Z = u
U =  —U3r +T1

where the auxiliary control signal u(t) = [ ui(t) wua(t) }T eR?
is related to the open-loop tracking error variables defined in (18)
according to the following globally invertible transformation

Sk

o %]:Tm+m, (19)



the matrix T'(-) € R2%2 and the auxiliary vector II(-) € R? are
defined as
rzsind —rycosf 1

T= . 0 (20)
V3r
o— Fi, cosz1 + %ng (Yre cosOr — Eresinby) sin 21 7
—p (V1 — Trecosl — Yresind) + ﬁvgr sin 21
" (21)

J € 22 is a skew-symmetric matrix defined as
0 -1
[Vt (22)
and the auxiliary signal f(-) € ®! is defined as

f=2 (vT3z2 — Fipsinz; +p (sir16' & —cosf g)

+—Yu2 ((Yrc cos Oy — &rcsinby) cosz1 — v2) (23)

v
—v378r (cosz1 —1).

Remark 1 The open-loop tracking error system given in (18) is
in terms of the subsequently designed control inputs wui(t) and
71(t). From ui(t) and 71(t), we can utilize (8), (9), and (19)
to recover the original control inputs F(t) and 7(t).

Remark 2 Based on the definition of rz(t) and ry(t) given in
(16), standard arguments [3] can be utilized to prove that: i) if
T2 (t), Ty(t) € Loo then xc(t), T(t), ye(t), 9(t) € Loo, and ii) if
r(t), Ty(t) are GUUB, then x.(t), &(t), yc(t), §(t) are GUUB.

3. CONTROL DEVELOPMENT

Our control objective is to design a controller that exponentially
forces the tracking error to a neighborhood about zero that can
be made arbitrarily small (i.e., GUUB). To this end, we define an
auxiliary error signal Z(t) € R®2 as the difference between the sub-
sequently designed auxiliary signal z4(t) € R2 and the transformed
variable z(t) defined in (15) as follows

t=[25 5| =z-= (24)
In addition, we define an auxiliary error signal n(t) € R! as
the difference between the subsequently designed auxiliary signal
ug1(t) € R and the auxiliary signal uq (t) defined in (19) as shown
below

=

1= uq1 — u1. (25)

3.1.  Control Formulation

Based on the structure of the open-loop error system given by

(18) and the subsequent stability analysis, we design the auxiliary
signals ugy () and ug(t) as follows

T .

[ ug1 U9 } = ug — koz (26)

where the auxiliary control signal uq (t) € R2 is defined as
k
Ug = (%) Jzq + Q1 24, (27)
d

the auxiliary signal z4(t) € R2 is defined by the following oscillator-
like relationship

ba, 4 (M +w91> Jza  2L(0)24(0) = 83(0),

zZq = 6—dZ 63
(28)
the auxiliary terms Q1 (t), 64(t) € R! are defined as follows
6 kiw? +w
91:k2+6—d+172f (29)
d 6d
ba = Yo exp(—71t) + €1, (30)

k1, k2, vg, 71, €1 € R are positive, constant design parameters,
and f(-) was defined in (23). Based on (18) and the subsequent

stability analysis, we design the control torque input 71(t) given
in (9) as follows

T1 = Uq1 + U3 + k3n — wze + 21 (31)

where go(t) € R denotes the time derivative of ugs(t) defined in
(26) (see Appendix A for an explicit expression for ga(t)).

Remark 3 Motivation for the structure of (28) is obtained by
taking the time derivative of zgzd as follows

d T T. T Sd kiw+ f

— =2 =2 = _— Q| J

i (zd zd) Zg Zd 2y 5, zq + 63 —+ w1 zZ4
(32)

where (28) has been wutilized. After noting that the matric J of
(22) is skew symmetric, we can rewrite (32) as follows

d (T ba 1
—z524) =2—2524. 33
o (4= =25220 = (33)
As result of the selection of the initial conditions given in (28), it
is easy to verify that

23 7a = ||zal* = 63 (34)

is a unique solution to the differential equation given in (33). The
relationship given by (34) will be used during the subsequent error
system development and stability analysis.

4. CLOSED-LOOP ERROR SYSTEM DEVELOPMENT

To facilitate the closed-loop error system development for w(t), we
inject the auxiliary control input uga(t) by adding and subtracting
the term ugizo to the right-side of the open-loop dynamic expres-
sion for w(t) given in (18) and then utilizing (25) to obtain the
following expression

=] ug wup |JTz—nzo+f (35)
After substituting (26) for [ ua1
ul Jzg to the resulting expression, utilizing (24), and exploiting the
skew symmetry of J defined in (22), we can rewrite the dynamics
for w(t) as follows

ug }, adding and subtracting

w=—ulJzg+ulJz—nzo+f (36)

where we have utilized the fact that JT = —J. Finally, by substi-
tuting (27) for only the first occurrence of uq(t) in (36) and then
utilizing the equality given by (34), the skew symmetry of J de-
fined in (22), and the fact that JTJ = Iz (Note that Is denotes
the standard 2 x 2 identity matrix), we obtain the final expression
for the closed-loop error system for w(t) as follows

W= —kiw 4 ul Jz — nza. (37)

To determine the closed-loop error system for 2(t), we take the
time derivative of (24), substitute (28) for 24(t), and then substi-
tute (18) for 2(t) to obtain

- kijw +
Z= —%-&-(%f-i-lﬁh) Jzg—[ uar  u2 }T-ﬁ-[ n 0
d

}T
(38)
where the auxiliary control input ug;(t) was injected by adding
and subtracting [ ug; 0 ]T to the right-side of (38) and then
(25) was utilized. After substituting (26) for [ ugy u2 ]T , and
then substituting (27) for us(t) in the resulting expression, we can
rewrite the expression given by (38) as follows

5
3= 6_dzd+w91sz—led+k2z+[ n 0]". (39
d

After substituting (29) for only the second occurrence of Q1 (t) in
(39) and using the fact that JJ = —1Iz, we can cancel common
terms and then rearrange the resulting expression to obtain

- ~ k +
S ki tws (71“;3 ! im0 (o)

) Jzqg + Q124




where (24) was utilized. Finally, since the bracketed term in (40)
is equal to uq(t) defined in (27), we can obtain the final expression
for the closed-loop error system for Z(t) as follows

2 ~ T

Z= —koZ +wJug + [ n 0 } . (41)

To develop the closed-loop error system for 7(t), we take the
time derivative of (25), substitute (18) for w1(t), and then re-
arrange the resulting expression to obtain

=141 + V3r — T1. (42)
After substituting for the auxiliary control torque input 71(t) given
in (31), we obtain the closed-loop error system for n(t) as follows
i = —ksn + wzz — Z1. (43)

5. STABILITY ANALYSIS

Theorem 1 Given the closed-loop system of (37), (41), and (43),
the position/orientation tracking error defined in (16) and (17) is
GUUB in the sense that

3(1)],15(0)], [65)| < o exp(—Aot) + Be1 (44)

where By, By, and Ao € R are positive constants, and €1 was
originally defined in (30).

Proof: To prove Theorem 1, we define a non-negative, scalar
function, denoted by V() € R, as follows

1 1 1
V==w?+=-n2+=-:5Tz 45
Wt Ty (4)

After taking the time derivative of (45) and making the appropriate
substitutions from (37), (41), and (43), we obtain the following
expression
V= w [—klw + uaTJZ — 7]22}
42T [—sz twlug+[n 0 ]T] (46)
+n [—ksn + wze — 2Z2] .
After utilizing the fact that JT = —J, cancelling common terms,
and utilizing (45), we can upper bound V(t) as follows
V < —2min {k1, ko, k3} V. (47)
Standard arguments can now be employed to solve the differential
inequality given in (47) as follows
V(t) < exp(—2min {k1, ko, k3}t)V(0). (48)
Finally, based on (45) the expression given in (48) can be rewritten
as
W) < exp(—min {ky, k2, k3}t) [ W (0)] (49)
where W(t) € R* is defined as

\I!:[u) n 2T ]T. (50)

From (49) and (50), it is straightforward to see that w(t), n(t),

Z(t) € Loo. After utilizing (24), (34), and the fact that 2(t), 64(t) €

Lo, we can conclude that z(t), z4(t) € Loo. From the fact that

z(t), w(t) € Loo we can use the inverse transformation of (15),
given below

1 Y, ~
ra —sin 6 2% Sing %Gsin0+2cost9 w
= 1 ~
Ty “Zcos® 3 cos®  —Lldcosh - 2sind “1
6 m 2 22
0 1 0
(51)

to conclude that ry(t),7y(t),8(t) € Loo. Based on the fact that

T (t),ry(t),0(t) € Loo and the fact that the reference trajectory
is selected so that zcr(t), Yer(t), 0r(t), Ter(t), Yer(t), 0 (t) € Loo,
we can utilize (16), (17), and Remark 2 to conclude that @c(t),
Ye(t), zc(t), Ye(t), 0(t) € Loo. From (1) and the fact that @ (t),
Ye(t) € Loo, we can conclude that vy (t), v2(t) € Loo. Using the
fact that z(t), €c(t), yc(t), vi(t), va(t) € Loo, we can conclude
that f(-),T(-),II(:) € Lo from (23), (20), and (21). Based on
these facts, we can now utilize (25), (26), (27), (28), (29), and
(30), to show that ugi(t), ua(t), 24(t), Q1(t), ui1(t), uz(t) € Loo.

From (11), (19), and (20), we can now conclude that F(t),
0(t), v3(t) € Loo. Based on the previous facts, it is easy to show
that g1 (t) € Loo (see Appendix A), and hence, from (31) we can
conclude that 71(t) € Leo. Since vi(t), v3(t), Fi(t), T1(t) € Loo,
we can conclude from (8) and (9) that 7(t), F(t) € Loo. We can
now employ standard signal chasing arguments to conclude that
all of the remaining signals in the control and the system remain
bounded during closed-loop operation.

To prove (44), we first show that z(t) defined in (15) is GUUB
by applying the triangle inequality to (24), and hence, obtain the
following bound for z(t)

2l < N2l + llzall < exp (= min {k1, k2, k3} ) [ (0)]

52
+ypexp(—71t) +e1 (52)

where (30), (34), (49), and (50) have been utilized. The main
result given by (44) can now be directly obtained from Remark 2,
(16), (49), (50), (51), and (52). O

6. SETPOINT EXTENSION

Since the only restrictions placed on the desired trajectory are that
the reference generator remain bounded, the position/orientation
tracking problem reduces to the position and orientation regula-
tion problem. That is, if the control objective is targeted at the
regulation problem, the desired position and orientation vector,
denoted by g, = [ Ter  Yer Or ]T S §R3, becomes an arbitrary
desired constant vector. Based on the fact that ¢, is now defined
as a constant vector, it is straightforward to see that Fy,(t),and
v3r(t) equal zero. Moreover, f(:) defined in (23) reduces to the
following expression

1
f=-2 <_Yv27)2 + ,le) ) (53)
m

and II(-) defined in (21) reduces to

n:[o } (54)

—HU1

Based on the above simplifications, it is straightforward to illus-
trate that the GUUB result given in Theorem 1 is also valid for
the regulation problem.

7. TwIN ROTOR HELICOPTER EXTENSION

In this section, we illustrate how the proposed SV controller can
be applied to other systems with nonintegrable dynamics. Specifi-
cally, we illustrate how the open-loop tracking error dynamics for a
twin rotor helicopter (TRH) can be cast into the same form as the
SV given in (18). Based on the fact that the open-loop tracking
error dynamics can be represented in the same form, it is straight-
forward to show that the same design procedure can be applied to
develop a TRH tracking controller.

7.1. Model Formulation

Based on the assumptions that: i) the friction of the rotary parts
and the centrifugal forces are small enough to be neglected, and
1) the inertia coupling is neglected, the state space equations for
the TRH can be written in a manner similar to [18] as follows

&1 = Lifasinfg
&g = LgfacosOp — Mgcosas (55)
Oy = Lafy

where fo(t), fp(t) € R! are auxiliary control inputs that are related
to the actual control input forces f1(t), f2(t) € R* (see Figure 2)
as shown below

f1=1<faf&) f2=1(fa+ﬁ) (56)

2 T 2 r

a1(t), as(t), 0 (t) € R represent the yaw, pitch, and roll angles
of the TRH, respectively, r, L1, Lo, L3, and M € R! are known,
constant mechanical parameters, and g € R! is the acceleration
due to gravity. Based on (55), we construct the following reference
generator

L1 far sin GH’I‘
Lo for cos 0, — Mg cos ag, (57)

Q1r =
(‘127“ =
Orr = wr



to generate the reference yaw, pitch, and roll angles, denoted by
a1r(t), asr(t), 0. (t) € R¥, respectively, where Li, La, L, M,
and g were defined in (55) and far(t),wr(t) € R denote reference
input variables. It is assumed that the reference model is con-
structed such that o, (t), ag.(t), Op.(t), dup(t), cor(t), 0y (t),
Guir(t), Gor(t), O, (t), € Loo.

m?2 l-g

Figure 2 — Actuator Diagram for a Twin Rotor Heli-
copter

7.2.  Open-Loop Error System Development

To facilitate the subsequent control synthesis and the correspond-
ing stability proof, we define the following global invertible trans-
formation

w Tal
zZ1 | =9 raz |, (58)
Zo 9H

where Q(+) € #3%3 is a globally invertible transformation matrix
constructed as

o1 o9 0
-9 0 L, (59)
— sinf — 0 0
n sinf g o cos O
a1(-), o2(.) € R! are defined explicitly as follows
1 /-
o= —— (GH sinfg + ZCOSHH)
L\ , (60)
o= —— (GH cosOpy — 2sin9H)
Lo

w(t) € R and 2(t) = [ z1(t) Zza(t) }T € R? are auxiliary track-
ing error variables, rqo1(t), ra2(t) € R are filter tracking error
variables defined as follows

To1 =&1 +ud Ta2 =2 80 (61)

uy € R is a positive constant control gain, and &q(t),
ao(t),0m(t) € R denote the difference between the actual yaw,
pitch, and roll angles and the reference yaw, pitch, and roll angles
as follows

O =05 — 05, (62)

After taking the time derivative of (58), and using (55), (57),
(58), (61), and (62), we can rewrite the open-loop tracking error
dynamics as follows

&1 = @1 — Qir Qo = g — aop

o = alJTz+ fy (63)
z = a,
Uy = Lgfy—wr

where the auxiliary control input @(t) = [ 41(t) @2(t) ]T € R?
is defined as
— —1 fa

H}+H [g;}zTH(ﬂfH), (64)

the matrix T (-) € R2*2 and the auxiliary vector Iy (-) € R? are
defined as follows

rq2sinf@ 141 cosf

Ty = Lo Ly (05)
1 0
-0y .
Iy = r 66
" [ 5751 } (66)
where I € R¥ is defined as
~ 6
Iy = —farcosOpg — cosvn Mg (cos ag — cosaa,) (67)
2
al sin @ g ag cos O
+:u’1 < Ll + L2 ) ’

Fu () € R is defined as

fa= 2 (6'Hr52 — farsinfy
n &2 sinfp &1 cos O
1 s i (68)
in6
_SmYH Mg (cos ag — cos 0427«)) ,
Lo

and J was previously defined in (22). From the form of (63), (68),
(64), (65), and (66), it is straightforward that the auxiliary input
vector [dgy(t) w2(t)]T can be designed in the same manner as
the proposed SV tracking controller to obtain GUUB tracking and
regulation results for the TRH.

8. CONCLUSION

In this paper, we have designed a continuous, time-varying track-
ing controller for an underactuated surface vessel. Through a
Lyapunov-based stability analysis, we have demonstrated that: )
the position/orientation tracking error is globally exponentially
forced to a neighborhood about zero that can be made arbitrar-
ily small, and ) a unified framework is developed that solves
the regulation problem as a simplified case of the tracking control
problem. An extension was provided that illustrates that the pro-
posed controller can be applied to other nonlinear underactuated
systems subject to nonintegrable dynamics such as the twin rotor
helicopter. Using similar techniques as illustrated with the twin ro-
tor helicopter extension, additional systems with similar dynamics
may be solved with the proposed controller. For example, in [17],
Reyhanoglu et al. described a planar prismatic-prismatic-revolute
(PPR) robot with an elastic joint that has similar dynamics as the
examples presented in this paper. It is straightforward to illustrate
that the proposed controller yields a GUUB tracking/regulation
result for the PPR elastic-joint robot utilizing similar arguments
presented in the twin rotor helicopter extension.
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9. APPENDIX A: CALCULATION OF g ()
To calculate 471 (t), we take the time derivative of (26) and then

substitute for the time derivative of uq(t) defined in (27) to obtain
the following expression
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where the time derivatives of Q1(t) and f(t) are explicitly given
by the following expressions
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where (10), (11), (13), (18), and the second time derivative of (17)
was utilized. Based on the definition of §4(t) given in (30), the
fact that Z(t)7 ‘é(t)7 é (t)7 u(t)7 ‘i (t)7 g (t)7 f(t)y Ql(t)7 w(t)7 zd(t)y
w(t), f(t), zq(t), ua1(t), n(t) € Loo (see Theorem 1), and the
fact that the reference trajectory is selected so that zer(t), yer (1),
07‘(7:)7 iCT(t% yCT(t)y 97‘(7:)7 :iCT(t)y :ijcr(t), er(t), 1’)37«(75) (S Eoo, it is
straightforward to see from (69), (70), and (71) that @q;(t) € Loo-



