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Abstract

The asymptotic behaviour of a nonlinear continuous
time approximate filter when the variance of the obser-
vation noise tends to 0 is investigated. We consider a
particular class of signals modeled by a two-dimensional
quasi-linear diffusion from which only one of the com-
ponents is noisy, and we assume that a one-dimensional
linear function of the signal, depending only of the un-
noisy component, is observed in a low noise channel.
Under some detectability assumptions the unobserved
signal can be restored by means of an approximate non-
linear filter. We establish that the filtering error con-
verges to 0 and we give an upper bound for the conver-
gence rate. The efficiency of the approximate filter is
compared with the efficiency of the optimal filter and
the order of magnitude of the error between the two fil-
ters, as the observation noise vanishes, is obtained. A
more general case is briefly presented.

1 Introduction

The problem of filtering a random signal based on noisy
observations has been considered by several authors.
In particular, the case of small observation noise has
been widly studied, some articles being devoted to the
research of approximate filters asymptotically efficient
when the observation noise vanishes. In [4, 6, 1] the
case of a nonlinear one-dimensional system observed
through an injective observation function is studied. In
[7, 8] the research is extended to the multidimensional
case. Again, an assumption of injectivity of the obser-
vation function is required. The extended Kalman filter
(EKF) is studied in [8]. In the case of a non-injective
observation function the unobserved process can not al-
ways be restored [3]. However, this is possible in some
situations such as [2, 9, 10, 12] and efficient suboptimal
filters can be derived. Within the present work, we are
concerned by another of these situations where the state
process can be restored. We consider the framework of
[11], that is the problem of estimating Xt = (x
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with initial condition X0 = (x
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0 , x
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0 ), when the obser-

vation process is modeled by

dyt = h(x(1)
t ) dt+ ε dw̄t , (2)

{wt} and {w̄t} being standard independent Wiener pro-
cesses with values in R and ε being a small nonnegative
parameter.

In [11] this problem has been dealt with by means of a
formal asymptotic expansion of the optimal filter in a
stationary situation and the solutionMt = (m
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of
dMt = f(Mt)dt+Rt[dyt − h(m(1)

t )dt] , (3)
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with F12 = ∂f1/∂x2 and with initial condition M0 =
E[X0], is proposed as a finite dimension approximate
filter. Our goal is to prove that, under certain regularity
assumptions on the functions involved in the model,
Xt can be estimated by means of Mt and that this
approximate filter is asymptotically as efficient as the
EKF. Notice that (3-4) corresponds to the EKF with
stationary gain if one neglects the contribution of the
derivatives of f other than ∂f1/∂x2.

In this work we consider the particular case in which σ,
h′ and F12 are constant, so that the system (1-2) is
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It will be referred as the almost linear case.



This class of problems includes the case of real time
estimation of the position and speed of a moving body
on R submitted to a dynamical force (described by f2)
plus a random force (described by σ), based on noisy
observations of the position. Indeed, if one denotes by
x

(1)
t the position of the moving body and its speed by

x
(2)
t model (5) applies with f0

1 = 0 , F12 = 1. For in-
stance, in the case of free fall of a body through the
atmosphere, f2(x(1), x(2)) = ρ0e

−x(1)/k(x(2))2/(2β)− g,
where ρ0 is the reference air density, k is the atmosphere
thickness, β is the ballistic coefficient of the body and
g is the accelaration due to gravity.

In Section 3 we present an extention to the general non-
linear model (1-2). A detailed study of this general case
can be found in [5].

2 The almost linear case

We consider system (5) and the filter Mt given by (3).
In this particular case Rt does not depend on t.

The following assumptions are used:

(H1) X0 is a random variable with finite moments;

(H2) {wt} and {w̄t} are standard independent Wiener
processes independent from X0;

(H3) h′ is a positive constant;

(H4) the function f is C3 with bounded partial
derivatives and F12 is a positive constant;

and notations:

f =
[

f1

f2

]
, Σ =

[
0
σ

]
, F =

[
F11 F12

F21 F22

]
is the

Jacobian matrix of f ;

∇0Φ =
∂Φ
∂X0

is a line-vector;

Ft and Yt are the filtrations generated by {X0, wt, w̄t}
and by {yt}, respectively.

The symbol ∗ is used for the transposition of matrices.

When describing the behaviour of approximate filters,
we will write asymptotic expressions with the meaning
given by the following definition.

Definition Consider a (real or vector-valued) stochas-
tic process {ξt}. If β is real and p ≥ 1, we will write that
ξt = O(εβ) in Lp when for some q, α > 0 and some
positive constants C1, C2, c3, one has E

[
‖ξt‖p

]1/p ≤
C1e

−c3t/εα

/εq + C2ε
β , for t ≥ 0 and ε small. Then

{ξt} is said to converge to 0 with rate of order εβ .

We establish that the errors Xt − Mt and X̂t − Mt

converge to 0 in Lp as the observation noise vanishes.
The rates of convergence are stated in the Theorems
bellow. The proofs follow the method of [8] and details
can be found in [5].

Theorem 2.1 Assume (H1) to (H4) in model (5).
Then the filter Mt given by equation (3) verifies
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in Lp for any p ≥ 1.

Proof First note that the system can be re-scaled, by
replacing the processes x(1)
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t and yt by x
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x
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′), respectively. Then the problem
can be reduced to the case σ = F12 = h′ = 1.

Consider a change of basis defined by the matrix T
def
=[ √

2/ε −1
0 1

]
. The process Zt

def
= T (Xt − Mt) is

solution of

dZt = At Zt dt+ U
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and Ãt is a 2 × 2 matrix valued process

which is uniformly bounded as ε converges to 0.

From Itô’s Formula and (6), the process ‖Zt‖2 is solu-
tion of d(‖Zt‖2) = Z∗

t (At + A∗
t )Ztdt+ trace(U∗U)dt+
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and one concludes, after some manipu-

lation, that, for ε small enough, there is some positive
constant α such that

d
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Theorem 2.2 Assume (H1) to (H4) in model (5)
and

(H5) The law of X0 has a C1 positive density
p0 with respect to the Lebesgue measure and
∇p0(X0)

/
p0(X0) is in L2.

Then the filter Mt given by equation (3) satisfies
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in L2.

Proof A sequence of steps are needed: a change of
probability measure, the differentiation with respect to
the initial condition and an integration by parts.



We suppose as in Theorem 2.1 that σ = F12 = h′ = 1.

The first step is to define a new prob-

ability measure P̃ on Ft by
dP̃

dP
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. Then use the proper-

ties of the derivatives of the processes involved with
respect to X0, together with (1) and (3) to esti-
mate the process Vt =

(
∇0 log(LtΛt)(∇0Xt)−1 +
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The result follows from applying an integration
by parts formula to evaluate the order of magni-
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3 Extensions

The previous results can be extended to the more
general case modeled by (1-2) (see [5] for proofs and
details). Besides (H1) and (H2) in Section 2 the
following assumptions are needed:

(H3’) the function h is C3 with bounded derivatives,
and h′ is positive;

(H4’) the function f is C3 with bounded partial
derivatives and F12 = ∂f1/∂x2 is positive;

(H5’) the function σ is C2 with bounded partial
derivatives;

(H6.δ) one has
1
δ
≤ σ(x)

σ̄
≤ δ,

1
δ
≤ h′(x1)

H̄
≤ δ,

1
δ
≤ F12(x)

F̄
≤ δ

for any x = (x1, x2), and for some positive σ̄, H̄
and F̄ .

(H7) The law of X0 has a C1 positive density p0 with
respect to the Lebesgue measure and ∇p0(X0)

/
p0(X0) is in L2.

Theorem 3.1 Assume (H1) to (H5’). There exists
some universal δ > 1 such that, if (H6.δ) holds, then

one has x
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t = O(ε3/4), x
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in Lp for any p ≥ 1.

Theorem 3.2 Assume (H1) to (H7). If δ in (H6.δ)
is close enough to 1, then the filter Mt in (3) satisfies
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