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Abstract

In this paper, the Kronecker product of matrices is used
to achieve the decomposition of finite dimensional lin-
ear systems into a set of decoupled systems of smaller
dimension. A class of systems is specified for which
such decomposition can be carried out. Two particular
cases of application are studied.

1 Introduction

The problem of system decoupling is a well known topic
of research, its applications spanning spatially distrib-
uted systems as well as large scale systems. Among
the many approaches to this problem, we single out the
work by [1] that explored the algebraic properties of
spatially invariant systems to achieve decoupling. The
idea behind it is to figure out what are the subsystems
a very complex system is made of and the way they
are coupled. Under certain invariance assumptions it
is possible to ”diagonalize” this coupling structure and
come up with a decomposition into systems of smaller
dimension. In this paper we look at the same prob-
lem for the particular case of finite dimensional linear
systems. We explore the Kronecker product as a tool
to neatly express the coupling structure among subsys-
tems of a linear system of large dimension and use its
properties to achieve structural or block decoupling. In
section 2.3, a decoupling basis is suggested that lead to
a hierarchical structure for the flux of information in
control applications.

This paper has two sections, section 2 introduces the
concept, while subsections 2.2 and 2.3 present the two
scenarios of application.

2 Block decoupling

Of major importance in block decoupling is the follow-
ing property of the Kronecker product of matrices:
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Lemma 1 Ifv' is such that Tv' = \,v!, then for any
matriz A and conformal z, the following is true:

T®A) (viez) =\ (v'oAz)

The previous equality allow us to show, among other
things, the following result:

Theorem 2 (Block decoupling) Consider the following
linear system
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where Ty € R™*™ and A; € R™™. If there is a set
of m linearly independent vectors {Vl7 ey Vm} such that
vl =N\ v! for (5,1) € [1,p] x [1,m], then it is possible
to decouple (1) in the form:

x () = Zvl®xl (), = ZVZ®YZ (3)

u(t) = > veuw(r),y Zxﬂc x; (£)(4)

where x; () are solution of:
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Proof: The result can be easily derived by substitut-
ing (3) in (1) and using lemma 1.

It can be shown that if the set {Vl,...,vm} is or-

thogonal, then x;(f) can be computed from x (%)
by means of the projection x; () = [Vl ®I]Tx(t).
When designing optimal controllers for systems in
the form (1), if the sets {v! @xy (t),....v" @ Xy, (1) }
and {V1 @uy(t),...v" @ u, (t)} are both orthogonal
with respect to the cost function, then the optimization
can also be cast as m independent problems of smaller
dimension.



2.1 Spatial Invariance
One of the situations where theorem 2 proves to be
useful is in the decoupling of spatially invariant systems

2].

Definition: A system described by (1) is spatially in-
variant if T'; are circulant matrices. This definition is
motivated by the fact that if P is a permutation ma-
trix such that Pe; = €;11 mod m, then for every circulant
T'; we have PT';P~! =T';. By inspection of (1) we see
that a spatially invariant system is invariant under state
transformations of the type X () = (P @ L xqs) x (¢).

Remark 1 For every set of circu-
lant matrices {X1,..., X}, X; € R™*™  there exist
a set of common orthogonal vectors® {Vl7 ...,Vm} such
that Tle = )\lel.

We can use this fact and theorem 2 to state:

Theorem 3 Spatially invariant systems can be decou-
pled in the form (3)-(5).

2.2 Hierarchical Decoupling

Certain systems, when expressed in the form (1), lead
to matrices I'; for which there is more than one set of
linearly independent eigenvectors {Vl7 ...,Vm}. In this
case, one can use this freedom and choose a ”handy
set”. For certain systems it is possible to choose a ba-
sis such that each decoupled system is associated with
a node of a hierarchical structure. We illustrate this
concept by means of a simple example. Assume we
have an array of 8 equal SISO systems that satisfy the
state equation z= Az + Bu+¢ (t), where ¢ (¢) accounts
for the coupling among systems. Furthermore, consider
that there is a "regional” dynamics I' such that the
global system can be described in the form (1) as:

xt)=I0A+TOG|x(t)+ [IoB|u(t),
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vector concatenation of the individual state and con-
trol of the 8 subsystems. In this case, a possible set of
eigenvectors would be the one comprising the columns
of the matrix in figure 1. This choice of eigenvectors
is consistent with a binary partition of the 8 subsys-
tems which is meaningful in resource allocation prob-
lems. In this case, v! accounts for the ”common” be-
havior or spatial mean value of all systems, v for the
transfer of resources between the two groups of systems
{1,2,3,4} and {5,6,7,8}. In the next level of partition-
ing we have v3 accounting for the transfer of resources

where I' = [ , X and u are the

1Such vectors result from the Fourier series expansion for se-
quences of size m and can be computed as [vl] — e27(l/a)
q
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Figure 1: Definition of the eigenvectors {Vl, ...,V8} and
associated hierarchical structure.

between {1,2} and {3,4}, i.e., inside one of the parti-
tions associated with v2. This nesting relation among
the vectors of the basis is represented by the graph of
figure 1. Controllers can then be designed for the 8 de-
coupled systems that operate in the directions v' to v&.
In resource allocation problems, where the total amount
of resources is constrained by 2?21 [u(®)], = d(t), we
only need to fix the solution in the direction of v! by

setting uy (¢) = %d (t). The remaining directions vZ to

v® are not affected by the constraint. This example
is not that of an uncommon case, for there is a whole
class of systems, for which it is possible to model group
dynamics in a way that {Vl7 s Vm} follows this graph
structure.

This structure imposes a hierarchy on the way infor-
mation flows. Assume we have a decision system (con-
troller) for each of the decoupled systems and that we
can measure directly the state x (¢). In such case, we
need to process information and get measurements of
the state of each of the decoupled systems. This can
always be done by means of a linear transformation of
x (t). For most sets {Vl7 ...,Vm} , this means that the
controllers of the decoupled systems must have access to
measurements of the entire x (£) , which, for large-scale
systems, is not acceptable. But with this hierarchical
structure, the state in the direction of, e.g., v® can be
computed only by measuring [x (£)], and [x (¢)]s. Mov-
ing up, v* only need to measure [x (t)]. + [x (¢)]g and
[x (t)]5 + [x (t)]s. This way, we may use an informa-
tion structure based on the graph of figure 1, where a
given node adds up his own measurements and makes it
available to its upper node as a measurement. Control
decisions propagate down the same structure.
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