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Abstract

An infinitely rigid, fully-actuated mass is considered,
which moves on a plane within a closed region delim-
ited by an infinitely massive and rigid circular barrier.
The tracking problem of a class of periodic trajectories
involving an infinite number of impacts is considered.
Since the jumps in the velocities at the impact times
render difficult (if not impossible) to obtain the classi-
cal stability and attractivity properties for the track-
ing error, such properties are properly amended for the
case of interest. A simple PD-like control law is pro-
posed, giving rise to control forces that are piece-wise
continuous functions of time.

1 Introduction

Modeling and control of impact phenomena is a chal-
lenging research field, which has attracted the atten-
tion of researchers from mathematics, mechanics and
engineering, due to the variety of different problems in-
volved (see [1] and the references therein). When only
elastic impacts are considered between perfectly rigid
bodies, and friction during the impact is considered
negligible (such approximations can be accepted, for
example, in collisions between spheres made of glass or
steel), the classical Erdmann-Weierstrass corner condi-
tions [2] are often sufficient to determine the effects of
impacts on the colliding bodies; in particular, this hap-
pens in this paper, where no multiple impacts can oc-
cur. The assumption of rigidity of the impacting bod-
ies leads to the so called non-smooth impacts, since the
velocities of the colliding bodies are subject to jumps
at the impact times.

The need for control laws capable of handling systems
subject to impacts is evident especially in robotics,
since a lot of the tasks, which can be assigned to a
robot, involve collisions [3, 4, 5, 6]. The case in which
the collisions happen during the so-called transition

phases, which are expected to be followed by an inter-
val in which the robot is in permanent contact with the
environment, is particularly frequent [7, 8, 9, 10, 11, 2]
in such cases, the goal of the control law is often the
one of guaranteeing that the transition phases actually
end, and that the robot exerts the desired contact force
during the permanent contact. The tracking of trajec-
tories which intrinsically involve an infinite number of
impacts, with no finite accumulation point for the im-
pact times, leads to some technical difficulties (see the
subsequent Remark 1 for a detailed discussion) and is
therefore of special interest. Moreover such a control
problem has many applications in robotics, e.g. hop-
ping [12, 13] or walking robots [14, 15], juggling robots
[19, 20], hammering tasks [21].

In this paper, an infinitely rigid mass is considered,
which moves on a plane, within a region delimited
by an infinitely massive and rigid circular barrier. In
particular, we consider as a case study the tracking
problem of periodic trajectories involving an infinite
number of impacts between the mass and the barrier.
In the mathematical literature, the system considered
here is called a Birkhoff billiard; a lot of research has
been done to study the properties of periodic trajecto-
ries on billiards of general shape [22], when no control
is exerted on the moving mass.

2 Problem preliminaries

Consider a dimensionless body having unitary mass,
which moves on an horizontal plane on which a Carte-
sian inertial frame zOy is defined. Let q(t) =
[ z(t) y(b) }T denote the position of the body at
time t > to, with tg € R, and let q(t) be constrained
to belong to the following admissible region:

A:={qe R : f(q) <0},

where f(q) := 2% +y? — 1.



The control inputs are two forces u,(t), uy(t) € R,
acting directly on the body, directed as the x and y
axes, respectively. It is also assumed that q(t) and q(t)
are measured. The system is completely characterized
by the Lagrangian function L := £ (&% +52)+ug x4uy y
and by the inequality 2 + y? < 1. Assuming that the
impacts are non-smooth and perfectly elastic, a model
of the system can be written as described in [2]. In the
following, for every function ¢(-), the following short
notation will be used: g(¢t7) := 1ir£1 g(7), g(tt) =
el

Tllr?+g(7).

The model of the system is given by the following
Euler-Lagrange equations

) ux(t), (la)
) = uy(t), (1b)
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where 7(t) € R is the Valentine variable and A(t) € R
is the Lagrange multiplier (A(¢) has to be understood
in the distribution sense), with the following Erdmann-
Weierstrass corner conditions

P+t = P +oP), (2a)
p(tT)—a(t™) = —2z(t) (ACT) = A(t7)), (2b)
gty —gt™) = =2yt) (AT = A(t7)); (2)

the initial conditions at the initial time ty are:

x(to) = w0, y(to) = yo, (3a)
E(ty) = ve,0,  YltF) = vy,0, (3b)
v(to) = v/ —f(a(to)), Atg)=0. (3¢

For later use, introduce the following set:

A={(q, 9 e AxR*: J(q)q < 0if f(q) =0},

where J(q) is the Jacobian of f(q), i.e., J(q) =
[22 2y]. For each tp € R, it is required that
(a(to), q(tf)) € A in order that the body does not
leave the admissible region at the times immediately
after tg.

An impact for the controlled body occurs if, at a given
time ¢, one has

It is easy to see that the Erdmann-Weierstrass corner
conditions (2) can be solved uniquely in the unknowns
z(tT), y(¢T), A(tT) at an impact time ¢, by requiring

that J (q(t)) q(t*) < 0:
a(tT) = (2(t) —2?() &(t7) — 2y(t) x(t) §(t ),
gitt) = (@) —y* (1) 9(t™) = 2y(t) a(t) &(t7).

As for the jump in the Lagrange multiplier, we have

AET) = AE7) +a() @) +y(t) y(t™).

The goal of this paper is the design of a control law
such that q(t) asymptotically tracks the desired tra-

jectory, qq,n(t) == [ za, N(t) ya n(t) }T, which is
defined as follows:

za, N(t) = Ta N, 1) +Vea N, E—t]), tER,
Ya,N(t) = Ya,N,|t) T Vya N, E—[t]), tER,

where |-| denotes the largest integer not greater than
the argument and, for each k € Z,

zrq Nk = cos(kf),
ya, N,k = sin(kpj),
— . (B T 0
Up,d, N,k = 2sm<2 cos 2+2+kﬂ ,

: . (7 B
Uyd Nk = 2sin <§) sin (5 5t k‘ﬁ)
with 8 = 27/N, and N being an arbitrary integer,
N > 2.

In particular, for a given N, the desired trajectory
is constituted by the regular polygon (having N ver-
tices) inscribed in the circle of unitary radius delim-
iting the admissible region with one vertex coincident
with the point [ 1 0 ]T. We call desired trajectory
both the function qq, §(t), ¢ € R, and the regular poly-
gon On = {q € R: q = qq,~(t) for some t € R}.
The desired trajectory is depicted (in bold line) in Fig-
ure 1 for N = 5.

22 +y%2=0

(za,5(2), ya,5(2))

(za,5(4); ya,5(4))

Figure 1: The desired trajectory for N = 5 (bold) and an
actual trajectory (dashed), having an impact
att =t1.

The desired trajectory is an admissible trajectory of
the system, with u,(-) = 0 and uy(-) = 0, and it in-
volves an impact between the body and the boundary
of the admissible region at each time t =k, k € Z.



In the following, it will be useful to describe the de-
sired and the actual trajectories in an unified man-
ner; this can be achieved by considering the system
as constituted by two identical bodies, the first one
being the controlled one and the second one being a
fictitious body, whose position at time ¢ is given by
aa(t) == [zaq(t) ya(t)]", which is not actuated and
moves along the desired trajectory, as its initial posi-
tion and velocity are properly chosen. In this way, the
reference trajectory can be taken as the solution of the
following Euler-Lagrange equations:

Ea(t) + 2 Ma(t) za(t) = 0, (5a)

Ga(t) + 2 Xa(t) ya(t) = 0, (5b)

274(t) Ag(t) = 0, (5¢)

2z4(t) Za(t) + 2ya(t) ya(t) + 27a(t) Ya(t) = 0, (5d)

with the Erdmann-Weierstrass corner conditions:

FRT) +ga(th) = #3(t7) +9a(t),
iq(tt) —za(t™) = —2xa(t) (Aa(t™) — Xa(t™)),(6b)
9a(t™) —ga(t™) = —2ya(t) (Aa(t™) = Aa(t7)) , (6c)

with 74 € RT being the Valentine variable for the fic-
titious body and Ay € R being the corresponding La-
grange multiplier.

Finally, define the tracking error as e(t) :=
where e;(t) = z(t) — za(t), ey(t) = y(t) — ya(t).

3 Problem definition and main result

The presence of the Erdmann-Weierstrass corner con-
ditions (2) and (6) and of the constraints (1c), (1d),
(5¢) and (5d) complicates the trajectory tracking prob-
lem for the considered system as compared with the
case of unconstrained mechanical systems, as shown in
the following remark (|| - || denotes the Euclidean norm
of the vector at argument).

Remark 1 In this remark, we assume that N = 2, as
the generalization to the case N > 2 is simple. The
stability properties that we would like to guarantee for
the closed-loop system are:

(i) for each € > 0 and for each ¢ty € R, there exists
dc,1, > 0 such that if |le(to)|| < b4 and [|€(ty)] <

Oc, 1o, then [le(t)[| < e, [[e(t7)]| < e and [|&(tT)]| < e,
for all t > to;

(ii) for each ¢ty € R, there exists a neighborhood Oy,
of [qF (to) qg(tg)]T such that the following rela-
tionships hold for each [qT(to) @7 (t5)]" € Oy N
(A xR?):

Jim et = 0, (8a)
Jim Jlet)] = o, (8h)
Jim &) = o, (80)

where the limits in equations (8) are taken with ¢ € R.

Unfortunately, it is too difficult (if not impossible) to
guarantee both properties (i) and (ii), as shown here-
after. Consider statement (i). Let 0 < ¢ < 1. Let
the initial time ¢y be negative and very close to 0
(so that there is no impact in the interval (to, 0)),
with the initial conditions qu(to), qa(tg), a(ty) and
q(to) chosen so that qq(0) = [ (1) ], qq(07) = [ (2) ,
q(07) = qq(07) and q(0) = (1 —¢) gq(0) (due to these
choices, as q(0) is an interior point of A, t = 0 is
not an impact time for the controlled body); this can
always be done, by a back integration of the Euler-
Lagrange equations (la), (1b), (5a) and (5b), with

the final conditions q4(0) = [ 1 } qq(07) = [ 2 },

0 0
q(07) = q4(07) and gq(0) = (1 — &) qq(0). This im-
plies that ¢ = 0 is an impact time for the fictitious

body characterizing the reference trajectory, whence

qq(07) = [ _(2) ]

0, [le(tg)[l = [|e(07)|| = 0 and [le(ty)]| ~ [le(0)[| = e
Taking into account the expression of q4(0™), we have

e0) = | 4

. As tg is negative and very close to

0
le(t)| and |le(t")| are greater than e for all ¢ # 0
belonging to a short interval starting from 0, and prop-
erty (i) is violated. Notice that as the control inputs
are not impulsive, they do not influence the previ-
ous reasoning, which therefore shows that property (i)
cannot be satisfied for any piece-wise continuous and
bounded control law (the case of impulsive control laws
is not considered, being out the scope of this paper).

}, and [[€(0T)| = 4; this implies that

As far as property (ii) is concerned, for each arbitrarily
high real T, if ||e(T)| + ||&(T~)|| # 0 (this is not the
case when either |le(to)|| + ||€(ty )| = 0 or when the
considered control law has a dead-beat property; this
second case can happen only in the nominal case, and,
therefore, can be neglected in real applications), then
it is generically true that there exists an integer k > T
that is not an impact time for the controlled body;



for such a k, even if ||&€(k7)]| is almost zero, we have

e(kt) = e(k™) + [ 3 if k is even, and é(kt) =
4

0
equal to 4, which (by the arbitrariness of T') means
that property (ii) does not hold. Therefore, it seems
that, by requiring property (ii), one actually requires
that for sufficiently high times, the impact times of
the controlled body coincide exactly with the impact
times k € Z of the desired trajectory, which seems
to be difficult (if not impossible) to be guaranteed in
practice for a significant set of initial conditions.

e(k™) — if k is odd, whence ||&(k™)| is almost

In the following, properties (i) and (ii) (i.e., the clas-
sical asymptotic stability property) will be properly
amended in order to overcome the difficulties previ-
ously discussed. a

The control problem solved in this paper can be stated
as follows.

Problem 1 Find a piece-wise continuous control law
(where q(t) is to be understood as q(t~) at the impact
times):

uy(t) = ylalt),a(t),t), (9b)

such that the following properties hold for the closed-
loop system:

(a) for each € > 0, for each ty € R and for each
v € (0,1/2), there exists 0c t5,~ > 0 such that

if [qT(to) QT(D)]" € A, |elto)]| < 6494 and
||é(t(J)r)H < Oe, 1y, then

le®l < & VEER ¢t (108)

et < e VEER, t>to, |t—[t]] > 7,(10b)
le™)| < e WVteER t>ty, |t—[t]] >, (10c)

where [t] denotes the integer nearest to t;

(b) for each ty € R, there exists a neighborhood Oy,
of [aX(to) &b (td) 1" such that the following relation-
ships hold for each [q” (to) qT(t(J{)]T €0y NA:
Jim o) = 0. (11a)
I

Jlim[8((k +7)
H

) 0, V7e(0,1),(11b)
)

klnf le((k+7)* 0, Vre(0,1),(11c)
where the limits in equations (11b) and (11c) are taken
with k being integer, whereas the limit in equation
(11a) is taken with t being real.

Remark 2 Properties (a) and (b) resemble closely to
the usual definitions of stability and attractivity of the
motion constituted by the desired trajectory. Some-
times, when dealing with the stability of trajectories,
which are not equilibrium points, the definitions of or-
bitally stable motion and orbitally attractive motion
are used [24, Section V], instead of the stronger ones
of stable motion and attractive motion, respectively.
Consider the regular polygon Oy defined in the previ-
ous section, and define the distance o(q, Qn), between
q € R? and Qp as:

, = inf - pl-
o(q, Qn) peQNllq pll

If the desired trajectory is an orbitally stable motion,
for a given tg € R, then, for each € > 0, it is possible
to define a neighborhood Zy, « of [q% (t0) &2 (t)]7,
such that, for every [qT(to) T (t7)]T € Zyy.c N A,
o(q(t), On) < ¢, for all ¢ >ty (actually the definition
of orbital stability implies a stronger property involv-
ing also the actual and desired velocities, but this is
irrelevant here). It can be easily seen, by means of
purely geometric reasoning, that the desired trajectory
is not an orbitally stable motion, nor an orbitally at-
tractive motion, of the open-loop system. The study of
the orbital stability of billiards of a more general class
(i.e., billiards for which the admissible region is delim-
ited by closed curves other than a circle) is carried out
in [22, Section II].

On the other hand, it can be seen that, if properties (a)
and (b) hold, then the desired trajectory is an orbitally
stable and attractive motion. Hence, properties (a)
and (b) do not hold for the open-loop system. O

The goal of this section is to show that the following
PD-like control law (where é,(t) and é,(t) are to be
understood as é,(t7) and é,(¢t7) at the impact times
both of the controlled body and of the desired trajec-

tory):

wp(t) = —Kyeén(t)— Kpea(t), > to,(12a)
Uy(t) = —Ky ey(t) - Kp ey(t)a t > 1o, (12b)

where Ky = 2a, Kp = o2, o« € R, succeeds in
obtaining “asymptotic tracking” of the desired trajec-
tory, for sufficiently high values of the parameter .
Notice that if ||e(to)|| + ||&(td)|| # 0, then wu,(t) and
uy(t) are piece-wise continuous functions of time, with
finite jumps at the impact timesand also at the integer
times (due to the jumps in the desired velocity).

By substituting such a control law into equations (1a)
and (1b), we have (omitting the dependence on t):

T+ Ky (:i‘—S'Cd)-l-Kp (x—xd)+25\x:0,
J+Kv (9 —94) + Kp (y—ya) +2Ay = 0;



these equations and equations (1c), (1d), (5) have to be
solved from the initial conditions (3), (7), with the help
of the relevant Erdmann-Weierstrass corner conditions
(2) and (6).

Theorem 1 For every N > 2, there exists an ay €
R such that the control law (12) is a solution of Prob-
lem 1, for any o > ay.

Hint for the proof. Consider the N-periodic
discrete-time system Sp obtained from the closed-loop
system by sampling the tracking error at the times
t =k—1/2for k € Z™; denote its state vector at time
k € Z7T by:

elk—1/2
en(k) = [egk B 1%] : (13)

notice that, for system Sp to be well posed, it is needed
that none of the times k — 1/2, k € Z™, is an impact
time for the actual trajectory (z(t), y(t)).

Consider the function W (-, -) : R x R* — RT:

W) = g dal) + 5~ Ga) +
S Kb (o wa®) + 5 Kp (5~ alt))*,

which is defined only in the sense of distributions at
the impact times k € Z of the desired trajectory, and,
if computed along the trajectories of the system, i.e.,
obtaining W (¢, z(t)), at the actual impact times.

It can be seen that the function v(t) = W(t, z(t))
is subject to jumps at the impact times, which can
be either positive or negative. Due to the presence
of positive jumps, W(t, z) cannot be taken as a Li-
apunov function for the continuous-time closed-loop
system; however, such a function is of help in find-
ing a Liapunov function for the discrete-time sys-
tem Sp. As a matter of fact, defining the function
V() :Z xR — R as follows:

V(kﬁ, eD) = W(k—1/2, Zd(kj—l/Q)—l—eD),
Vk e Zt, Vep € R*;

V(k, ep) can be taken as a candidate Liapunov func-
tion for system Sp when it is well-posed. Moreover,
it can be shown that, if there is exactly one impact
time in every interval (k —1/2,k 4+ 1/2), k € Z, then
for each N > 2 there exists ay € R such that, for
each a > ayp, we have that the forward difference
V(k+1,ep(k+ 1)) — V(k, ep(k)), computed along
the solutions of the system, is a negative function of
ep(k) #0. O

a(t), zq(t) y(t), ya(t)
1 1
0.5 0.5
0 0
0.5 -0.5
Lt
-1 -1
-2 2 6 10 -2 2 6 10
@(t), &a(t) (1), Jat)
2 1
11y 0-5
0
0 05 |
-1 1
2 -1.5
2 2 6 10 2 2 6 10

Figure 2: The desired (dashed) and actual (solid) trajec-
tories in the zy-plane (a) and time behaviour
of the desired (dashed) and actual (solid) tra-
jectories (b), for N = 5.

4 An example and concluding remarks

We report an example in order to illustrate the effi-
cacy of the proposed control law. It is related to the
case of N = 5, with o = 6. Starting from the ini-
tial condition z(—2.5) =0, y(—2.5) =0, &(—2.5) =0,
9(—2.5) = 0 at the initial time ty = —2.5, the be-
haviour of the closed-loop system during the first 12.5
seconds of motion can be observed in Figure 2.

In this paper, we have assumed that the mass of the
body and the radius of the circle delimiting the ad-
missible region are both unitary, and that the period
of the trajectory is integer and equal to the number
N of the sides of the regular polygon described by the
trajectory. Such simplifying assumptions can be eas-
ily removed by properly scaling the variables involved.
On the other hand, the assumption that the coefficient
of restitution is unitary is crucial: if the coefficient of



restitution is less than 1, the proposed controller is
not a solution of Problem 1 (in such a case, any non-
impulsive control cannot be a solution of Problem 1).

The last remark is made in order to emphasize that
the simple proposed control law, properly amended,
could be applied, in principle, to more general classes
of fully actuated mechanical systems, when a desired
trajectory involving an infinite number of impacts is
to be tracked, provided that the length of the time
intervals between two successive impacts is bounded
from below by some strictly positive constant.

References

[1] B. Brogliato, Nonsmooth impact mechanics.
London: Springer-Verlag, 1996.

[2] A. Tornambe, “Modelling and Control of Im-
pact in Mechanical Systems: Theory and Experimen-
tal Results,” IEEE Trans. Automatic Control, vol. 44,
pp- 294-309, February 1999.

[3] A.Yigit, A. Ulsoy, and R. Scott, “Dynamics of a
radially rotating beam with impact,” ASMFE J. of Vi-
bration and Acoustics, vol. 112, pp. 515-525, January
1990.

[4] B. Chapnik, G. Heppler, and J. Aplevich, “Mod-
elling impact on a one-link flexible robotic arm,” IEEE
Trans. on Robotics and Automation, vol. 7, pp. 479—
488, August 1991.

[6] J. K. Mills and C. V. Nguyen, “Robotic manip-
ulator collisions: Modeling and simulation,” ASME
J. Dynamic Systems, Measurements and Control,
vol. 116, pp. 89-98, 1994.

[6] J.Mills and D. M. Lokhorst, “Control of robotic
manipulators during degeral task execution: a discon-
tinuous control approach,” Int. J. Robotics Research,
vol. 12, no. 2, pp. 146-163, 1993.

[71 Y. Wang, “Dynamics and planning of colli-
sions in robotic manipulation,” in Proc. IEEE Conf.
Robotics and Automation, pp. 478-483, 1989.

[8] J. Mills and D. M. Lokhorst, “Implementation
of a discontinuous control law on a robot during col-
lision with a stiff environment,” in Proc. IEEE Conf,
Robotics Automation, (Cincinnati, Ohio), 1990.

[9] J. Mills and D. M. Lokhorst, “Stability
and control of robotic manipulators during con-
tact/noncontact task transition,” IEEE Trans.
Robotics and Automation, vol. 9, no. 3, pp. 335-345,
1993.

[10] G. T. Marth, T. Tarn, and A. K. Bejczy, “An
event based approach to impact control: Theory and
experiments,” in Proc. IEEE Conf. Robotics Autom.,
(San Diego, CA), 1994.

[11] B. Brogliato, S. I. Niculescu, and P. Orhant, “On
the control of finite-dimensional mechanical systems
with unilateral constraints,” IEEE Trans. Automatic
Control, vol. 42, no. 2, pp. 200-215, 1997.

[12] D. E. Koditschek and M. Biihler, “Analysis of a
simplified hopping robot,” Int. J. of Robotics Research,
vol. 10, no. 6, pp. 586-605, 1991.

[13] W. J. Schwind and D. E. Koditschek, “Control
of forward velocity for a simplified planar hopping
robot,” in Proc. IEEE Conf. Robotics and Automa-
tion, pp. 691-696, 1995.

[14] Y. Hurmuzlu, “Dynamics of bipedal gait: Part
I and part IT — stability analysis of a planar five-link
biped,” J. of Applied Mechanics, vol. 60, pp. 331-343,
June 1993.

[15] Y. Hurmuzlu, F. Génot, and B. Brogliato, “Dy-
namics and control of bipedal locomotion systems - a
tutorial survey.” Submitted.

[16] M. Biihler, D. E. Koditschek, and P. J. Kindl-
mann, “A family of robot control strategies for in-
termittent dynamical environments,” in Proc. IEEE
Conf. Robotics and Automation, pp. 1296-1301, 1989.

[17] N. B. Zumel and M. A. Erdmann, “Balancing
of a planar bouncing object,” in Proc. IEEE Conf.
Robotics and Automation, pp. 2949-2954, 1994.

[18] P. J. Swanson, R. R. Berridge, and D. E.
Koditschek, “Global asymptotic stability of a pas-
sive juggler: A parts feeding strategy,” in Proc. IEEE
Conf. Robotics and Automation, pp. 1983—-1988, 1995.

[19] A. Z. Rio and B. Brogliato, “Hybrid feedback
strategies for the control of juggling robots,” in Mod-
elling and Control of Mechanical Systems (A. Astolfi,
D. J. N. Limebeer, C. Melchiorri, A. Tornambe, and
R. B. Vinter, eds.), London, UK: Imperial College
Press, 1997.

[20] A. Zavala-Rio and B. Brogliato, “On the control
of a one degree-of-freedom juggling robot,” Dynamics
and Control, vol. 9, no. 7, pp. 67-90, 1999.

[21] T.Izumiand Y. Hitaka, “Hitting from any direc-
tion in 3-D space by a robot with a flexible link ham-
mer,” IEEE Trans. on Robotics and Autom., vol. 13,
no. 2, pp. 296-301, 1997.

[22] V. V. Kozlov and D. V. Treshchév, Billiards: a
genetic introduction to the dynamics of systems with
impacts. Providence, RI: American Math. Society,
1991.

[23] F. A. Valentine, The Problem of Lagrange with
Differential Inequalities as Added Side Conditions.
Univ. Chicago Press, 1937.

[24] W. Hahn, Stability of Motion. Berlin: Springer-
Verlag, 1967.



