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Abstract

In this paper we present an input-output point of
view of certain optimal control problems with con-
straints on the processing of the measurement data.
In particular, we consider norm minimization opti-
mal control problems under the so-called one-step
delay observation sharing pattern. We present a
Youla parametrization approach that leads to their
solution by converting them to nonstandard, yet
convex, model matching problems. This conver-
sion is always possible whenever the part of the
plant that relates controls to measurements pos-
sesses the same structure in its feedthrough term
with the one imposed by the observation pattern on
the feedthrough term of the controller, i.e., (block-
)diagonal. When that is not the case, it amounts
to the so-called non-classical information pattern
problems. For the H* case, using loop-shifting
ideas, a simple sufficient condition is given under
which the problem can be still converted to a con-
vex, model matching problem. We also demon-
strate that there are several nontrivial classes of
problems satisfying this condition. Finally, we ex-
tend these ideas to the case of a N-step delay ob-
servation sharing pattern.
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1 Introduction

Optimal control under decentralized information
structures is a topic that, although it has been stud-
ied extensively over the last forty years or so, still
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remains a challenge to the control community. The
early encounters with the problem date back in the
fifties and early sixties under the framework of team
theory (e.g., [7, 8].) Soon it was realized that, in
general, optimal decision making is very difficult to
obtain when decision makers have access to private
information, but do not exchange their information
[17]. Nonetheless, under particular decentralized
information schemes such as the partially nested
information structures [6] certain optimal control
problems admit trackable solutions. Several results
exist by now when exchange of information is al-
lowed with a one-step time delay (which is a special
case of the partially nested information structure.)
To mention only a few we refer to [3, 9] where LQG
criteria are of interest, [10, 11, 12, 13] where linear
exponential-quadratic Gaussian (LEQG) problems
are considered and certain connections to minimax
quadratic problems are furnished. The interested
reader may further refer to [1] for further biblio-
graphical information

In this paper, in contrast to the state-space view-
point of the works previously cited, we undertake
an input-output approach to optimal control under
the information scheme known as the one-step de-
lay observation sharing pattern (e.g., [3]). Under
this pattern, measurement information can be ex-
changed between the decision makers with a delay
of one time step. In the paper we provide an ap-
proach for solving the ¢!, H> and H? (or LQG)
optimal disturbance rejection in the case of quasi-
classical information exchange [2]. This is the case
whenever the part of the plant that relates con-
trols to measurements possesses the same structure
in its feedthrough term with the one imposed by
the observation pattern on the feedthrough term of
the controller, i.e., (block-)diagonal. The key in-
gredient in this approach is the transformation of



the decentralization constraints on the controller
to linear constraints on the Youla parameter used
to characterize all controllers. Hence, the resulting
problems in the input-output setting are, although
nonstandard, convex. These problems are of the
same form as the ones appearing in optimal con-
trol of periodic systems when lifting techniques are
employed [4, 14], and can be solved analogously by
employing Duality, Nehari and Projection theorems
respectively.

When the part of the plant that relates controls to
measurements does not possess the same structure
in its feedthrough term with the one imposed by
the observation pattern on the feedthrough term
of the controller, the information exchange is non-
classical (e.g., [3]). The previous approach leads
in general to nonconvex problems since the con-
straints on the Youla parameter are not linear any
more. For the H° case however, using loop-shifting
ideas, a simple sufficient condition is given under
which the problem can be still converted to a con-
vex, model matching problem. We also demon-
strate that there are nontrivial classes of problems
satisfying this condition. These ideas can be ex-
tended in the case of a IN-step delay observation
sharing pattern using lifting techniques to obtain
similar simple conditions for convexity [15].

2 Problem Definition

The standard block diagram for the disturbance
rejection problem is depicted in Figure 1. In this
figure, P denotes some fixed linear time invariant
(LTT) causal plant, C' denotes the compensator,
and the signals w, z, y, and u are defined as fol-
lows: w, exogenous disturbance; z, signals to be
regulated; y, measured plant output; and u, con-
trol inputs to the plant. In what follows we will as-
sume that both P and C are LTI systems; we com-
ment on this restriction on C later. Furthermore,
we assume that there is a predefined information
structure that the controller C' has to respect when
operating on the measurement signal y. The par-
ticular information structure is precisely defined in
the sequel.

The one-step delay observation sharing pat-
tern

To simplify our analysis we will consider the
case where the control input uw and plant out-
put y are partitioned into two (possibly vector)
components u;, us and yi, y» respectively, i.e.,

{E
T

C

Figure 1: Block Diagram for Disturbance Rejection.

u = (ul )T and y = (y yIT. Let Y} :=

)

{91(0),95(0), ..,y (k),y>(k)} represent, the mea-
surement set at time k. The controllers that we
are considering (henceforth, admissible controllers)
are such that wi(k) is a function of the data
{Vi—1,y1(k)} and wuz2(k) is a function of the data
{Yi—1,y2(k)}. Le., there is one-step delay in pass-
ing the currently received information y» (k) to the
channel that computes u; (k) and similarly for y; (k)
and uz2(k). We refer to this particular information
processing structure imposed on the controller as
the one-step delay observation sharing pattern.

Alternatively, partitioning the controller C' accord-

ingly as C' = Cii Cis , the one-step delay ob-
Ci2 Ca

servation sharing pattern requires that both Ci,
and C>; be strictly causal operators. Let now

S := {C stabilizing and LTI : C}2, Cy; strictly causal}

and let T, represent the resulting map from w to
z for a given compensator C' € S which we also
denote as the linear fractional map F(P,C). The
problem of interest is

.= inf ||Tow| = inf ||F(P,
p CHéSII I (grésllf( Al

where ||e|| represents a system norm such as H?2,
H> or (L.
To solve the above problems the following standard
L Py P
assumption is introduced. Let P = 1 12
Py Py

then,

Assumption 2.1 P is finite dimensional and sta-
bilizable and the closed loop in Figure 1 is well-
posed.

Hence, if P has a state space description P ~

Ch D11 Do .
(A, (B Bs), (C,2> , <D12 D22>) then the pairs
(A, B) and (A, C5) are stabilizable and detectable
respectively.



3 Problem Solution

We consider separately two cases. In the first
case it is assumed that the feedthrough term Do,
is block diagonal which corresponds to a quasi-
classical information pattern. The second case is
when Dss is not block diagonal which corresponds
to a non-classical information pattern. Using the
Youla parametrization, the problem converts to a
convex minimization in the first case, while in the
second, sufficient conditions for which convexifica-
tion is possible are provided.

3.1 Case (i): D3y block diagonal

The problem defined in the previous section can
be related to problems in periodic systems where
additional constraints that ensure causality appear
in the so-called lifted system [4, 14]. These con-
straints are of similar nature as with the problem
at hand. A basic step in the solution is the conve-
nient characterization of all controllers that are in
S. This is done in the sequel.

Since we have assumed that P is finite dimensional
with a stabilizable and detectable state space de-
scription we can obtain a doubly coprime factor-
ization (dcf) of Pyy using standard formulas (e.g.,
[5, 16]) i.e., having Psy associated with the state
space description Pyy ~ (A, By, Ca, Da3) a coprime
factorization is P»» = N,.D;-t = D; ' N; with
(% 3)(E B)-
_Nl Dl Nr Xr'

Where NT ~ (AK,BQ,CK,DQQ), D,. ~
(AK7B2>K7[)7 N~ (AMaBM702yD22)) D, ~
(AM)M>C2;I)) X, ~ (AKa_M>CK)I)) Y, ~
(Ag,Ba,—M,K,0), X; ~ (Aym, —Bum, K, I), Y1 ~
(Ap,—M,K,0) with K, M selected such that
Ax = A+ ByK, Ay = A+ MC, are stable
(eigenvalues in the open unit disk) and By =
B2 + MD22, CK = 02 + D22K. Note that the
above formulas indicate that the coprime factors of
P55 have as feedforward terms the matrices Dss or

I or 0 which are all block diagonal. The following
is a well-known result (e.g.,[5, 16]):

Fact 3.1 All (P-stabilizing LTI controllers C' (pos-
sibly not in §) of P are given by

C = (Y,-D,Q)(X,—N,Q)™' = (X;—QN) " (Y;i—QDy).

where () is an (P bounded and causal LTI map.

The above fact characterizes the set of all stabi-
lizing controllers in terms of the so-called Youla

parameter () and it amounts to the observer based
parametrization in Figure 7?7 The set S of interest
is clearly a subset of the set implied by Fact 3.1.
The constraints on C' amount to the constraint that
the feedforward term of C' should be block diagonal

ie., co) - <016(0) Cﬁ(o))‘

A simple characterization of such a constraint is
possible as the following lemma indicates

Lemma 3.1 All (P-stabilizing controllers C' in S
of P are given by

C=,—D:Q)(X,—N, Q)" = (Xi—QN,)~' (Yi—-QDy).

where @) is an ¢P bounded and causal LTI map with
Q(0) block diagonal.

Proof: It follows from the particular structure
of the doubly coprime factors of Pss since C(0) =
—Q(0)(I—D22Q(0))~! with Dy block diagonal and
hence C(0) is block diagonal if and only if Q(0) is
block diagonal. |

Using the above lemma it follows that all feasible
closed-loop maps are given as T,,, = H — UQV
where H,U,V stable depending only on P, and, )
is ¢P-stable with (0) block diagonal. Hence the
problem transforms to the minimization

= inf H-UQV
H Q, Q(0) blllt}ck diagonal || Q ||

The problem above is an infinite dimensional, min-
imization of a convex functional over a convex
domain (subspace). It represents a non-standard
model matching problem due to the constraint on
Q(0). However, this constraint is of the same na-
ture as in the optimal control problems of periodic
systems considered and solved in [4] for ¢! via du-
ality theory, and, in [14] for #>° and H? via Nehari
and Projection Theorems respectively. The solu-
tion procedures in [4, 14] carry through exactly for
the problem at hand and thus we refer the reader to
these references for further details. We would also
like to mention that considering smooth nonlinear
controllers does not improve performance [15]

3.2 Case (ii): D2 not block diagonal

When Ds, is not block diagonal the constraints on
C do not transform to convex constraints on the
Youla parameter 2 as in Lemma 3.1. Hence the
resulting problem becomes a nonlinear and non-
convex optimization which is in general difficult to



Figure 2: Loop shifting

handle. The idea in this section is to transform, if
possible, the original problem to a problem of Case
(i) of the previous section i.e., obtain an equivalent
system for which the new Dys has the block diag-
onal structure that ensures convexity of the (new)
problem. This is done herein only for H™ optimal
control by using the so-called loop-shifting property
(e.g., [18] chap. 16).

In particular, consider the loop-shifted system P

of Figure 2 where © = <8i 8;2

matrix i.e., ©*0 = [ with O, invertible. Then the
following equivalence holds

) is an inner

IF(P,C)|| < 1 <= | F(P,C)| < 1.

If Dyy := P»5(0) i.e., the new Day-term in P, then
it holds that

Dyy = Day + D109 (I — D11922)71D12-

The goal here is to select @22 so that D, is block
diagonal and thus apply the methods of the previ-
ous subsection to solve a convex yet nonstandard
model matching problem. Splitting

Dyy = D3,q + Das

where Dajs 4 is the block diagonal part and Das
is the remaining (unwanted) part of Das, we would
like to have a @25 such that

D3 = —D21055(1 — D11922)71D12-

If we assume further that Dy; and D15 have full row
and column rank respectively then a matrix @95
that satisfies the above equation generically exists.
However, such a ©2; may not in general lead to

Figure 3: ||F(P,O)|| <~ iff || F(Py,O)| < 1.

an inner ©: note that for © inner it is necessary
[|@2]| < 1. To investigate when an appropriate ©
exists let

p = inf{||@a2|| : D2z = —D21Os2(I—D1102) ' Dis}

and let ©%, denote a minimizer ! of the above def-
inition (i.e., [|©%,]] = p).

If we assume that pp < 1 then letting v > 0 be such
that p < v < 1/p where p = infees ||}'(P,C)|| we
have that for

O = ( —703, (I - 72952952*)1/2>
(I - 72932* 932)1/2 703,"

it holds that ©®*©® = I and ©s; invertible. This
leads to

IF(P, O <v = [IF (P, O)| <1

in Figure 3. Therefore, the above equivalence al-
lows as to solve the original problem by solving for

inf{y: ||F(Py,C)[| < 1}

for each fixed  which is a Case (i) problem of the
previous section since P, has a block triangular
D5 term. Hence, the solution procedure outlined
in Case (i) can readily be applied. The following
summarizes the developments so far.

Theorem 3.1 If up < 1, the H> optimal distur-
bance rejection under the one step delay observa-
tion sharing pattern is a convex problem.

Lin situations where a minimizer does not exist 03, is

taken to mean arbitrarily close to p in size, i.e., |(9g2 |

p+ 9 with 6 > 0 arbitrarily small




To check whether the sufficient condition for con-
vexity holds in the above theorem, one needs to
know p. This would not typically be known. How-
ever, one can check using computable upper bounds
L > p, ie., check if fip < 1. For example, if P is
stable, a readily obtained upper bound on p is ob-
viously iz = ||P11]|- A more general way could be to
solve a standard H* problem restricting C' to be
strictly causal. That amounts to placing a delay
in the measured output (or control input) in both
channels in the original system P i.e., augmenting
Py to APy where A is the delay operator, and de-
sign for the H* optimal cost; it is simple to show
that the augmented system is stabilizable given As-
sumption 2.1 and that the so obtained H> optimal
cost is an upper bound on u. Obviously, the afore-
mentioned bounds may be very far from p and bet-
ter ones can be sought for.

Irrespective of what upper bounds may be available
for a-priori checks the following algorithm provides
the solution to the problem whenever convexifica-
tion via the loop shifting procedure described above
is possible.

e step 1: Find
p =

inf{||®22]| : D2,y = —D21922(I—D11922)71D12}

and a minimizer ©3%,.

o step 2: Let 7o = % where € > 0 is arbi-

i r+
trarily small

e step 3: Solve for C' € S such that

IF(Pye, Ol < 1
using the procedures indicated in Case (i)

e step 4: If step 3 feasible then up < 1 and
infoes || F(P,C)]| is convex: solve equivalent

p=inf{y <0 ¢ [[F(Py, O)f| <1}
by the methods indicated in Case (i)

e step 5: If step 3 not feasible, then u > 1/p
but convexification fails

An interesting interpretation of Theorem 3.1 can be
given in the special case (yet quite common) where

0 0 0
D11 = (0 0), D12 = (I) and D21 = (0 I)

. 0 D112
Dazu = <D2221 0 )

we get

., (0 0
27\ \0 —Day

and p = ||Daz,u|l = max(||Dasiz||, || D2221]]). The
sufficient condition for convexity of Theorem 3.1
gives

pmax(||Daziz||, [[Daz21]]) < 1.

This condition implies that if the size of the un-
wanted terms in Dso i.e., the off-block diagonal,
are strictly smaller than the inverse of the opti-
mal H*> cost, the problem is convex. If P is sta-
ble, 4 < ||P11|]- Based on that, several problems
with non-classical information pattern can be con-
structed that lead to convex problems. Consider
as an example the norm minimization of weighted
sensitivity and complementary sensitivity given as

f(P)C):

VVZ1 (I — P220)71le
WZZC(I — P220)71Ww1

with W,,, W,, stable weights for ¢ = 1,2 sat-
isfying Wy, (0) = W.,(0) = 0 and W.,(0) =
Ww,(0) = I and where Pz is stable. In this
W. Wy, 0 P = W, Pas

0 0) " ( Ww., >
Pyy = (Wy, Wy,). If the weights are selected
to satisfy [[W., W, [[max(||Das12 ||, [[D2221]]) < 1
then pp < 1 and the problem is therefore convex.
This shows that there are several nontrivial classes
of problems for which the condition of Theorem 3.1
is satisfied.

case Pj1 =

4 Conclusions

We presented an input-output point of view for
norm minimization optimal control problems un-
der the one-step delay observation sharing pattern.
In the case where the part of the plant that relates
controls to measurements possesses the same struc-
ture in its feedthrough term with the one imposed
by the observation pattern on the feedthrough term
of the controller, i.e., (block-)diagonal, the problem
is convex and a procedure that leads to its solution
was given. It was also documented in this case
of such a quasi-classical information pattern, that
smooth nonlinear time-varying controllers do not
outperform linear time invariant.

The case where the part of the plant that re-
lates controls to measurements does not posses the
same structure in its feedthrough term with the

WZ1P2QC(I — P220)71Ww
WZ2C(I — P220)71WU,2

)



one imposed by the observation pattern on the
feedthrough term of the controller, a case of non-
classical information pattern, was also considered.
For the 7 case, using loop-shifting ideas a sim-
ple sufficient condition was given under which the
problem can be still converted to a convex, model
matching problem. In this condition, the size of
the unwanted terms for convexity in the part of the
plant that relates controls to measurements is re-
lated to the optimal cost. It was also demonstrated
that there are several nontrivial classes of problems
satisfying this condition and a general high level al-
gorithm was given to solve the problem if convexi-
fication with loop-shifting is possible.
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