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Abstract

In the present paper we first formulate a general model
for stochastic dynamical systems that is suitable in the
stability analysis of invariant sets. This model is suffi-
ciently general to include as special cases most of the
stochastic systems considered in the literature. We
then adapt several existing stability concepts to this
model and we introduce the notion of stability preserv-
ing mapping of stochastic dynamical systems. Next,
we establish a result which ensure that a function is
a stability preserving mapping, and we use this re-
sult in proving a Comparison Stability Theorem for
general stochastic dynamical systems. We apply the
Comparison Stability Theorem in the stability analy-
sis of dynamical systems determined by Ito differential
equations.

1 Introduction

In this paper, we present a general model for stochas-
tic dynamical systems and we study various stability
properties of invariant sets for such systems, utilizing
the notion of stability preserving mapping of stochas-
tic dynamical systems. (Stability preserving mappings
are functions that map a dynamical system into an-
other dynamical system while preserving the stability
properties of invariant sets of the systems [1].) The
system model presented herein is very general and in-
cludes most of the stochastic dynamical systems en-
countered in the literature (see, e.g., [2]-[8]). The
various stability concepts that we formulate for these
systems constitute modifications of corresponding ones
used by Kushner[2] and Friedman[8]. We refer to these
as “stochastic stability” or “stochastic boundedness”.

We first present a result (which we call the Stability
Preserving Mapping Theorem) that ensures that under
mappings of dynamical systems, the stability proper-
ties of invariant sets of such systems are preserved. We
then use the Stability Preserving Mapping Theorem to
establish a Comparison Theorem that enables us to de-
duce the various stochastic stability and boundedness
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properties of a general stochastic dynamical system
(the object of inguiry) from the corresponding prop-
erties of a well understood stochastic dynamical sys-
tem (the comparison system). In order to demonstrate
the applicability of the developed theory, we apply the
above results in the stability analysis of some specific
classes of stochastic dynamical systems.

2 Stochastic Dynamical Systems

In this section, we present the definition of stochas-
tic dynamical system and related concepts. These no-
tions are analogous to corresponding concepts used in
the qualitative analysis of deterministic dynamical sys-
tems (see, e.g., [1]).

We let (2, F,P) denote the underlying probability
space for all the systems that we will consider, where
Q is the sample space, F is the o-algebra of subsets
of the sample space, and P is the probability mea-
sure. An R"-valued random variable z with domain
X is a measurable function from € to X C R™. We let
R[Q, X] denote the set of all random variables. A fam-
ily {z(t),t € I} of R"-valued random variables with
domain X is called a stochastic process with index set
I. The class of stochastic processes defined on I into
R[2, X] will be denoted by R[I, R[?, X]].
Definition 2.1 Let (X,d) be a metric space, where
X CR" let AC X and let T C R. For any fixed
a€ A, to €T, a stochastic process {p(t,w,a,ty) : t €
Toto,w € U} C R[Ty 4, R[Q, X]] is called a stochastic
motion if p(to,w, a,to) = a, where Ty, = [to,t1) N T,
t1 > to is finite or infinite. O
Definition 2.2 Let S be a family of stochastic motions
with domain X, i.e., S C{p(, -, a,to) : p(to,w,a,to) =
a,a € A, to € T}. We call the four-tuple {T, X, A, S} a
stochastic dynamical system. O
Example 2.1 We consider the set of solution processes
of the (Ito) stochastic differential equation given by
dz = f(z,t)dt + o(x,t)dz(t) (1)
where z € R, f: R"xRt — R" and o: R"xRT — R"*™
are continuous, and z(t) is a normalized R™-valued
Wiener process with E(z(t) — 2(s)) (2(¢) — z(s))T =



I|t — s|, where T is the identity matrix. Under proper
assumptions (see, e.g., [6]), there exist unique solu-
tions to the above equation for given initial condi-
tions. Let S(1) denote the set of all solutions with
initial conditions in a specified set A C R™. Then
{R*,R™ A, S5} is a stochastic dynamical system and
we will say that this system is a stochastic dynamical
system determined by equation (1). We will refer to
{R*,R", A,51)} as an Ito process. O

There are also stochastic dynamical systems that are
determined by stochastic differential (resp., differ-
ence) inequalities, stochastic delay differential equa-
tions (resp., inequalities), and the like (see, e.g., [2]-
).

Example 2.2 Another class of stochastic dynamical
systems are those that are determined by so-called
jump systems. In this case there are parameters in the
plant description that are subjected to random jumps.
Such systems have variable structure and can be used
to model systems subjected to sudden changes or fail-
ures in structure. As a specific example, we consider
stochastic dynamical systems determined by equations

of the form
&(t) = F(r(t))=z(t), (2)

where {r(t)};>0 is a finite state homogeneous
Markov process, which is defined on the state space
{1,2,---,s} and F(-) is a matrix-valued function.
Such systems have been studied, e.g, in [9], [10]. For
any fixed initial state z(0) =x¢ and any initial distri-
bution of r(t), there is a solution process for (2). Let
S(2) denote the set of all solutions, and let A denote
the set of initial conditions. Then {R*, R™, A, S(5)} is
a stochastic dynamical system. We will refer to this
system as the stochastic dynamical system determined
by equation (2). O

3 Stability Preserving Mappings

It is demonstrated in [1] that stability preserving map-
pings play a central role in the qualitative analysis
of deterministic dynamical systems. In particular,
the conventional comparison stability theory and Lya-
punov theory can be derived as direct consequences of
results involving stability preserving mappings. In this
section, we present the concept of stability preserving
mapping for stochastic dynamical systems. In doing
so, we will require several additional concepts.

Definition 3.1 Let {T, X, A, S} be a stochastic dy-
namical system. A set M C A is said to be invari-
ant with respect to system S if a € M implies that
P{w:p(t,w,a,to) e M for all te T, }=1for all to €T
and all p(-,-,a,tg)€S. O

Definition 3.2 zo € A is called an equilibrium (point)
of a stochastic dynamical system {T,X,A,S} if the

set {zo} is invariant with respect to S. O

Definition 3.3 (S, M) is said to be stochastically sta-
ble if for any € > 0, p € (0,1), and t9 € T, there ex-
ists a & = d(to,€,p) > 0 such that for every process
z(:, -, a,tp) € S, P{lw : Supyer, d(z(t,w,a,to), M) >
€} < p whenever d(a, M) < ¢. (d(a, M) denotes the
distance of the element a from the set M.) Other-
wise it is said to be stochastically unstable. If § is
independent of tg, then (S, M) is said to be uniformly
stochastically stable. (S, M) is said to be stochasti-
cally asymptotically stable if it is stochastically sta-
ble and, moreover, for every p € (0,1), there exists a
d =04(to, p) >0 such that for any process z(-,-,a,tp) €
S, P{w : limy o0 d(z(t,w,a,t9), M) = 0} > 1 —p
whenever d(a, M) < §. (S,M) is said to be uni-
formly stochastically asymptotically stable if (S, M) is
uniformly stochastically stable and for every ¢ > 0
and p > 0, there exists a § = §(p) > 0, indepen-
dent of €, and a 7 = 7(¢,p) > 0, such that P{w :
SuptETa,tO,t>t0+Td(m(t7 w,a, tU): M) < 6} Z 1- p when-
ever d(a, M) <4, for any process z(-,-,a,tg) €S. O

Definition 3.4 A stochastic motion z(-, -, a,ty) €S is
stochastically bounded if for every p€ (0,1), there exists
a f=pB(p) >0 such that P{w:sup,d(z(t,w,a,ty),a)<
B} >1—p. A stochastic dynamical system S is uni-
formly stochastically bounded if for every p € (0,1),
for every a > 0 and for every ty € T there exists a
B = B(a, p) >0 such that if d(a,z0) < @, then for all
1‘(', '7a>t0) € S) P{w : suptd(:r(t,w,a,tg),mg) < 6} >
1 — p, where x is a fixed point in X. A stochastic dy-
namical system S is uniformly stochastically ultimately
bounded if for every p€ (0, 1) there exists a B=B(p) >
0 and if for every a > 0 and for every to € T there
exists a 7 =7(a) >0 such that for all z(-,-,a,t) €S,
P{w: supteTa‘tO’btﬁTd(p(t,w,a,tg),xo) <B}>1-p
whenever d(a,z9) < «, where z¢ is a fixed point in
X. O

In the above definitions, the constants 8 and B may in
general depend on the choice of z¢p € X. However, the
definitions themselves are independent of the choice of
zo. Furthermore, we may replace xg € X by a bounded
set in X.

Definition 3.5 (S, M) is said to be stochastically
asymptotically stable in the large if it is stochasti-
cally stable and for all a € A, z(-,-,a,ty) € S P{w :
lim, oo d(z(t,w,a,t), M) = 0} = 1. (S, M) is uni-
formly stochastically asymptotically stable in the large
if (i) it is uniformly stochastically stable; (ii) S is
uniformly stochastically bounded, and (iii) for ev-
ery a > 0, for every ¢ > 0, and for every ty €
T, there exists 7 = 7(e,a) > 0, such that P{w :
SUPser, , i>torrd(P(Ew,a,t0), 70) < €} = 1 for all
z(-, -, a,tp) €S whenever d(a, M) < a. O



The above definitions for stochastic stability and
boundedness are adaptations of corresponding defini-
tions given in [2]. There are other types of defini-
tions in the literature for stability and boundedness of
stochastic dynamical systems, depending on the spe-
cific sense in which convergence is understood. For ex-
ample, in [3], notions of stability in probability, stability
with probability one, and stability in the pth mean are
also employed. We address these separately elsewhere
[11].

We are now in a position to introduce the concept of
stability preserving mappings for stochastic dynamical
systems.

Definition 3.6 Let {T, X1, A1, 51} and
{T, X5, 45,52} be two stochastic dynamical sys-
tems defined on the probability space (2, F, P), and
let M7 C Ay and M, C As be two invariant sets with
respect to S; and Ss, respectively. We say that a
function V' : X3 xT — X, is a stochastic stability
preserving mapping from (Sy, M) to (Sa, Ms) if V
satisfies the following conditions:

(i) The set S is given by Sa 2 V(S1) ={q(:,-,b,t0) :
q(t,w,b,t0)=V(p(t,w,a,ty),t)for each weN, with b=
V(a,to) and Ty 4, =Ty, }, where V is the mapping of
S1 onto Sy induced by V.

(i) The set M, is given by My 2 V(M) ={be X, :
b=V(a,t") for some a€ Xy,t' €T}.

(iii) the stochastic stability of (Si,M;) is equivalent
to the stochastic stability of (Ss, Ms), i.e., (S1, M) is
stochastically stable if and only if (S», M>) is stochas-
tically stable.

(iv)If in addition, the stochastic asymptotic stabil-
ity, the uniform stochastic stability, and the uni-
form stochastic asymptotic stability of (Si, M;) and
(S2, M) are equivalent, respectively, then V' is said to
be a strongly stochastic stability preserving mapping. O

4 The Stability Preserving Mapping Theorem

We will employ two classes of monotone functions. We
say that a continuous function ¢ : [0,7] = R™ (resp.,
¢ : R™ — R™) belongs to class K (i.e., € K) if ¢(0)=
0 and if ¢ is strictly increasing on [0, 7] (resp., on RT).
We say that a continuous function o : [0,00) — R*
belongs to class KR if 0 € K and lim,_, o, 0(s) =+00.

Theorem 4.1 Let {T', X1, A1, S1} and {T, X3, As, S2}
be two stochastic dynamical systems defined on the
probability space (2, F, P), and let M; C A; be closed.
Agsume that V : Xy xT — X satisfies the following
hypotheses:

(i) S2=V(S1) (see Definition 3.6 (i) for the definition
of V); and

(ii) there exist ¢, @» € K, defined on R*, such that
$1(di(z, My)) < d2(V(z,t), M2) < ¢2(di(z, M)
(3)
for all x € X; and ¢ € T, where My = V(M) (see
Definition 3.6 (ii) for the definition of V' (M;)), and dj,
ds are the metrics defined on X; and X5, respectively.

Then the following statements are true:

(a) the invariance of (Si, M;) and the invariance of
(Sa, M>) are equivalent;

(b) V is a strongly stochastic stability preserving map-
ping.
Proof: (a) We first note that the assumption that M is

closed, together with relation (3), implies that = € M,
if and only if V(xz,t) € Ms for any t €T.

Assume that (Sp, M;) is invariant. For any b€ Mo, it
follows from (i) that for any q(-,-,b,t9) € Sa, there
exists a p(-,-,a,to) € Si such that ¢(t,w,b,tp) =
V(p(t,w,a,tg),t) with b = V(a,tp). b € M, implies
that @ € M;. By assumption, P{w : p(t,w,a,to) €
M, forall t € T,+,} = 1. Thus, from the definition
of My, P{w : q(t,w,b,tg) € M, forall t € T, } =
P{w : p(t,w,a,ty) € M; forall t € T, } =1. This
implies that (Sy, M>) is invariant. Conversely, as-
sume that (Sz, M) is invariant. If follows from (i)
that for any a € M, and any p(-,-,a,tp) € S1, we
have q(-,-,b,t0) = V(p(-,-,a,t0),t) € Sz where b =
V(a,to) € M>. By the invariance of (S2, M) we have
that P{w : q(t,w,b,to) € My forall t € T, } = 1.
Thus, P{w : p(t,w,a,to) € My forall t € Ty} =
P{w:q(t,w,b,to) € My for all t €T, 4, } =1. Therefore,
(S1, M) is invariant. This proves that the invariance
of (S1, M1) and the invariance of (Ss, Ms) are equiva-
lent.

(b) Let us first prove that the stochastic stability of
(S1, M1) and the stochastic stability of (Ss, M) are
equivalent. Assume that (Si,M;) is stochastically
stable. Then for any ¢ > 0, to € T, and p > 0,
there exists a § = d0(tg,€,p) > 0 such that P{w :
supyer, . d(p(t,w,a,to), My) > ¢5'(e)} < p when-
ever d(a, M) < ¢7*(6). We now prove that (Ss, Ms)
is stochastically stable. By assumption (i), there ex-
ists for any q(-,-,b,t0) € Sa a p(-,-,a,tp) € S1 such
that q(t,w,b,to) =V (p(t,w, a,to),t) with b="V(a,to).
When d(b, M) < 8, we have d(a, M;) < ¢7(6) and

P{w : SuptETb,tO d(q(tawa b)t0)> M2) Z 6}
SP{W : SuptETa,tOd(p(t)w)avtO)aMl) Z ¢;1(6)} <p-

Therefore, (S2, M>) is stochastically stable. Con-
versely, assume that (S2,Ms) is stochastically sta-
ble. Then for any ¢ > 0, to € T, and p > 0,
there exists a § = d0(fg,€,p) > 0 such that P{w :



SUPser, | d(q(t,w,b, tg), Ma) > ¢1(e)} < p whenever
d(b, M) < ¢2(8). For any p(-,-,a,tg) €Sy such that
d(a,M1) < §, we have that d(V(a,to),MQ) < ¢2(5),
and that P{w : supteTa’tod(p(t,w,a,tO),Ml) > e} <
P{w : SuptGTb,tOd(q(tawaV(aatO))tO))M2) Z QSI(G)} <
p. Therefore, (S, M) is stochastically stable.

The proof of the equivalence of the uniform stochastic
stability of (S1, M7) and (Sa, M>) follows readily from
the proof of the equivalence of the stochastic stability
of (S1, M;) and (S2, M2) given above, choosing § to be
independent of ¢,.

Next, we prove the equivalence of the stochas-
tic asymptotic stability of (Si,M;) and (Sa, Ms).
In doing so, we first note that for any w €
Q, limy oo d(p(t,w,a,to), M) = 0 if and only if
lims—, oo d(V (p(t,w,a,to),t), M3) = 0. Assume that
(S1, M) is stochastically asymptotically stable, i.e.,
(S1, M) is stochastically stable, and for every p €
(0,1), there exists a § = d(tgp,p) > 0 such that
P{w : lim;—,o d(p(t,w, a,to), M1)=0} > 1 — p for any
process p(-,-,a,ty) € S1, whenever d(a, M;) < ¢;*(6).
Then, (Ss, M>) is stochastically stable. By (i), for any
q(-,-, b, to) € Sa2, there exists a p(-,-,a,tp) € S; such
that q(t,w,b,to) =V (p(t,w,a,to),t) with b=V (a,to).
Thus, whenever d(b, M>) < 8, we have that d(a, M;) <
¢, (8), and that P{w : limy_,o d(q(t,w,b,t0), M) =
0} = P{w : lim¢, 00 d(p(t,w,a,to), M1) =0} > 1 — p.
Therefore, (Sa,Ms) is stochastically asymptotically
stable. Assume that (S, M>) is stochastically asymp-
totically stable. To prove that (Si, M;) is stochasti-
cally asymptotically stable, we proceed similarly as in
the proof given above, using the facts that for every
process p(+, -, a,to) € S1, V(p(:,+,a,tg),t) €Sz and for
every w€ Q, lim;_, o d(p(t,w, a, to), M;)=0 if and only
if limy—oo d(V(p(t,w,a,tg),t), Ms) = 0. This proves
the equivalence of the stochastic asymptotic stability
of (Sl,Ml) and (SQ,MQ).

Finally, we show that the uniform stochastic asymp-
totic stability of (Si,M;) and that of (Si, M)
are equivalent. Assume that (Si, M;) is uniformly
stochastically asymptotically stable. Then (S, M;) is
uniformly stochastically stable and for every ¢ > 0
and p > 0, there exists a § = §(p) > 0, indepen-
dent of €, and a 7 = 7(¢,p) > 0, such that P{w :
supteTa’ttho_i_Td(p(t,w,a,tg),Ml) < €} > 1—p when-
ever d(a,M;) < 0. By (i), for every q(-,-,b,to) € Sa,
there exists a p(+,-,a, o) € S1 such that g(t,w,b,tg) =
V(p(t,w,a,tg),t) with b = V(a,tp). Thus, when-
ever d(b, M>) < ¢1(d), we have that d(a,M;) < 6,
and that P{w : supteTb’t07t>t0+Td(q(t,w,b,tg),Ml) <
¢2(€)} > 1 — p. Therefore, (S2,Ms) is uniformly
stochastically asymptotically stable. Conversely, as-
sume that (S2, M) is uniformly stochastically asymp-

totically stable. Then (S2, M>) is uniformly stochasti-
cally stable and for every € > 0 and p > 0, there exists
a d=4(p) > 0, independent of €, and a T=7(¢, p) > 0,
such that P{w : sup;er, , st -d(a(t,w, b, t0), M) <
$1(6)} > 1 — p for all q(-,-,b,tg) € Sz, whenever
d(b,My) < ¢=2(8). For any process p(-,-,a,ty) €
S1 such that d(a,M;) < 0, it follows from (i)
that ¢(t,w,b,t0) = V(p(t,w,a,to),t) € Sy with b =
V(a,to) and d(b,M2) < ¢=2(5). Hence, P{w
supteTa’ttho_i_Td(p(t,w,a,to),Ml) < € > 1-np
We have already proved that (Si,M;) is uniformly
stochastically stable. Therefore, (S1, M;) is uniformly
stochastically asymptotically stable.

This completes the proof of the theorem. a

Remark 4.1 Clearly, under the conditions of Theorem
4.1, the stochastic instability of (S1, My) and (Sa, Ms)
are equivalent. O

The next result is concerned with mappings which pre-
serve stochastic boundedness.

Theorem 4.2 Assume that hypotheses (i) and (ii) of
Theorem 4.1 are satisfied with ¢1,¢2 € KR and that
the sets M7 and M, are bounded. Then

(a) the uniform boundedness of S; and the uniform
boundedness of S are equivalent.

(b) the uniform ultimate boundedness of S; and the
uniform ultimate boundedness of S are equivalent.

Proof: (a) Assume that Sy is uniformly stochastically
bounded. Then for every p € (0,1), there exists for
every a > 0 and for every to €T a f=(«, p) > 0 such
that if d(a, M1) < a, then for all p(-, -, a, to) € S1, P{w :
sup,d(p(t,w,a,ty), M1) < f} > 1— p. By the assump-
tion that Sy CV(S7), there exists for every q(-, -, b, o) €
Sy a p(-,-,a,tp) € S; such that q(t,w,b,tg) =
V(p(t,w,a,tg),t) with b = V(a,tp). Thus, when
d(b, Ms) < ¢1(a), we have that d(a,M;) < a, and
that P{w : sup,d(q(t,w,b,to), Ma) < ¢2(8)} > P{w :
sup,d(p(t,w,a,to), M1) < B} > 1— p. Therefore, S is
uniformly stochastically bounded.

Conversely, assume that S is uniformly stochasti-
cally bounded. We can proceed similarly as in the
proof above to show that S; is uniformly stochasti-
cally bounded.

(b) Assume that S; is uniformly stochastically ul-
timately bounded. By definition, for every p €
(0,1) there exists a B = B(p) > 0 and for ev-
ery a« > 0 and for every ty € T there exists a
7 = 7(a) > 0 such that for all p(-,-,a,tp) € Si,
P{w : SuptGTa,tO,t>tg+‘rd(p(t7w7a)tO))Ml) < B} >
1 — p whenever d(a,M;) < «a. By the assumption
that S2 C V(S), there exists for every q(:,,b,tp) €
Sy a p(-,-,a,tg) € Sy such that q(t,w,b,tg) =



V(p(t,w,a,tg),t) with b = V(a,tg). Thus, when
d(b, Ms) < ¢1 (), we have that d(a, M) < «, and that
P{w : SupteTb,tO,t>to+‘rd(q(t)w)bv tO)le) < ¢2(B)} >
P{w : supteTa‘i07t>to+Td(p(t,w,a,tg),Ml) < B} >
1 — p. Therefore, Ss is uniformly stochastically ulti-
mately bounded.

The converse can be proved in a similar manner by
using the relation V(S1) C Sa. O

Theorem 4.3 Assume that hypotheses (i) and (ii) of
Theorem 4.1 are satisfied with ¢, ¢2 € KR and that
the sets M; and M, are bounded. Then the uniform
stochastic asymptotic stability in the large of (S1, M)
and the uniform stochastic asymptotic stability in the
large of (Sz, M>) are equivalent.

Proof: By Theorem 4.1, the uniform stochastic stabil-
ity of (S1, M;) and the uniform stochastic stability of
(S, M) are equivalent. By Theorem 4.2, the uniform
stochastic boundedness of (Sy,M;) and the uniform
stochastic boundedness of (Ss, M) are equivalent. It
suffices to prove that the global uniform attractivity
(condition (iii) in the definition of uniform stochas-
tic asymptotic stability in the large) of (Sy, M) and
the global uniform attractivity of (Ss, M2) are equiv-
alent. The proof is similar to the proof of the uniform
stochastic asymptotic stability in Theorem 4.1. We
omit the details. |

5 The Comparison Theorem

In the results of the previous section we assume that
Sy = V(S1), which in general is extremely difficult
to verify in applications. However, in the proofs
of Theorems 4.1, 4.2, and 4.3, we actually proved
that when V(S;) C Ss, the qualitative properties of
(S2, M>) imply the corresponding qualitative proper-
ties of (Sy, My). This fact can be used as the basis of
an easily applied comparison theory. The purpose of
such a theory is to deduce the qualitative properties
of a dynamical system, say S; (the object of inquiry),
from the corresponding qualitative properties of a dy-
namical system, say Sy (the comparison system). From
Theorem 4.1, the next result follows immediately.

Theorem 5.1 (Comparison Theorem) Let
{T, X1, A1,51} and {T, X5, A2, S>2} be two stochastic
dynamical systems defined on the probability space
(Q,F,P), and let M; C A; be closed. Assume that
V. Xi xT — X, satisfies (i) V(S1) C Sy; and (ii)
there exist ¢1,¢2 € K, defined on RT, such that
Qsl(dl(x)Ml)) < dQ(V(mat)>M2) < ¢2(d1(x)M1)) for
all z € X7 and t € T, where My =V (M), and dy, ds
are the metrics on X; and X5, respectively.

Then the following statements are true: (a) the invari-
ance of (Sz, M>) implies the invariance of (Sy, M1); (b)

the stochastic stability, uniform stochastic stability,
stochastic asymptotic stability, and uniform stochastic
asymptotic stability of (S, M2) imply the same corre-
sponding types of stability of (S, M). a

As a specific example, we apply Theorem 5.1 to estab-
lish a Lyapunov stability result for higher order (Ito)
stochastic differential equations given by

de=F(z)dt + G(x)dz(t) (4)

wherez€ R, F:R*"— R",G:R"— R", F(0)=G(0)=
0, and z(t) is a normalized scalar Wiener process. We
assume that F and G possess the appropriate proper-
ties which ensure the existence and uniqueness of so-
lutions of (4) for given initial conditions (see, e.g., [6]).
The comparison system which we will employ is the
stochastic dynamical system S comprised of non-
negative processes that are determined by the scalar
stochastic differential equation

dr=f(r,t)dt + g(r,t)dz(t), (5)

where f,g : Rt x Rt — Rt with f(0,t)=g(0,t) =0.
We assume that f and g possess the appropriate prop-
erties which ensure the existence and uniqueness of
solutions of (5) for given initial conditions (see, e.g.,
[6]). The following theorem provides sufficient condi-
tions for uniform stochastic asymptotic stability of the
trivial solution of system S(s).

Theorem 5.2 Let S5y = {r(t)} denote the set of
continuous nonnegative processes that satisfy equation
(5). Suppose that |f(r, )|+ g(r, t)| # 0 for any r #0. If
there exists a € (0, 1) such that % <& is true for all
0<r<d and t € RT, where 0 <§ < +o0, then the triv-
ial solution r(t) =0 of S(s) is uniformly stochastically

asymptotically stable.

Proof: Let V : [0,6] — R* such that V(r)=r?, where
0 < B < 1— a. Since, by assumption, iﬁg:g < 2 for
all 0 <r < d and t € R", we have that

LV(r) & V'(@)f(rt) + %V”(r)g2(r, t)
r0= (Brf(r,1) + 5508~ Vg’ (r,1)
< min{%r(ﬁ_Q)gQ(r, t)pla+ 6 —1),

D frn 0B+ (8- 1)/)

where £ denotes the weak infinitesimal operator (see,
e.g., [2]). Since B < 1 —a and |f(r,t)| + |g(r,t)| # 0
when r # 0, LV is negative definite. It follows from
existing results (see, e.g, [5]) that r(t) =0 of S is
uniformly stochastically asymptotically stable. O
Next, we apply Theorems 5.1 and 5.2 to study the

stability properties of nth order stochastic differential
equations (4).



Theorem 5.3 Assume that there exists a function
V : R® — R7T such that V(z) is positive definite,
and twice continuously differentiable in the open set

B, ={z : V(z) <r}. Also assume that there exists
a€(0,1) such that

Y <l ©

oV 14

(2 26i@)

is true along the solution processes of (4),
where LV = 3}, g;/F( ) + E i Bm 8% Sij(x)
and S(z) = G@)T'G@) = {Sy(®)}, and

ILVI+]>2; 5 83252 Sij(z)] # 0 for all 2#0. Then the

trivial solution of (4) is stochastically asymptotically
stable.

Proof: By the assumption that V' is positive definite,
there exist ¢1,¢2 € K such that ¢(|z]) < V(z) <
¢2(|z|) for all z € B, for some r > 0, where |- | denotes
any norm on R™.

Now let x(t) be any solution of ( ). Then

dv (x(t)) =

)dz(t). (7)

This is a scalar stochastic differential equation (of the
form (5)). V =0 is an equilibrium of the stochas-
tic dynamical system S(7) determined by (7). Define

S, 2 S(7)- When (6) is satisfied, it follows from The-
orem 5.2 that (S2, M), M2 ={0} C R", is uniformly

stochastically asymptotically stable. Let Sy 2 S(a)
denote the stochastic dynamical system determined by
(4), and let M;={0} C R™. Then we have My =V (M)
and V(S1) C S3. By Theorem 5.1, (Sy, M;) is uni-
formly stochastically asymptotically stable. O

The following result utilizes quadratic form V-
functions in the analysis of nth order linear stochastic
differential equations.

Corollary 5.1 We consider linear stochastic differen-
tial equations of the form

= Axdt + Brdz(t) (8)

where z € R™, and A and B are constant matri-
ces. Let P = PT be a positive definite matrix,
and let Q(P,z) = zTPAP 'z — (2TPBP~'2)? +
(3)" P7'BTP?BP~ 'z, and ¢1 = sup|, 4 Q(P,x).
Then the trivial solution & = 0 of (8) is uniformly
stochastically asymptotically stable if ¢; < 0.

Proof: Let V(z) = 2T P%z, and let Apnin and Apae
denote the smallest and largest eigenvalues of P, re-
spectively. Then, it is true that A2, ||z|]* < V(z) <
A2 ..llz]|? for all z € R, where || - || denotes the Eu-

clidean norm. Along the solutions of (8), LV(x(t)) =

22'P?Az + +"B"P?Bx, and Y, S¥G(x(t)) =22"P*Bu.
Let y=(1/||Px||)Pz. Then
221P? Az + 2 B'P? Bx)
1
= 20TPAP Yy + §yTP—1BTzﬂBp—ly)V(a;),
(22T P2Bz)? =4(y" PBP~'y)?V?(x).

When ¢; < 0 and when 27”P2Bz # 0, we have

E—Vz < <WH + 1) @ and when
(5 staw)

It follows from Theorem 5.3 that = 0 is uniformly

stochastically asymptotically stable when ¢; <0. O

= —OQ.

Remark 5.1 Similar results as Corollary 5.1 have
been reported in [7] for P =1, where I is the identity
matrix. Thus, Corollary 5.1 generalizes these results.
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