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Abstract

This paper presents a classification of bimodal piece-
wise affine systems from the viewpoint of well-posedness.
First, we address the problem of feedback equivalence
to a well-posed system, called here the feedback well-
posedness problem, of a general class of bimodal piece-
wise affine systems. Next, based on this result, we clas-
sify all feedback well-posed systems into four classes to
address the control problem of piecewise affine systems
in a systematic way. Finally, as its application, the
stabilizability with well-posedness is discussed for each
class, and several remarks on stabilizability are given.

1 Introduction

In hybrid systems with autonomous switchings and
jumps, it is well-known that there exist various phenom-
ena such as no solutions, multiple solutions, sliding mo-
tions, Zeno solutions, and multiple events by jump solu-
tions, and so the well-posedness (existence and unique-
ness of solutions) problem is crucial for discussing the
properties of hybrid systems (see e.g., [1] ). However, the
existing standard theory (see e.g., [2] ) on well-posedness
of such systems is not quite satisfactory, even in the case
of piecewise linear systems, which is the simplest one of
hybrid systems. Thus several papers have recently dis-
cussed the well-posedness problem for a class of hybrid
systems (e.g., [3]-[6] ). We also have derived necessary
and sufficient conditions for some classes of piecewise
affine systems to be well-posed in [7]-[10]. Furthermore,
in [8], we have proposed the concept of feedback well-
posedness, which implies that the system is feedback
equivalent to a well-posed system, and derived a feed-
back well-posedness condition for a limited class of bi-
modal piecewise affine systems.

This paper continues upon our papers of [7]-[10], and
presents a classification of bimodal piecewise affine sys-
tems with feedback well-posedness, which will be useful
for developing the control theory of a class of hybrid
systems. First, we give a solution to the feedback well-
posedness problem of a more general class of bimodal
piecewise affine systems. Next, by using this result,
all feedback well-posed systems are divided into four
classes, and then a canonical form of each class of feed-
back well-posed systems is presented. Finally, based on
a canonical form in each class, we discuss stabilizability

with well-posedness, and give sufficient conditions for
stabilizability in some classes and interesting remarks
on stabilizability in the other classes.

In the sequel, we use the symbol * representing any
fixed but unspecified number or matrix. 0,,, and 0,
denote the m x n and n X n zero matrix, respectively.

2 Definition of well-posedness

Consider the bimodal piecewise affine system

> mode 1:2 = {113’:, if Qazzo )
O mode2:7 = Az, if C2<0
where
- A A a =~ A Al
Al{o 0], Cf[C' c], x[l]

and x € R", A; € R™", a; € R", C € R, and
c € R. If t is a time instant at which the system switches
from one mode to another mode, ¢ is said to be an event
time. A point £ is called a right(left)-accumulation point
of event times, if there exists a sequence {t;} of event
times such that ¢; < (>)t;y1 and lim; .o t; = £ < 0.
Then a solution of this system is defined as follows.

Definition 2.1
(i) If, for a given initial state x(ty), x(t) satisfies on
[to,t1) for some t1 > to

(t) = x(to) + ) fa(r))dr (2)

where f(x) is the discontinuous vector field given by the
right-hand side of (2), and there is no left-accumulation
point of event times on [to,t1), then x(t) is said to be a
continuous-state solution (for brevity, C-solution) of 3¢
on [to,t1) in the sense of Carathéodory.

(ii) If, for a given initial hybrid state (I(to),z(to)),
where 1(t) € {1,2} is the label of the mode, x(t) satisfies
the same conditions as that of a C-solution on [ty,t1) for
some ty > to, then (I(t),z(t)) is said to be a hybrid-state
solution (for brevity, H-solution) of the system o on
[to, t1).

Definition 2.2 The system Yo is said to be C-(H-
Jwell-posed if there exists a unique C-solution on [0, c0)



for every initial state x(0) € R™ (if for every initial
state x(0) € R™ there exists some initial discrete state
I1(0) € {1,2} such that there exists a unique H-solution
on [0,00). )

See [7]-[10] for the details of the above definition. In
considering H-solutions, we assume that the discrete
state of every trajectory converges to a unique value at
every right-accumulation point of event times, although
it is not explicitly expressed hereafter.

3 Feedback well-posedness
Consider the system given by

mode 1:7 = /:hf—l—Bilul, if C:'fZO, (3)
mode 2:2 = AT+ Bouo, if Cz <0
where z = [zT 1]7T,
i |4 a A _ | Bi A _
Al{o " ,Bl{o], c=[¢C ¢]

and z € R", A; € R™", B; € R™™i (C € RY™X",
a; € R™ and ¢ € R. We say that the system X is
feedback C-(H-)well-posed if it is transformable into a
C-(H-)well-posed system by a state feedback of the form

uy = Kz, if Cz>0, (4)
ug = Ko, if Cz <0

where K; = [K; ki](#0), K; € R™*" and k; € R™:
(i=1,2).

Letting A = A; and GF = Ay — A; where G and F
are arbitrary (n + 1) x [ and [ x (n + 1) matrices, the
system ¥ of equations (3) is rewritten by

8-

= Az + Bius, if Cz>0,
fC

= (A+ GF)z + Byus,

8-

mode 1 :
mode 2 :

where z = [zT 1]7T,

w[23) a-[2) o-[]
C=[C c¢], F=[F f],

and v € R", A € R™", B; € R™™i G € R™!,
CeR>™ FeR>X™ aeR” ceR,and f e R

Let B;; (j = 1,--+,m;) be the jth column vector of
B;,let Gj (j=1,---,l) be the jth column vector of G,

let Fj (j =1,---,1) be the jth row vector of F. Let also
pij (j=1,---,m;) and g; (j = 1,---,1) be the relative
degrees of (C, A, B;;) and (C, A, G;), with the leading
Markov parameters defined by u;ij 2 CAPii=1B;; and
ﬂqu = C‘Aquéj, respectively.

Remark 3.1 A class of systems treated in the feedback
well-posedness problem in [8],[10] was limited to a class
of systems satisfying By = Bo in (5). This paper deals
with the more general case including By # Bs.

Using the input transformation, without loss of gen-
erality, we assume the following.
[A1] pi1 < piz < -+ < pim, (< n), and pi 41 =
Pijm;+2 = = Pi;m; = OO, i=1,2.
[A2] 1 < g2 <--- < q(<n),and qiy1 = Q2 = -+ =
gy = 00.
[A3] pij # qi for all i € {1,2}, j € {1,2,---,m,;}, and
ke{l,2,---l}.
where m; < m; and [ < [. Then the following is one of
main results.

Theorem 3.1 (Feedback C-well-posedness condition)
Assume [A1] to [AS]. The system % of equations (5)
is feedback C-well-posed if and only if one of the follow-
ing statements (i) and (ii) is satisfied.

(i) The following two conditions hold.

(a) There ezxist a pair (ji1,72) € {1,2,---,m1} X
{1,2,---,ma} satisfying p1 j, = D2.js,-

(b) For some integer r € {0,1,2,--- 1} satisfying ¢, <
D2,j, < gry1 where jo is given in (i)(a), the system

f]{ mode1:z = f_lfc, o ifC:'E:ZO, (©)
mode2:z = (A+GF)z, if Cz<0

is C-well-posed, where G = [G1---G,] and F =
[FF - FTT and o =0 and G =0 if r = 0.

(i) The following two conditions hold.

(a) There exists no pair (ji,j2) € {1,2,---,mi1} X
{1,2,---,ma} satisfying p1,j, = p2,j,-

(b) The system ¥ with uy = ug = 0 is C-well-posed.

Theorem 3.1 divides the feedback C-well-posedness
property into the two cases in terms of (i)(a) and (ii)(a),
in other words, depending on the fact if there exists a
pair of inputs for which the relative degrees to Cz are
the same in both modes or not. When (i)(a) holds,
the feedback C-well-posedness is characterized by con-
dition (i)(b) that the system 3 with the discontinuous
part GE'Z, which effects on the term CZ faster than
the inputs u; j, (¢ = 1,2) effect on it, must be C-well-
posed. When (ii)(a) holds, it is characterized by con-
dition (ii)(b) that the uncontrolled system must be C-
well-posed. Note that feedback well-posedness is inde-
pendent of the decomposition of Ay — 4; to G and F.

Next, we give a condition for feedback well-posedness
in the sense of H-solutions.

Theorem 3.2 (Feedback H-well-posedness condition)
Assume [A1] to [AF]. Then the system ¥ of equations
(5) is feedback H-well-posed if and only if for some in-
teger r € {0,1,2,--- 1} satisfying q» < min{p11,po1} <
gre1, the system 3 given by (6) is H-well-posed, where
G0 =0and G=0 ifr=0.

Condition (i)(b) in Theorem 3.1 and condition (ii) in
Theorem 3.2 are characterized as follows.

Theorem 3.3 In Theorem 8.1 and Theorem 8.2, the
following relations hold.



(i) The system S given by (6) is C-well-posed if and only
if F, (k=1,2,---,r) satisfies

qr+1
ﬂ(iﬁk = Z a?C‘flj*l

j=1
where for k =1,2,---,r, a? ER (j=1,2,--+,q) and
1+af 1 >0.
(ii) The system 3 given by (6) is H-well-posed if and
only if there exists an integer s € {1,2,--,r} such that
for By, (k=1,2,---,s) of the form

qr+1
,Uf(iFk = Z Q?C‘AJ71 +5k[01}n ].]

Jj=1

the following conditions hold.

(a) ozé? ER(G=12,-,qk), 1—|—0¢’;k+1 >0 and B, =0
fork=1,2,--- s—1,

(b)a; €R(j=1,2,--,q5), and (1+ay 4, = 0,3, =0)
or (14+ay 1 >0,8, <0) fork=s

where if s = r, condition (b) is replaced by (b’) o} €
R(G=12,-,¢), 1+aj 1 >0 and B <0.

4 Classification and canonical forms

4.1 Classification of feedback well-posed sys-
tems

In the case of C-well-posedness, Theorem 3.1 provides
the following two classes of feedback well-posed systems.
Class (C-1): a class of systems satisfying condition (i)
in Theorem 3.1.

Class (C-2): a class of the systems satisfying condition
(ii) in Theorem 3.1.

Class (C-1) implies that there exists a pair of inputs
for which the relative degrees to CZ are the same in
both modes, while class (C-2) implies that there exists
no pair of inputs satisfying such a condition.

In the case of H-well-posedness, based on Theorem
3.2 and Theorem 3.3(ii), we divide all feedback H-well-
posed systems into the following two classes.

Class (H-1): the system 3 satisfies s < 7, or if s = r(
1) either of (1 +ay 1 = 0,8, = 0) or (1 +ag, 44
0, 5, < 0) in Theorem 3.2 and 3.3(ii).

Class (H-2): r =0, or the system 3 satisfies s = r(> 1)
and (1+af ,; > 0,3, =0) in Theorem 3.2 and 3.3(ii).

Here each class implies the following: the system in
class (H-1) is equivalent to the system that is H-well-
posed for all uy, us of the form (4), while the system
in class (H-2) is equivalent to the system that is H-well-
posed for some uy, ug of the form (4).

Note that we here use the different criterions to clas-
sify the systems in the cases of C-well-posedness and
H-well-posedness. In the case of C-well-posedness, there
exists no system that is C-well-posed for all uq, ug of the
form (4). So in this case, the criterion used in the H-
well-posedness case is meaningless. On the other hand,
it is important to classify the feedback C-well-posed sys-
tems in terms of the criterion whether or not there exists

2
2

a pair of inputs satisfying p1 ;, = p2,, although such
a criterion is not so important in the case of H-well-
posedness. It will be shown in the next section that the
above classification is useful in considering the control
problem such as the stabilization problem.

4.2 Canonical form of feedback well-posed sys-
tems
[1] Class (C-1)

Assume [Al] to [A3]. Using Theorem 3.3 (i), every
feedback well-posed system in class (C-1) can be trans-
formed into the following form.

Letting & = p; ;, for simplicity of notation, and letting
T'(k) and d(k) be defined by

c c

CA Ca
TS| A am s | e

CAF! CAM2q

consider the following coordinate transformation:

1 _ | T(h) dk) |
IR e L
where £ = [& & ---&|T € RF, n € R" %, and S is
an (n — k) x n matrix satisfying that [T(k)T ST]T is
nonsingular and

S[Bu -+ Bij, Ba Byj, | =0. (8)

Note here that such a matrix S always exists because of
the property of the relative degrees.
Furthermore, consider the input transformation:

fﬁl,jv j:]-,"'ajl_]-a
Ul,j = J_ = Ti_ . .
] Wi(vl,m —CA*T), j =],
2 vf)l,jv j:]-,"'an_]-a
U2, = %

—E

=
]

—;2 (014, — CA*z — CA*-1GFZ), j=jo
k

9)
Uy = (U1 jit1 - wimls

Vg = [U2,jy41 * U2,ms)

15,7,
01,32) T
Then every feedback C-well-posed system in class (C-1)
is given by the form

{]1:[@11
by = [0 - -

€ = Ané+Bion+f
mode 1: > o ~ - >0,
{ N = A&+ Ason+ Bala + g &
(10)
£ A&+ Aon+ Bior + f
mode 2: X K " I s <0
{ i Ao1& + Agon + Bala + § &
(11)
where
rfo 1 0 0
12111: 0 ERka
1
. 0 0 -




Bin Pz O 0
All — 0 c kak7
Br—1,1 Bi—1k-1 Br-1k
0 0
Bl = [ 61 62 le } S kajl,
Bl = [ I;l I;Q ZA)jQ } S kah,

and the pijth (po;th) element of Bj (I;J) is the first
nonzero real number and is given by 1, and Ay =0,
f=0,f=0,g=—Asd+ Sa, j=—Asd+ S(a+GYf).
Also Bii41 > 0 (i = 1,2,---,k — 1), the other §;; is
arbitrary, and the other matrices such as Aoy are given
according to the above coordinate and input transfor-
mations.
[2] Class (C-2)

Assume [Al] to [A3]. Define the following four sets
for any given s and the pair (C, A):

P32 {(C,A)|CA1 €0, },

Ps £ {(C,A)| CA1 ¢ D, ,, CA1 O, },

Py, S {(C.A)| CA™ ¢ O, €A €Oy,
CA*='z > 0,Yz € Ny_1 },

PiS{(CA)|CAT £O, 1, CAT €Oy,
CAs 1z < 0,Yz € Ny—1 }

Where O; 2 span{C,CA,--- CA '} with dim O; = i,
0, 2 span{C,CA,---,CA" 1} with dimO; = i, and
}:{xeR”|Cx:C*Af:m:C*AHf:O,f:
[T 1T } with dimN; = n — 4.

So let k be the miminum value of {¢;, ¢ + 1,---,n}
satisfying either one of (C, A) € Pt (C, A) € Pﬂ'l,
and (C, A) € P5T. Note that p;, < & for all i. Con-
sider the coordinate transformation of (7) with k = &,
j1 = mq, and jo = msy, and the input transformation of
(9), where u; j, and us j, are replaced by

1 ~
mode 1 uym, = 17— 01,m;;
P1,mq
de 2 _ 1 - (12)
mode U2,my = 2 V1,ms-

Hp2,mo

Then from Theorem 3.3 (i), every feedback C-well-posed
system in class (C-2) is given by the form of (10) and
(11) with k = k, where A2 =0,

0 1 o ... O
e RK,XK,’

(65] (o)

A = - € R,
: i 0
ﬁf»@—l,l Bn—l,n—l ﬁn—l,n
Br B,k
0 0
f=Ta—Aynd= o f=T(a+Gf)—Apd = 0 ,
fr fe

and By, = By = 0, and B, Bl, g, and ¢ have the
same form as those in case (C-1). Moreover, o; (i =

1,2,---, k) is arbitrary, 8;,41 >0 (i =1,2,---,k — 1),
the other f3;; is arbitrary, and
]5@: ’ fA,.;:O, if(C,A)EPH+1,
fo>0, fo>0, if(C,A)ePst, (k>aq)
fe<0, fo<0, if(C,A)e Pt
fa =0, fu>0, if(C,A)ePit,
Ja >0, fq >0, if (C,A) € ’P21+1 (k=q)
fu <0, fu <0, if(C,A)e Pq'“

The other matrices such as Agl are defined according to
the above coordinate and input transformations.
[3] Class (H-1)

In addition to [A1] to [A3], we assume p11 > pa; with-
out loss of generality. Consider the coordinate transfor-
mation of (7) with & = p11, j1 = 1 and jy satisfying
D24, < P11 < DP2,j.+1, and the input transformation

1 ~ ~ A —
Uil = Ml (’U11 — CA;D“J))
P11
uz1 = 21 (’U21 CAp21$ — CAI)21 1GF.13)
Hpoy
1 A
ugj = z—U2, J=2,3,--,]2.
P2j

(13)
Then from Theorem 3.3 (ii), every feedback H-well-
posed system in class (H-1) can be transformed into the

form of (10) and (11) with & = p11, where for some
s€{1,2,---,1} satisfying qs < p21
[ Bu Biz O 0
Baun co e Bgaget1 0 e 0
Baut1n Baa i1k
All -
/8P21*171 ﬁml—l,k
0

A12 — |: O(Isa’f;—pll :| c anx(n—pn)

and the gsth element of f is the first nonzero number and
is denoted by f,,. Also Bii+1 >0 (i=1,2,---,¢s — 1),




and (B, .q.+1 =0, fg, = 0) or (Bg,,q.41 = 0, fq. <0),
while the other 3;; is arbitrary. The conditions on the
other matrices and vectors such as 12111 and f are the
same as those of class (C-1).

[4] Class (H-2)

In addition to [A1] to [A3], we assume p11 > pa1 with-
out loss of generality. Consider the coordinate trans-
formation given by (7) with & = p11, j1 = 1 and jo
satisfying p2 j, < pi1 < p2j,+1, and the input trans-
formation given by (13). Then from Theorem 3.3 (ii),
every feedback H-well-posed system in class (H-2) can be
transformed into the form of (10) and (11) with k& = p11,
where

An = _
B11 Bz 0 - 0
0
0
/BP21—1,1 /BP21—1,1021 s
0

Ay = [ 0?21»:*?11 } 6731?11X(n—1011)7 f: [01"%} € RP11

where §;i+1 > 0 (i = 1,2,---,p21 — 1) and the other
Bij is arbitrary. The conditions on the other matrices

and vectors such as 12111 and f are the same as those of
class (C-1).

5 Stabilizability with well-posedness

In section 4, we have classified all feedback well-posed
systems into four classes. For each class, we discuss here
the stabilizability.

Consider the system of (5) and the control input u; =
[wi1, wso, - - ~,ui’mi]T of the form (4). Throughout this
section, we assume that @ = 0 and ¢ > 0 in A and
C, respectively. This implies that the origin, i.e., z =
0, is in the interior of the set { x € R" | Cz + ¢ >
0 }, namely the location invariant of mode 1. Thus for
this system, we will consider the stabilization at x = 0.
Furthermore, throughout this section, we assume [Al]
to [A3] in section 3 without loss of generality.

5.1 Class (C-1)

For this class of systems, we have the following result.
Theorem 5.1 Suppose that the pair (422,32) 18 sta-
bilizable. Then every feedback well-posed system % in
class (C-1) of (5) is stabilizable with C-well-posedness.
5.2 Class (C-2)

For this class of systems, all the admissible feedback
control inputs that keep the corresponding closed loop
system C-well-posed are given by, from Theorem 3.3(i),

0 =Ké+k, t=KEé+k (14)

where the ith row vectors K; and K; of K and K are
given by the forms K; = [f(i,l f(w e I~(i7p“+1 0---0],
K; = [IA(M ki72 IAQ’p%H 0 --- 0], respectively, and
I%szinfpl,m1 < k and P2 m, <k k= 00 06T
andl%:Oiprm1 zfﬁ,andffzoandfc: 00 --- 05]T
if p2 m, = & (0 is some constant). Furthermore, to make
the closed loop system stable at x = 0, it is required
that K;1 =0 (i =1,2,---,m; — 1) and K,,, 1¢+6 = 0.

Thus from (14), we see that the stabilization problem
in this case in general is reduced to a kind of the sta-
bilization problem via static output feedback. It does
not seem easy to solve this kind of problem, although
we may apply various approaches to stabilization via
static output feedback developed in the previous litera-
ture to this case. One way to avoid this difficulty may
be to exploit observer-based controllers, as well-known
in the continuous linear systems theory. This topic will
be explored in a future paper.

5.3 Class (H-1)

Noting that we consider the stabilization problem at
the origin in mode 1, we divide the problem into the two
cases of p11 > pa1 and p1 < pa1.

First, we consider the case p11 > po1. Since the corre-
sponding closed loop system in this case is H-well-posed
for any feedback controller, we do not need to take well-
posedness into explicit consideration. Thus when this
claim is described by using the terminology of the Lya-
punov’s stability theorem, we come to the following re-
sult. For convenience of notation, let us write the above
system as )

b= £(@) + g(@)u
and the feedback controller of (4) as uw = k(&), where
g=[E-a)t "

Theorem 5.2 Suppose that p11 > p21. A feedback well-
posed system X in class (H-1) of equations (5) is stabi-
lizable with H-well-posedness, if there exists a feedback
controller u = k(&) such that, for a piecewise smooth
positive definite function V (%),

ov
oz

Theorem 5.2 implies that the stabilization schemes
such as the LMI techniques developed in [11], where the
well-posedness of the closed loop system is taken into no
consideration, can be applied to this class of systems. In
the case of p11 < po1, the same result as Theorem 5.2 is
obtained.

5.4 Class (H-2)

Consider the case p11 > p21. We start with the stabi-
lization problem of the following interesting example.

V = —{f(&) +g(#)k(z)} <0, VieR"/{0}.

. 0 1 0 .

mode 1: & = 0 0 T+ RS ifz1 +¢>0,
. 0 0 1 .

mode 2: I = 01 T+ 0 ug, if z1 +¢ <0.



Since p11 = 2 and pa; = 1(< ¢1), it follows from Theo-
rem 3.2 that this system is feedback H-well-posed, and
belongs to class (H-2). So the system can be trans-
formed into the following system, by the coordinate
transformation & = x1 + ¢ and & = xs.

mode 1: éz 8 (1) &+ (1) uy, if x1 +¢ >0,
mode 2: éz 8 (1) &+ é ug, if 1 +¢ <0.

Now this system intuitively seems to be stabilizable
if we use u; = o121 + asxe and us = B1xq as a sta-
bilizing controller, where o; < 0 (¢ = 1,2) and 31 < 0.
However, from Theorem 3.3(ii), it is verified that the re-
sulting closed loop system is not H-well-posed (consider
the solution at 2(0) = (¢, —1)). In this way, construct-
ing a stabilizing controller intuitively and taking well-
posedness into no consideration do not necessarily yield
a well-posed system. This system is in fact not stabi-
lizable by any state feedback of the form (4), as shown
below.

By taking account of both stability and well-
posedness of the closed loop system, every admissible

input is given by
a1é1 + aeés — aqc,

i 2
uy = B1&1 + Pl + 72

where a1 < 0, as < 0, 2 > 0 and 72 < 0. So let us
see again the resulting closed loop system in the original
z-coordinates:

T = 0 1 x, ifxy +¢>0,
(5] 9

. _ | B B pic+ 72 .

To=1y 1| + 0 , ifx;+c<0.

When (; < 0, the equilibrium zi. of z; in mode 2 is
given by z1, = —c — %(S —c), which implies that the
mode of the system may not be transformed into mode
1 from some z(0). When 31 > 0, on the other hand,
£1(0) = B1(z1(0) + ¢) + 72 < 0 for (21(0),22(0)) satis-
fying 21(0) + ¢ < 0 and x2(0) = 0, which also leads to a
similar situation. Therefore, we obtain the above claim.

As in the above example, some of systems in class
(H-2) with p11 > po1 are not stabilizable even when
the system in mode 1 is stabilizable and the system in
mode 2 is controllable with respect to &. Thus it seems
difficult to characterize the stabilizability in this case.
However, the following class of systems in (H-2) can be
reduced to that in class (H-1).

Theorem 5.3 Suppose that p11 > p21 and jo > 2. If
011 s given by 011 = fiﬁ“ Bpari + v, where By, i
(i =1,2,---,pa1) is arbitrary, and (Bpy; ps1+1 = 0,7y =
0) or (Bpyy por+1 = 0,7 < 0), then the resulting sys-
tem with the control inputs (Gy,us) in mode 1 and
([thg B3 -+ TQ1,4,],U2) in mode 2 is reduced to that

of class (H-1).

For the case p11 < po1, we can show that if some
stabilizabilty condition similar to that in Theorem 5.1
is satisfied, every feedback well-posed system in class
(H-2) of (5) is semi-globally stabilizable with H-well-
posedness. The details will be presented somewhere.

6 Conclusion

We have derived a series of results from feedback well-
posedness to stabilizability for general bimodal piece-
wise affine systems. There are many open problem we
should address. For systems in class (C-1), we will have
to discuss the stabilizability in the case that the pair
(Aga, By) is not stabilizable. For classes (C-2) and (H-
1), deeper discussion will be required, based on several
interesting remarks we presented.
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