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Abstract

This paper presents a new LMI condition for H2 con-
trol of linear time-invariant descriptor systems. The
condition is expressed in terms of de�nite LMIs with
no equality constraint, which is much more tractable
in numerical computation than existing conditions for
descriptor systems, that is, de�nite LMIs with equality
constraints or semide�nite LMIs. Using the results of
this paper, we can analyze and design descriptor sys-
tems in the almost same way as in the case of state-
space representations.

1. Introduction

In this paper, we propose a strict LMI (Linear Ma-
trix Inequality) approach for H2 control of linear time-
invariant descriptor systems. The term \strict LMI"
means a de�nite LMI with no equality constraint.
While strict LMI approaches are popular for state-space
representations [1], LMIs with equality constraints have
been used extensively for descriptor systems. For ex-
ample, there have been reported such conditions for
stability [2], robust stabilization [3], H2 control [4], and
H1 control [5, 6].

LMI conditions containing equality constraints are the-
oretically �ne, but may cause a trouble in checking
the conditions numerically. Because of round-o� er-
rors in digital computation, the equality constraints are
in usual not satis�ed perfectly. Then, it is diÆcult to
judge whether the constraint is really unsatis�ed or sat-
is�ed but looks unsatis�ed by computatioal errors.

For this reason, the authors have proposed strict LMI
conditions for stability, robust stabilization, and H1
control of descriptor systems [7, 8]. Strict LMIs are
tractable and reliable when we use recent popular soft-
wares [9] for solving matrix inequalities. In the present
paper, we consider H2 control in the same context.

2. H2 Norm Condition

Let us consider a linear time-invariant descriptor sys-
tem

E _x = Ax+B1w; z = C1x (1)

where x 2 Rn is the descriptor variable, w 2 Rq is
the input, z 2 Rp is the output, and E;A 2 Rn�n,
B1 2 Rn�q, C1 2 Rp�n are constant matrices. The
matrix E may be singular and we denote its rank by
r = rankE � n.

The system (1) has a unique solution for any ini-
tial condition and any continuous input function if
det (sE�A) 6� 0. In this case, (1) is said to be regular.
The �nite eigenvalues of the matrix pair (E;A), that
is, the solutions of det (sE�A) = 0, and corresponding
(generalized) eigenvectors de�ne exponential modes of
(1). If all the �nite eigenvalues lie in the open left half
of the complex plane, the zero-input solution decays
exponentially. The in�nite eigenvalues of (E;A) with
the eigenvectors x satisfying Ex = 0 determine static
behaviors. The in�nite eigenvalues of (E;A) with gen-
eralized eigenvectors xk satisfying the relation Ex1 = 0
and Exk = Axk�1 (k � 2) create impulsive modes. It
is known that the system (1) has no impulsive mode if
and only if

rankE = deg det (sE �A): (2)

Stability of the system (1) is de�ned as follows.

De�nition 1 The system (1) is said to be stable if it
is regular and has only decaying exponential modes and
static behaviors.

A Lyapunov-type stability condition has been pro-
posed, which is expressed by a strict LMI [7]. In the
following lemma, the matrices V; U 2 Rn�(n�r) are of
full column ranks and composed of bases of kerE and
kerET , respectively. Introduction of these matrices was
signi�cant in deriving strict LMI conditions for descrip-
tor systems [7].

Lemma 1 The system (1) is stable if and only if there
exist a positive de�nite matrix P 2 Rn�n and a matrix
S 2 R(n�r)�(n�r) such that the LMI

A(PET + V SUT ) + (PET + V SUT )TAT < 0 (3)

holds.

The H2 norm for a stable system (1) is de�ned as
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which is �nite if and only if

lim
s!1

C1(sE �A)�1B1 = 0: (5)

To ensure �niteness of the H2 norm, we assume that
the system (1) satis�es the following condition [4].

kerC1 � kerE (6)

We present a strict LMI condition for the H2 norm to
be smaller than a given positive number.

Theorem 1 For a given positive number 
, the de-
scriptor system (1) with (6) is stable and satis�es

kC1(sE �A)�1B1k2 < 
 (7)

if and only if there are a positive de�nite matrix P 2
Rn�n and a matrix S 2 R(n�r)�(n�r) such that the
LMIs

A(PET + V SUT ) + (PET + V SUT )TAT

+B1B
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hold.

Proof. Necessity: When the system (1) is stable,
there are nonsingular matrices M and N such that

MEN =

�
Ir 0
0 0

�
; MAN =

�
A1 0
0 �In�r

�
(10)

where A1 2 Rr�r is a stable matrix [10]. Using suchM
and N , we set

MB1 =

�
B11

B12

�
; C1N =

�
C11 0

�
; (11)

where the assumption (6) and the structure of MEN
in (10) imply that the last n � r columns of C1N are
zero. Then,

C1(sE �A)�1B1 = C11(sIr �A1)
�1B11 (12)

and we see from the H2 norm condition for state-space
representations [11] that (7) holds if and only if there
is a positive de�nite matrix P1 such that

A1P1 + P1A
T
1 +B11B

T
11 < 0 (13)
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where Z is a symmetric matrix de�ned by

Z =
1

2

�
B12B

T
12 + �In�r

�
(16)

and � > 0. We note also that we can have the following
expression.�
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Here, � > 0, and M1, M2 are the upper r and lower
n � r rows of M , respectively. In addition, GN , GM

are nonsingular matrices such that N2 = V GN and
MT

2 = UGM , where N2 is the last n � r columns of
N . The existence of such GN and GM is guaranteed by
the fact that V is a basis matrix of kerE, N2 is of full
column rank in kerE, U is a basis matrix of kerET ,
and MT

2 is of full column rank in kerET [7].

Now, we de�ne
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and see that (15) is written as

M
�
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MT < 0 (20)

Obviously, (20) is equivalent to (8) and there always
exists a � in (18) for any � in Z of (16) such that P be-
comes positive de�nite. In addition, since the structure
of C1N in (11) implies

C1PC
T
1 = C11P1C

T
11; (21)

we conclude (9) from (14).

SuÆency: We �rst note that (8) implies (3) and stabil-
ity of the system (1). Therefore, there exist nonsingular
matrices M and N which transform E, A, B1, and C1

to the forms of (10) and (11). Then, (20), which is
equivalent to (8), is rewritten as�
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where �
P11 P12
P T
12 P22

�
= N�1P (N�1)T :

The (1; 1) block of this inequality is (13) and (9) is
equivalent to (14) from (11), if P1 is replaced with P11
in (13) and (14). Then, the result for state-space rep-
resentations [11] implies

kC11(sIr �A1)
�1B11k2 < 
; (23)

and we conclude (7) by (12). The proof is completed.

By considering the dual system of (1), that is,

ET _~x = AT ~x+ CT
1 ~w; ~z = BT

1 ~x; (24)

we can obtain a corollary of Theorem 1 under the con-
dition

rangeB1 � rangeE: (25)

We note that theH2 norms of (1) and (24) are identical.

Corollary 1 For a given positive number 
, the de-
scriptor system (1) with (25) is stable and satis�es

kC1(sE �A)�1B1k2 < 
 (26)

if and only if there are a positive de�nite matrix Q 2
Rn�n and a matrix R 2 R(n�r)�(n�r) such that the
LMIs

AT (QE + URV T ) + (QE + URV T )TA

+CT
1 C1 < 0 (27)
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hold.

3. H2 Control by Descriptor Variable Feedback

We now consider H2 control of the descriptor system

E _x = Ax+B1w +B2u; z = C1x (29)

where x 2 Rn is the descriptor variable, w 2 Rq is the
disturbance, u 2 Rm is the control input, and z 2 Rp is
the controlled output. We assume that the descriptor
variable can be measured. In (29), the coeÆcient ma-
trices are constant and rankE = r � n. While this de-
scription does not have a direct transmission path from
u to z explicitly, it is known that systems having such
a path can always be rewritten as (29) by augmenting
the descriptor variable [5].

We use linear descriptor variable feedback

u = Kx (30)

where K 2 Rm�n is a constant matrix. The resultant
closed-loop system is written as

E _x = (A+B2K)x+B1w; z = C1x: (31)

Under the assumption (6), we obtain the following:

Theorem 2 For a given positive number 
, there is a
feedback gain K such that the closed-loop system (31)
is stable and satis�es

kC1(sE �A�B2K)�1B1k2 < 
 (32)

if and only if there exist a positive de�nite matrix P 2
Rn�n and matrices S 2 R(n�r)�(n�r), L 2 Rm�n, H 2
Rm�(n�r) which satisfy the LMIs

A(PET + V SUT ) + (PET + V SUT )TAT

+B2(LE
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A desired feedback gain is given by

K = (LET +HUT )(PET + V SUT )�1 : (35)

Proof. Necessity: If the closed-loop system (31) is
stable and satis�es (32), then from Theorem 1, there
exist a positive de�nite matrix P 2 Rn�n and a matrix
S 2 R(n�r)�(n�r) such that

(A+B2K)(PET + V SUT )

+(PET + V SUT )T (A+B2K)T +B1B
T
1 < 0 (36)
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hold. By setting L = KP and H = KV S in (36), we
obtain (33), and (37) is identical to (34).

SuÆciency: When (33) holds, we can assume without
loss of generality that the matrix S is nonsingular. If it
is not, we introduce a small perturbation in S to make
it nonsingular without violating (33). Then, PET +
V SUT is nonsingular [7], and we can de�ne K of (35).
By substituting LET +HUT = K(PET +V SUT ) into
(33), we obtain (36), which, with (34), implies that the
closed-loop system (31) is stable and satis�es (32).

4. Extension to Robust H2 Control

The result of the previous section can be extended to
robust H2 control for uncertain systems with polytopic
coeÆcient matrices. Here, we assume that E, A, B1,
and B2 in (29) are constant and respectively belong to
the classes

E = EL
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where EL; ER 2 Rn�r are of full column ranks, 
i 2
Rr�r are nonsingular matrices, Aj 2 Rn�n, B1k 2
Rn�q, B2` 2 Rn�m are any matrices, �i, �j , �k, �`



are scalars, and NI , NJ , NK , NLare positive integers.
In (38), the class of E may look restrictive, but it is not
so when we consider actual systems.

Under the assumption (6), we obtain the following:

Theorem 3 For a given positive number 
, there is a
feedback gain K such that the closed-loop system (31)
with coeÆcient matrices of (38) is stable and satis�es

kC1(sE �A�B2K)�1B1k2 < 
 (39)

if there exist a positive de�nite matrix P 2 Rn�n and
matrices S 2 R(n�r)�(n�r), L 2 Rm�n, H 2 Rm�(n�r)

which satisfy the LMIs�
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where Ei = EL
iE
T
R. A desired feedback gain is given

by

K = LER(E
T
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Proof. As in the proof of Theorem 2, we can assume
without loss of generality that the matrix S is nonsin-
gular. Then, since
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#

EL(E
T
LEL)

�1ET
L + U(UTU)�1UT = In (43)

hold, we see [7] that PET
i + V SUT is nonsingular and

its inverse can be written as

(PET
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This implies

(LET
i +HUT )(PET

i + V SUT )�1 = K (45)

for any Ei = EL
iE
T
R , and �ij` in (40) is reduced to

�ij` = (Aj +B2`K)(PET
i + V SUT )

+ (PET
i + V SUT )T (Aj +B2`K)T

for all i; j; `: (46)

Therefore, multiplying (40) by �i�j�k�`, and taking the
total sum for all i, j, k, `, we obtain�

� B1

BT
1 �I

�
< 0 (47)

where

� = (A+B2K)(PET + V SUT )

+ (PET + V SUT )T (A+B2K)T : (48)

Thus,

(A+B2K)(PET + V SUT )

+(PET + V SUT )T (A+B2K)T +B1B
T
1 < 0 (49)

holds. From Theorem 1, this together with (41) imply
stability of the closed-loop system and (39).

5. Concluding Remarks

A strict LMI condition has been presented for H2 con-
trol of linear time-invariant descriptor systems. The
control law considered in this paper is static feedback
of the descriptor variable. Robust H2 feedback con-
trol gain has been obtained for systems with polytopic
coeÆcient matrices. The results of this paper can be
extended to the case of dynamic controllers.
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