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Abstract

We introduce canonical forms for perspective dynamical
systems under the action of a perspective group and
illustrate their application to parameter identification
with the aid of a single CCD camera. We show that
the parameters in the canonical form can be identified
uniquely using an Extended Kalman Filter (EKF).

1 Introduction

An important and somewhat difficult problem in ma-
chine vision is to identify parameters of motion dynam-
ics from observing projection of feature points on the
image plane observed over time. The difficulty arises
from the fact that the observation function is nonlin-
ear (perspective) and the underlying sensor (a CCD
camera) is noisy. In fact, not all the parameters are
identifiable and in [2], the identifiable parameters are
characterized via orbits of a “perspective group”. In
order to identify orbits, we need to define a “canonical
form” , [6] — [13], which is the main subject matter of
this paper.

To illustrate the main concept we consider a linear finite
dimensional dynamical system of the form

X = ATx, y =cx, x0)=4, (1.1)

where X is the state variable of dimension n and where
Y is the output variable of dimension m. We assume
furthermore that the output is observed only up to an
unknown scale factor. Thus the observation function is
given by

Z: R™-{0} — RP™!
V% — V]

where we assume that m > 1. Note that the observa-
tion function is defined for all nonzero vectors in IR™.

(1.2)
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A problem of interest in parameter identification is de-
scribed as follows.

Perspective Parameter Identification: Assume
that we observe Z(t) in an unspecified interval [0,T).
The problem is to determine the extent to which the pa-
rameters A7, C are identifiable from the observed data.

Perspective problems have already been considered in
the literature Kanatani [5] where the goal is to identify
parameters of motion using a ‘charged coupled device’
CCD camera. Generically it is known [2] that parame-
ters can be identified up to orbits of a perspective group.
The scalings on the parameters (AT, C) as a result of
the group action is described as follows,

Xl : GL(TL) x P P

— 1.3

(P.AT.C) s (PATP Py (1Y)

Xo:R xP — P (1 4)
MAT.C) — (A + AT,0) :

X;:RY xP — P (1.5)
(1, AT, C) — (AT, uC) '

The perspective group is the direct sum of each of the
three groups in (1.3), (1.4) and (1.5). As a result of the
action of the perspective group on the parameter space,
the space is split up into orbits.

It may be trivially verified that parameters in the same
orbit of the perspective group cannot be observed us-
ing (1.2). Furthermore it has been shown by Ghosh
et.al. [1], [2] that generically the orbits of the perspec-
tive group are indeed observable, i.e. produces distinct
outputs for at least some interval of time. In order to
actually carry out the problem of observing the orbits,
it is essential to parameterize the orbits by describing
a chart with an appropriate set of coordinates and con-
struct an observer that computes an estimate of the
coordinates.

In this paper we consider primarily the parameteriza-
tion problem but also illustrate our results with ob-
servers that are derived from EKF.



2 Background and Motivation

Agsume that the motion dynamics is described by the
following equation

d X b1 a11 Q12 a13 X
a Y = b + (21 @22 23 Y
A b3 a31 Q32 as33 Z

X2

XY

fi fo fs 0 0 O Y7

+[ 0 fi O fo fz3 O V2

0 0 fi 0 fo f3 V7

Z2

(2.1)

Let us denote
A=(ay), b= by b3)", fT=(=fi —fr —fs),

where 7,5 = 1,2,3. The dynamical system (2.1) is a
Riccati dynamics in IR®, which has been illustrated in
[3]. It is a class of quadratic motion models more general
than a rigid flow which preserves shape, i.e., the shape
of a planar surface remain planar, although the dis-
tance between two points on the plane may not remain
constant. An important question, that is of interest in
machine vision is to ask the following.

Question 2.1 : Consider the dynamical system (2.1)
and assume that the state vector (X,Y, Z) is observed
by the function

v=X/Z, y=Y|Z, Z#0, (2.2)

which is typically the case under perspective projection,
or

r=X, y=Y (2.3)
which occurs under orthographic projection, to what
extent are the motion parameters and the initial condi-
tions X (0),Y(0), Z(0) identifiable from the observation
vector (z(t),y(t)) in a given time interval [0,7),T > 07

In order to show the connection between the dynamical
system (2.1), (2.2) with that of (1.1), (1.2); note that
one can homogenize the state vector (X,Y, Z) as

X=X\/Wi, Y=W/W, Z=2Z/W, (24)

and write (2.1) as

Xl Xl
d | v A b Y1
— = . 2.
dt | 71 ( fmo > Zy 25)
W1 Wl

The observation vector (2.2) can also be written, by
defining

r=y1/ys, Y=1y2/Ys3

as follows
mn 1000 )51
v =0 1 0 0 Zi (2.6)
Y3 0010 W

If only the first component of the observation function
(2.1) is available, we can write

X

m]_(1000 Yy
{yg]_<001o> Z | 27)
Wi

Note that the state vector in (2.5) and the observation
vectors in (2.6) and (2.7) are elements of a projective
space and the pairs (2.5), (2.6) and (2.5), (2.7) are of
the form (1.1), (1.2).

Likewise if we consider orthographic projection (2.3) as
the observation function, then (2.6) is changed to the
following equation

mn 1 000 )51
w2 |=1 0100 Zi (2.8)
Y3 0001 W

In this paper we distinguish between two important
cases, one in which the camera calibration is unknown
and the other in which the camera calibration is known.
If the camera calibration is known, one can in turn as-
sume that the matrix C in (1.1) is known and can be
chosen to take the special structure described in (2.6),
(2.7) and (2.8). Otherwise the matrix C is assumed to
be unknown.

3 The case of unknown camera calibra-
tion

For the case when the calibration parameter is not
known we consider the dynamical system (1.1), (1.2)
where we assume n = 4 and m is either 2 or 3 depend-
ing upon the choice of the observation functions (2.6)
or (2.7). We assume that both A” and C are unknown
parameters.

3.1 Parameterization of the orbit under the
perspective group

We begin this section by considering the case n = 4,
m = 2 and assume that the associated Kronecker in-
dices are k1 = ky = 2 (see [10], [13] for a definition of
Kronecker indices). It follows that via the group action
described in (1.3), the pair A, B would take the form



0 1 0 0 0 O
a; Q (3 04 1 Y
0 0 0 1 ’ 0 O (3.1)
Br B2 B3 Ba 0 1

where the parameters a;, 3;, i = 1,2,3,4 and ~ are
arbitrary. Writing B as (b bs) we assume that

A2by Y1b1 + Yabo + 3 Aby + y4 Abo,
A%by = 61by + 2o + 53.Aby + 54 Abs.

The pair (3.1) can be reduced to

0 1 0 O 0 0
’)/1 ’)/3 (51 (53 ]. 0
0 0 0 1 ’ 0 0 (3.2)
Y2 Y4 52 64 0 1

where we assume that the pair in (3.2) is the represen-
tation of A, B with respect to the basis given by

{Abl — ’)/3b1 — ’)/41)2, bl; Ab2 — 63b1 — (54[)2, bg}

If we now consider the group action (1.4) on the pair
(3.2), we can assume that the trace of the matrix A4 is 0.
Thus we can replace d4 by —vy3. Therefore a canonical
form for the perspective system (1.1), (1.2) is given by

0 m 0 7
1 0 01 0 O
T _ 73 Y4 o
“4_051052’C_<0001>’
0 53 1 -3
(3.3)
that is,
¥ = mT2 + Y24, Ty = 1+ Y3T2 + VaT4,
Ty = 01Ty + 024, Ty = 0332 + T3 — Y324,
z = x2fz4.

Therefore, for the Kronecker index pair (2,2) we have
a total of 7 parameters.

If we choose n = 4 and m = 2 and assume that the
Kronecker indices are k1 = 3 and ky = 1, a suitable
canonical form is given by

0 0 a1 B
T _ 1 0 (653 ﬁ2 _ 0 01 0
A - 0 1 (643 ﬁg ’ €= 0 0 Y 1
0 0 as pBa

where the parameters «;, 3;, ¢ = 1,2,3,4 and ~ are
arbitrary. Denoting the columns of B := CT by (b; bs),
the Kronecker structure implies that the vectors by, b,
Ab; and A2b; are independent and

A3b, = v1b1 + Y2bs + 3. Aby + ’)/4.42[)1,
Ab2 = (51()1 + (52()2

for some scalar constants 1,72, s, V4, 01,02 that can
be determined from the pair A, B. If we consider a
basis given by

{A?b; — y4Aby — y3by, Aby — by, by, ba}

it is easy to see that the pair A7, C is given by

0 0 Y1 Y2
1 0 » 0 0 010
T _ 3 _
AT = 0 1 0 ’C_<0001>’
0 0 61 —Y4
(3.4)
and the perspective system is given by
1 = mw3+ Y224, Ta = w1+ Y373,
T3 = Ty +4Ts, Ty = 0173 — Y4T4,
z = x3/z4.

There are a total of 5 parameters for the Kronecker
index pair (3,1).

Finally if we now choose n = 4 and m = 3 and assume
that the Kronecker indices are k1 = 2, ko = 1, k3 = 1,
it is possible to show that a suitable canonical form is
given by

(1) 31 gl m 01 0 0

AT = 2 c=lom 10
0 as B3 73 0 1
0 as Bs M4 2

wherein, like before, the parameters «;,f3;,7v:, ¢ =
1,2,3,4 and n;,7 = 1,2,3 are arbitrary. Denoting the
columns of B := CT by (b; by bs), the Kronecker struc-
ture implies that the vectors by, bs, b3 and Ab; are in-
dependent and

A%by = 81by + Gaby + 63bs + 644D,
Aby = &b + Eaba + E3bs,
Abs = C1b1 + C2b2 + C3b3

for some scalar constants 1, 6, d3, d4, &1, &2, &3, (1, (2, (3
that can be determined from the pair A, 5. If we con-
sider a basis given by

{Aby — 04b1, b1, b2, b3}
it follows quite easily that the pair AT, C is given by
0 (51 (52 (53

0100
AT = [ 1 0 0 0 , =00 1 0],
0 & & & 00 0 1
0 ¢ (o —da—&
(3.5)

and the perspective system is given by

Ty = 01Ty + 0223 + 0374, Ty = T1 + 047,
T3 = &xo+ Eoxs + E3ny,
&y = Qaa+ Qs — (04 + &)x4,

z1 = xo/wy, 2o = x3/24.



Note that for the Kronecker index (2,1,1) there are
a total of 9 parameters. From the above remark one
obtains the following result.

Theorem 3.1 (Canonical form under unknown cam-
era calibration) : Let us consider the perspective dy-
namical system (1.1), (1.2) for the cases n = 4,m = 2,
n =4,m =2 and n = 4,m = 3, for the Kronecker in-
dices (2, 2), (3, 1) and (2, 1, 1), respectively. A canon-
ical form for each of the three cases is given by (3.3),
(3.4) and (3.5), respectively.

Remark 3.2 : Note that for each of the above three
cases, the group action (1.5) can be used to scale the
matrix C to a suitable canonical structure, viz. a ma-
trix with unit norm. The details about this have been
omitted.

3.2 Parameter Identification using an EKF

Parameter estimation problems have already been stud-
ied using an EKF by many researchers in the past, see
for example Kano [4] for motion and shape estimation
under perspective projection. In this section we only
discuss the case of estimating the seven parameters in
(3.3). Discretizing the dynamical system (3.3) we ob-
tain the following discretized dynamical system

Xep1 = AgXy, zp = Top/Tag (3.6)

1 ’YlT 0 ’)/QT
T 1 +’73T 0 ’)/4T
0 0T 1 02T
0 6T T 1—~T

Aag =

where Xy = (z1% T2r 31 T4x)” and where T is the sam-
pling time. Note that the parameters to be estimated
are yi, 2,73, V4, 01,92,03. The three coordinates of a
point observed by the camera are given by

Ty = Tig/Tak, Uk = Tok/Tak, Zg = Tagp/Tag. (3.7)

We now assume that, at each time instant k, a set of
n points are observed with coordinates (Z;x ¥ix Zix) for
i=1,---,n. The coordinates are defined as in (3.7) for
each of the n points. We consider the state vector 6y
to be given by

O = (71 Y2 V3 V4 01 02 O3

= = > T 3 7
Tnk Ynk an) eER nt ,

Tik Y1k 21k - --
and the associated state equation is given by
Or+1 = F(0). (3.8)

In fact, it follows from (3.6) that we need only the obser-
vation values g;;. Let y;; be observed with an additive
noise, and let Z;, € R"™ be the observation vector. Then

Z = HOp + wy, (39)

where {w;} € R" is assumed to be a Gaussian
white noise with mean zero and covariance R, i.e.
E{wiw]} = Rdk, Sy indicates Kronecker’s delta and
H = [On7 Onsn] € R™C™) . Here 0,3, is a suit-
able matrix and its detailed structure is omitted. The
EKF is described as follows.

Oriiirr = FOr) + Kisr[Brer — HF O],
Kri1 = QryipH'HQp1:H" + Rl 1,
Qriie = Fr@Quir—1 — KrHQp—1)FY
OF (6)
Fy, .
87 |y g,
(3.10)

Likewise an EKF for the dynamical system (3.4) and
(3.5) may be described similar to that given by (3.10).

Simulation studies on the EKFs are performed for the
following parameters. For the Kronecker indices (2,2)
parameters in (3.3) is taken to be

Case (272) (717 Y2, V3, V4, 617 627 63)

= (-0.2, 0.1, 1, 0.5, 1, 0.3, 1.5).
(3.11)
Moreover we set the sampling period T = 0.01, the
number of points is chosen as n = 3 and

(%10 T10 Z10) = (0.050.3 —0.1),
(Zao 20 Z20) = (0.3 0.1 —0.06),
(B30 Y30 Z30) = (—0.20.1 —0.1).

Let the noise variance be chosen to be R = ¢2I3 and
R = 02I5 with o = 0.0001, respectively. The estimates
of the parameters in (3.3) have been estimated and plot-
ted in Fig. 1. The dotted lines denote the true values in
(3.11) and the solid lines represent the estimated values
with the EKF. It may be noted from the figure that the
initial condition for the parameters chosen during the
simulation of the EKF is chosen to be close to the true
value. Otherwise for various other choices of the initial
conditions, the parameters do not converge to the true
value but either maintains a fixed bias or diverges.

4 The case of known camera calibration

In the case when the calibration parameter is assumed
to be known one could suppose that the perspective
dynamical system is given by

X X
d| n o
- = 4.1
dt | Z1 A A (4.1)

W1 Wl
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Figure 1: Kronecker index (2,2) case

with the observation function being (2.6) or (2.8) where

we define N
T b
(A1)

4.1 Parameterization of the orbit under per-
spective projection

For the perspective dynamical system (4.1), (2.6), it
follows from Ghosh et.al.[3] that one can consider a
subgroup of the perspective group described in (1.3),
(1.4) and (1.5) where P is given by

pn 0 0 O
0O puu O 0
0 0O pu O

Pa1 Pa2 P43 Paa

P! = (4.2)

In general the action of P changes the structure of the
associated matrix C, but P of (4.2) preserves the struc-
ture. We now have the following result.

Theorem 4.1 (Canonical form under known camera
calibration, perspective projection) : Consider the per-

spective dynamical system (4.1) with the observation
function (2.6) and assume that b # 0. Under the per-
spective group action (1.3), (1.4) and (1.5) using P of
(4.2), a canonical form in the case of known camera
calibration is given by the subset S defined as follows:

Sz{( ];4T Z);traceA+d:0, bTA =0 and

bi=1(i=1or2or3)}
(4.3)

Proof of Theorem 4.1 : From the assumption b # 0 we
assume that b3 # 0 without any loss of generality. Then
we may choose p;; = b3 and pyy = 1. The scaling on
the matrix A described by the group action (1.3) is
given by

A — A2 A4

b b2 (by/bs bo/bs 1)T,
fr — b3ff —pA— (pb* —d)p,
d — _(pb* - d)v

where p denotes the vector (ps1 pso pa3). Here we can
choose py; = —b*T A;/||b*||?, i = 1,2,3 where A; is the
it" column vector of A. It follows that the vector p is
unique and b*TA* = 0. Furthermore in order to get
traceA* — (pb* — d) to be 0 we apply the group in (1.4)
with A = (—af; — a3, — a%; + (pb* — d))/4 where al;,
i = 1,2,3 denotes a diagonal element of A*. The cases
b1 # 0 or by # 0 can be described likewise. (Q.E.D.)

The canonical form (4.3) when b3 =1 is given by

a1 @12
AT = a21 22
—bia;; — brazr  —biaiz — brass
—fi —fa
a13 bl
23 by
—biaiz — byazs 1
—f3 —a11 — G2 + b1aiz + baass

(4.4)
where C is given in (4.6).

4.2 Parameterization of the orbit under ortho-
graphic projection

Finally we consider the perspective dynamical system
(4.1), (2.8). The associated subgroup of the perspective
group (described in (1.3), (1.4) and (1.5)) is given by
the following special structure of P

pin O 0 0
0 pu 0 O

P31 P32 P33 P34
0 0 0 pn

P = (4.5)



We now describe the following.

Theorem 4.2 (Canonical form under known camera
calibration, orthographic projection) : Consider the per-
spective dynamical system (4.1) with the observation
function (2.8) and assume that the vector ¢ defined as
c= (a13 asz — f3)T # 0. Under the perspective group
action (1.3), (1.4) and (1.5) using P of (4.5), a canonical
form is described as follows:

8:{( A0 );traceA+d:0,

frd
a11 a2 b
CT a1 a22 b2 =0 and
-fi —f d

ci=1(=1or2or3)}

where ¢; is the it" element of c.

4.3 Parameter Identification using an EKF

In here we consider parameter identification under per-
spective projection for the dynamical system (4.1),
(2.6). We assume (4.4) as the structure of the ma-
trix AT and (2.6) for the matrix C. The dynamics is
discretized with sampling time T' as

Xpp1 = AaX, 21k = Tin/T3k, 22k = Ton/23r  (4.6)

where X = (z1x 2or @3r wax)?. Aqg is a suitable
discretized matrix of (4.4) and its detailed structure
is omitted. We define the three observation variables
given by

Ty =218 /T3k, Uk = Tor/Tak, Ik = Tar/T3k
The parameters to be estimated are aii,---,as3, by,
ba, — f1, —f2, —f3. We consider the state vector 8 to
be given by
a3 by bz —f1i —fo —f3
Tnk gnk an)T € R3n+11

ek = (0,11
Tik Y1k 21k - - -

where a set of n points are observed with coordinates
(Zik Gir Zir) for i = 1,--- n. It follows from (4.6) that
the observation values are Z;; and ;. Let Z;, and g
be observed with an additive noise, and let Z; € R>" be
the observation vector. Then we define the dynamical
system as (3.8), (3.9) where {w;} € R*" and H =
[O2n,11 ®2n,3n] € IR2n><(3n+11)- ®2n,3n is described by
0,1 and its structure is also omitted. An an EKF for
the dynamical system (4.4) is obtained similar to that
given by (3.10).

Simulation is performed for the following parameters.
Let parameters in (4.4) be given by
(a11, a12, a3, @21, G2z, G23, by, b2, —f1, —fa, —f3)
= (-0.2, 0.1, 0.3, 0.5, 0.4, —0.3,
—0.1, 0.5, 0.2, —0.1, —0.4).

We set the sampling period 7' = 0.001, and the number
of points is taken as n = 3 and

(Z10 §10 Z10) = (0.20.1 —0.2),
(%20 Yoo Z20) = (0.30.20.1),
(%30 Y30 Z30) = (—0.10.3 —0.1).

Let the noise variance be chosen to be R = o2l with
o = 0.0001, respectively. Now using the EKF denoted
by (3.10), parameters in (4.4) have been estimated and
plotted in Fig. 2. Let the dotted lines denote the true
values and let the solid lines indicate the estimated val-
ues. The simulation of the EKF is shown to be close to
the true value. It follows from Fig. 2 that parameters
are estimated with quite an accuracy.

5 Conclusion

In this paper, we have introduced canonical forms for
perspective dynamical systems under the action of a
perspective group assuming both unknown camera cal-
ibration case and known camera calibration case. In the
former case we show that the problem is related to the
classical Kronecker indices. We also observe in this case
that because the calibration parameters are not known
apriori the associated perspective group describes or-
bits of “large” dimension. Hence the number of iden-
tifiable parameters are quite small (7, 5 and 9 in our
examples) compared to the total number of parameters.
In the latter case, when the calibration parameters are
known, 11 of the possible 16 parameters under perspec-
tive projection are identifiable and has been identified
in our example. We parameterize orbits of the perspec-
tive dynamical systems, and show via simulation that
the parameters can be identified using an EKF. In this
way, we provide a geometric framework to study the
problem of parameter identification of a linear dynamic
system with perspective and orthographic observations.
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