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Abstract

Recent results have provided a complete characteriza-
tion of all stabilizing PID controllers for a given plant.
This characterization has an elegant property: for a
given fixed proportional gain, the set of all stabilizing
integral and derivative gain values is the intersection
of the admissible solutions of sets of linear inequalities.
Based on this characterization, the design of non-fragile
PID settings for enhancing the robustness of the closed-
loop systems to perturbations in the controller coeffi-
cients is addressed.

1 Introduction

The PID controller is the most widely used control al-
gorithm in industrial applications. Over the past five
decades, many formulas have been proposed for PID
controller settings, such as Ziegler-Nichols step response
method [1], Ziegler-Nichols frequency response method
[1], and Cohen-Coon method [2]. These formulas were
obtained empirically based on extensive simulations of
a large number of simple and stable plants. Hence,
for arbitrary plants, these adhoc methods of design can
not guarantee the closed-loop stability. In other words,
these design formulas may give PID settings that are
dangerously close to the verge of instability or even lead
to closed-loop unstable.

A controller for which the closed-loop system is desta-
bilized by small perturbations in the controller coeffi-
cients is referred to as a “fragile” controller. Recent re-
sults in [3] have brought attention to the fragility prob-
lem of controllers. In practice, many controllers are
implemented digitally. Thus controller implementation
is subject to round off errors and finite word length in
numerical computations. Moreover, for any controller
design, it is necessary to make manual tuning to obtain
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the desired performance of a control system. There-
fore, the controller design must be able to tolerate some
perturbations in its coefficients. As forememtioned, the
classical PID controller design methods may give a very
fragile controller or even cause the closed-loop instabil-
ity. This is the motivation for us to design a non-fragile
PID controller which not only stabilizes the closed-loop
system but also allows to tolerate some controller un-
certainties. Recent results [4] have provided a computa-
tionally efficient characterization of all stabilizing PID
controllers for any given plant. The characterization
for PID controllers involves the solution of a linear pro-
gramming problem. These results were in turn based on
a fundamental and new result generalizing the classical
Hermite-Biehler Theorem [5] to the case of not neces-
sarily Hurwitz polynomials. This characterization has
an elegant property: for a given fixed proportional gain,
the set of all stabilizing integral and derivative gain val-
ues is the intersection of the admissible solutions of sets
of linear inequalities. Based on this characterization, a
linear programming design procedure proposed in [4] al-
lows us to enhance robustness of the closed-loop system
to perturbations in the PID controller coefficients. This
non-fragile controller design is to determine PID set-
tings which give the maximum [, stability margin with
respect to the plane of stabilizing integral and deriva-
tive gain values. The aim of this paper is to extend this
earlier result to the case of the three-dimensional space
of stabilizing proportional, integral and derivative gain
values.

The paper is organized as follows. In Section 2, we
state the results on the characterization of all stabiliz-
ing PID controllers. In Section 3, we show that the clas-
sical PID design methods may give a controller which is
very fragile or even leads to the closed-loop instability.
In Section 4, we propose an algorithm for setting a PID
controller which not only stabilizes a given plant also
is robust to perturbations in the controller coefficients.
An illustrative example is also included. Finally, Sec-
tion 5 contains some concluding remarks.



2 The Results on the Characterization of All
Stabilizing PID Controllers

In this section, we state the earlier results on the char-
acterization of all stabilizing ideal PID controllers for a
given plant. For details, the reader is referred to [4].

We first introduce the standard signum function sgn :
R — {—1,0,1} defined by

—lifz <0
sgnlz] = Oifz=0
lifz > 0

Let §(s) = 6o + 615 + --- + d, 8™ be a given real poly-
nomial of degree n. Let C~ denote the open left-half
plane and C* the open right-half plane. Let [(d(s)) and
r(6(s)) denote the numbers of roots of §(s) in C~ and
C™ respectively.

To this end, consider the feedback system shown in Fig-
ure 1. Here r is the command signal, y is the output,
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Figure 1: Feedback control system.

N(s)
D(s)

G(s) =

is the plant to be controlled, N (s) and D(s) are coprime
polynomials, and C(s) is the controller to be designed.
C'(s) is the ideal PID controller as:

ks
C(s) =kp+ . + kgs.

The closed loop characteristic polynomial becomes

5(8, kp, ki, kq) = sD(s) + (ki + kas®)N(s) + kpsN(s).

(1)
The problem of stabilization using a PID controller is
to determine the values of kp, k; and kg4 for which the
closed loop characteristic polynomial 6(s, kp, ki, kq) is
Hurwitz. Consider the even-odd decompositions

N(s) = N.(s%)+ sN,(s?)
D(s) = D.(s*) +sD,(s?).

Define
N*(s) = N(—s) = N.(s%) — sN,(s?).

Also let n, m be the degrees of 0(s, kp, ki, kq) and N (s)
respectively. Now, multiplying d(s, kp, ki, kq4) by N*(s)

we have

8(s,kp, ki, ka)N*(s) = [$*(Ne(s*)D,(5%)
—D.(5*)No(5))
+(k; + kqs® )(Ne(s )Ne(SQ)
—5"No(5?)No(s%))]
+5[D.(s*)N.(s%)
—52D,(s%)N,o(s%)
+hp(Ne(s*)Ne(s%)
—5" Ny (5?)No(s%))]. (2)

Substituting s = jw, we obtain

(jw, kp, ki, ka)N*(jw) = plw, ki, kq) + jg(w, kp)
where
p(w, ki, ka) = pi(w) + (ki — kaw®)p2(w)
q(w, kp) = q(w)+kpge(w)
pr(w) = —w(Ne(~w?)Dy(—w?)
e(_w2)N0(_W2))
p(w) = Ne(—w?)Ne(—w?)
+w? N, (—w?)N,(—w?))
¢i(w) = w(De(-w’)Ne(-w?)
w2 Dy (—w?)Ny(—w?))
G2(w) = WlN(—w?)Ne(-w?)
+w? N, (—w?)N,(—w?)).
Also, define
pr(w, kiska) = %
4w k)
qr(w, kp) = (1+w2)m T

Before formally stating our main result on PID stabi-
lization, we first introduce some definitions.

Definition 2.1 Let m, n, qr(w,kp) be as already de-
fined. For a given fized k;,, let 0 =wp < w1 < wy <

< wi—1 be the real, non-negative, distinct finite
zeros of qf(w, kp) with odd multiplicities'. Define a se-
quence of numbers iy, 4,02, -, as follows:
(i) If N*(jws) = 0 for some t = 1,2,---,1 — 1, then
define

’L.t = 0,

(i) If N*(s) has a zero of multiplicity ky, at the origin,
then define

in = sgnlpi") (0)]

Note that these zeros are independent of k; or kg.



where
p1(w)
pi,(w) = N CED)
f (1+w2)( -2i- )
b
Py (0) = o @)=

(iii) For all othert =0,1,2,---,1,
i € {—1,1}.

With ig, i1, - - -
as

{{20)217"'72-1}}
Ak, { (ionin, i1 }}

In other words Ay, is the set of all possible strings of
1’s, 0’s and -1’s, whose length is | or l + 1 depending
on the value of n + m, and subject to the restrictions
outlined in (i), (ii) and ().

defined in this way, we define the set Ay,

if n 4+ m is even
if n +m is odd.

Next we introduce the set Ay, (v) of strings in Ay, with
a prescribed “imaginary signature” 7. To do so, we
first need to define the “imaginary signature” vy(Z) as-
sociated with any element 7 € A,. This definition is
motivated by Theorem 2.1 to follow.

Definition 2.2 Let m, n, q(w, kp), qr(w, kp) be as al-
ready defined. For a given fized kp, let 0 =wp < wy <
wy < -+ < wp—1 be the real, non-negative, distinct
finite zeros of q¢(w, kp) with odd multiplicities. Also de-
fine wy = oo. For each string T = {io,i1,---} in Ay, let

v(Z) denote the “imaginary signature” associated with
the string T defined by

{Zg — 221 + 222 + - ( )l 122-171
+(=D'ig} - (1) sgnlg(c0, kp)]
for m +n even
(@) : = (3)
{ig — 201 + 2t + -+ (—1)l712il,1}
(=)' sgn[q(o0, ky)]
for m +n odd

\

Definition 2.3 The set of strings in Ay, with a pre-
scribed imaginary signature v = ¢ is denoted by
Ap, (V). For a given fized k,, we also define the set
of feasible strings for the PID stabilization problem as

Fy, = Ap,(n=((N(s)) = r(N(5)))):

We are now ready to state the main result of this sec-
tion.

Theorem 2.1 (Main Result on PID Stabilization) The
PID stabilization problem, with a fized k,, is solvable

for a given plant with transfer function G(s) if and only
if the following conditions hold:

(i) Fy  is not empty where Fy; is as already defined,
ie., at least one feasible strmg ezists

and

(it) There ezists a string T = {io,i1,---} € Fy and
values of k; and kg such thatVt=20,1,2,--- for ‘which
N*(juwr) #0

p(wtakiakd)it > 0. (4)

where p(w, ki, kq) is as already defined. Furthermore, if
there exist values of k; and kq such that the above con-
dition is satisfied for the feasible strings I,,Zs,---,Zs €
Fy , then the set of stabilizing (ki,kq) values corre-
sponding to the fized k, is the union of the (k;, kq) val-
ues satisfying (4) for T, Ia, - -+, Is.

Remark 2.1 It should be noted that since the con-
straint set is linear, the admissible set for (4) is ei-
ther a convex polygon or an intersection of half planes,
which is again a convex set. Therefore, for each fized
kp, the region in the (k;, kq) plane, if any, for which
3(s, kp, ki, ka) is Hurwitz is a union of convex sets.

3 Fragility of PID Settings Using Classical
Tuning Methods

Over the past decades, several PID design methods
have been developed for industrial use. Most of these
design techniques require very little knowledge of the
plant and also simple formulas are given for controller
parameter settings. These formulas are obtained by ex-
tensive simulations of many stable and simple plants. In
this section, using the characterization of all stabilizing
PID controllers stated in the last section we assess the
stability of PID controllers design using classical tuning
methods. In particular, we focus on the Ziegler-Nichols
frequency response design method [1].

The Ziegler-Nichols frequency response method is a
closed-loop tuning method. This method first deter-
mines the point where the Nyquist curve of the plant
G(s) intersects the negative real axis. It can be ob-
tained experimentally in the following way: Turn the
integral and differential actions off and set the con-
troller to be in the proportional mode only and close
the loop. Slowly increase the proportional gain k, and
observe the system output response y. This action re-
quires changing k, in step increments and waiting for
steady-state in the system output, before further incre-
ments in k, are made. When a value of &, leads to a
periodic oscillation in the output, this critical value of
ky is called ultimate gain (k,). The resulting period of
the oscillation is referred to as the ultimate period (T),).
Based on k, and Ty, the Ziegler-Nichols frequency re-
sponse method gives simple formulas for setting PID



controller parameters as follows:

ky, = 0.6k,
1.2k,
o=
ke = 0.075k,T, . (1)

Now we present two examples to show fragility of the
Ziegler-Nichols frequency response design method using
the results stated in the last section.

Example 3.1 Consider the problem of choosing stabi-

lizing PID gains for the plant G(s) = gg:; where

D(s) = 0.8s>+42s5+1
N(s) = —-4s+1
and
ki
C(S) = kp+ ; +kd8

The closed loop characteristic polynomial is
5(8, kp, ki, kq) = sD(s) + (ki + kas®)N(s) + kpsN(s).

The task is to determine those values of k,, k; and kg,
if any, for which §(s, kp, ks, kq) is Hurwitz. To do so,
first using the root locus ideas presented in [4], the range
of kp values over which the sweeping needs to be car-
ried out was narrowed down to k, € (—1, 1.1). Then
by sweeping over k, € (—1, 1.1) and using the results
of the last section, we obtained the stabilizing set of
(kp, ki, ka) values sketched in Fig. 2.
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Figure 2: The stabilizing region of (k,, k;, kq) values.

Now let us examine where in this plot, the parameters
obtained from the Ziegler-Nichols frequency response
design would be located. For the plant of this example,
the ultimate gain K, = 1.05 and the ultimate period

T, = 3.925. Hence, using the Ziegler-Nichols frequency
response formulas, we obtain k, = 0.63, k; = 0.321,
and kg = 0.3091. Now for k, fized at 0.63, the set
of stabilizing (ki, kq) values can be obtained from Fig.
2. This set is sketched in Fig. 3. From Fig. 3 it is
clear that for this example, the PID controller parame-
ters obtained by the Ziegler-Nichols frequency response
method are outside of the stabilizing region. It leads to
the closed-loop instability.
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Figure 3: The stabilizing set of (k;, kq) values when
kp, = 0.63; x denotes the parameters cor-
responding to the Ziegler-Nichols frequency
response method.

Example 3.2 Again, we consider PID settings using
the Ziegler-Nichols frequency response method for the
plant G(s) where

1
G(s) = .
(s) st 4+ 953 41952 4+ 75+ 6

For this plant, the ultimate gain K, = 8.1728 and
the ultimate period T,, = 7.1246. Hence, using the
Ziegler-Nichols frequency response formulas, we obtain
k, = 4.9037, k; = 1.3765, and kq = 4.3671. For
kp = 4.9037, using the results stated in the last section,
we are able to obtain the set of all stabilizing (k;, ka)
values. This stabilizing set is sketched in Fig. 4. From
Fig. 4, it shows that the PID controller parameters ob-
tained by the Ziegler-Nichols frequency response method
are closed to the stability boundary. In this case, the re-
sulting PID controller is, therefore, a fragile controller.

4 Design of Non-Fragile PID Settings

From the previous section, we know that classical tun-
ing methods may give PID controller parameters that
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Figure 4: The stabilizing set of (k;, k4) values when
kp, = 4.9037; x denotes the parameters cor-
responding to the Ziegler-Nichols frequency
response method.

are closed-loop unstable or dangerously close to stabil-
ity boundary. Since any controller that is to be prac-
tically implemented must necessarily be non-fragile so
that (1) round off errors and finite word length during
implementation do not destabilize the closed loop; and
(2) the tuning of the parameters about the nominal
design values is allowed. This motivates us to design
non-fragile PID controllers for which the closed-loop
systems are not destabilized by small perturbations in
PID settings.

Before proceeding further, we should note that for a
given plant and a fixed kp, the set of stabilizing (k;,
kq) values are the admissible solutions of sets of linear
inequalities in terms of k; and k4. Thus, for a fixed k&,
the stabilizing regions of (k;, kq) values are either con-
vex polygons or half planes. Based on this parametric
structure, our objective now is to choose (kp, ki, kq) to
be at the center of the ball of largest radius inscribed
inside the stabilizing region. The radius of this ball is
the maximum [, parametric stability margin to accom-
modate perturbations among the controller parameter
space.

We first consider the problem of finding a circle inside a
convex polygon. Consider the general m-sided polygon
illustrated in Fig. 5. This polygon can be represented
analytically by a set of linear inequalities:

P ={z|a;"x < b;i=1,...,m}
where each inequality generates the half plane contain-

ing one side of the polygon. Now consider a circle C
with radius r. Then we have the following Lemma:

Figure 5: A circle C inside a polygon P.

Lemma 4.1 [6] Circle C will lie in P if and only if
aiT:If'C + THG’ZH S bi7 (Z = 17 7m) (1)

is feasible, where the feasible solution x. is the corre-
sponding center of C.

From Lemma 4.1, we have that the problem of find-
ing the largest circle C inside a polygon P is a Linear
Programming (LP) problem:

maximize r
subject to a; x. + r||ai|| < bi, (i =1,...,m).(2)

Based on (2), a systematic procedure was proposed in
[4] for determining PID settings which give the maxi-
mum /> stability margin with respect to the stabilizing
ki-kq plane. It is of interest to extend this earlier re-
sult one step further to the one with the maximum [,
stability margin in the stabilizing k,-k;-kq space. To
do so, we consider a ball B with radius r and center at
(Tk,, Tk;» ;). Denote Cg to be a circle with radius
rcos B, center at (zy, +rsinf, ry,, r1,) and parallel to
the k;-kq plane. Circle Cy is as illustrated in Fig. 6. It
is clear that

™
B =UCy, V8 € [—=, ] 3
pVoe-Z, 2 3)
Now consider Cy with fixed zj, and 6 so that k, =
oy, +rsind is fixed. Let the stabilizing (k;, kq) region
associated with k, be given by

Py = {z]ag, Tz < bg,,i=1,....my}.

Using Lemma 4.1, consequently we have Cy lies inside
the stabilizing region Py if and only if

ag, Lz, +rcoshas,| < by, (i=1,....,mg) (4)
is feasible. We denote the set of the feasible solutions of
(4) to be Sy. From the geometrical structure, we know
that for all § € [-F, 7] the set of Cy is concentric about
kp-axis. Since Sy is the set of the (k;, kq) coordinates
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Figure 6: A ball B and the definition of circle Cy.

of the centers associated with Cy, it follows that B lies
inside the stabilizing (kp, k;, kq) region if and only if
Tow

nSe # 0, V€[5, 3l

Above observations suggest a bisection algorithm for
determining the maximum [» parametric stability mar-
gin while k), is fixed. Let r,; be the upper bound for
r. Since we have the complete characterization of all
stabilizing (kp, k;, kq) values, we are able to determine
the stabilizing range of &, explicitly. Let us assume all
stabilizing kp, € [kp,....» kpma.]- Thus for a fixed kp, ryup

Pmaz

can be easily found by the following;:

rup = min(ky — Kp,ins Kpoae — kp)-

Then the bisection algorithm is given as follows:

Step 1: Set rp =0 and ry = ryp;
) _ rotry.
Step 2: Set r = "L

Step 3: Sweeping over all 6 € [~7, ] and solv-
ing the feasibility problem of (4) for Sy at
each stage;

Step 4: If NSy # 0, VO € [-F, 7] then set rp =

r; otherwise set ry = r;

Step 5: If |ry—ry| < specified level then STOP;
otherwise GOTO Step 2.

The above algorithm can be applied to determine the
maximum [, parametric stability margin for any fixed
kp. Moreover, we can sweep over k, and choose that
value of k, that gives the largest radius of the inscribed
ball. Setting the (k,, ki, kq) values at the center of
this ball will yield the maximum [, parametric stability
margin with respect to (kp, ki, kq). The following
example illustrates the steps involved.

Example 4.1 Consider the same plant as the one used
in Example 3.1, i.e.,

—4s +1

G =82 ra251

As in Example 3.1, we conclude that for the existence
of stabilizing (ki, kq) values, k, must lie in (=1, 1.1).
We then sweep over k, € (=1, 1.1) and find the largest
ball inscribed in the stabilizing region (ky, k;, kq) with a
fized k,, at each stage using the proposed bisection algo-
rithm. Thereafter we can choose the ball with the largest
radius. Following this procedure we determined that the
ball with the largest radius occurs at k, = 0.74488 and
its center is located at k, = 0.74488, k; = 0.18537, and
kq = 0.01463. The radius of this ball is r = 0.18537.

5 Concluding Remarks

The classical PID design methods may give PID set-
tings which are either closed-loop unstable or danger-
ously close to instability. In this paper, a PID controller
design which not only stabilizes the closed-loop system
but can also tolerate perturbations in controller coeffi-
cients was presented. The design procedure was to ex-
tend an earlier result in [4] to determine PID settings
where the maximum [, parametric stability margin oc-
curs in the stabilizing kp-k;-kq space. The extension of
this result to the robust non-fragile PID controller de-
sign for plants with structured parametric uncertainties
and controllers with coefficient perturbations is a topic
for further investigation.
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