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Abstract

In this paper we develop an adaptive dynamic in-

verting controller with guaranteed closed loop stabil-

ity for partially or completely unknown nonlinear non

aÆne dynamic systems. We assume full state feedback

and no zero dynamics. A single hidden layer neural

network is used to approximate the inverse map, and

a stable adaptive scheme is used to update on-line the

neural network weights. Stability is guaranteed by in-

troducing a robust adaptive bound. The performance

of the adaptive scheme is demonstrated in a tracking

task controller design and simulation for the nonlinear

Van der Pol oscillator.

Introduction

In this last decade there has been a great deal of

research in the control of highly uncertain dynamic

systems. The leading methodology has been adaptive

nonlinear control. Its application to linearly parame-

terized system uncertainty has developed into system-

atic approaches based on either feedback linearization

or back-stepping [11, 15, 25]. Extensions to nonlin-

early parameterized uncertainties have been possible

by employing arti�cial neural networks in the feed-

back loop [8]. Adaptive control using on-line function

approximators for feedback linearizable systems has

proven to be a very e�ective way to design controllers

based on a very crude knowledge of the system dynam-

ics.

Adaptive control of feedback linearizable systems

was �rst introduced by Sastry et al. [24] and Taylor

et al. [27]. Neural networks (NNs) for identi�ca-

tion and control were �rst proposed by Narendra and

Parthasarathy [17]. Results in this initial research

were limited to simulation, and no proofs of stability in

the closed loop were provided. First results in proving

stability of on-line feedback linearizing adaptive neu-

ral network augmented controllers were obtained by

Chen and Khalil [4] for discrete time systems, and by

Chen and Liu [5] for continuous time systems. Sanner
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and Slotine [22] proposed the use of radial basis func-

tion neural networks in conjunction with the computed

torque method approach. A stability proof is provided

using sliding mode control. Lewis et al. [28, 13, 14] de-

veloped novel adaptive control update laws for an on-

line Single Hidden Layer (SHL) neural network based

on Lyapunov analysis. These results were limited to

aÆne in control nonlinear systems. Calise et al. [10, 3]

removed the aÆne in control restriction by developing

a dynamic inversion based control architecture with

linearly parameterized neural networks in the feedback

path to compensate for the inversion error introduced

by an approximate inverse. Extensions of this work

to SHL neural networks can be found in [16]. Flight

testing has been carried out using this control architec-

ture on the X 36 aircraft, demonstrating both greater

performance than the baseline dynamic inverting con-

troller, and superior fault tolerance ability [2].

Relevant contributions in adaptive neural net-

work theory were also introduced by Rovithakis and

Christodoulou [21] and by Polycarpou [18, 19]. In

particular, Polycarpou introduced the use of a robust

adaptive gain to compensate for neglected higher or-

der terms in the Taylor series expansion of the neural

network output. This expansion is necessary for im-

plementable update laws, and the advantage of the

adaptive bounding approach proposed by Polycarpou

is that only the functional dependence of these higher

order terms is needed, not their magnitude. Speci�-

cally, there is no need to know the upper bound on the

neural network weight matrices.

More recently, Zhang et al. [29] have extended the

use of Lewis' SHL adaptive laws to nonaÆne sys-

tems and analyzed transient performance. A very

interesting approach using piecewise linear approxi-

mators has been presented by Choi and Farrel [6].

Also, Rovithakis [20] introduced a dynamic neural net-

work for inverse control of aÆne systems by developing

adaptive laws based on Lyapunov analysis.

In this paper we extend the results in [19] to non

aÆne nonlinear dynamical systems and specialize the

function approximator to the SHL neural network. We

explicitly construct adaptive update laws from Lya-



punov analysis. Boundedness of the signals is proven

by introducing a robust adaptive control component.

The paper is organized as follows: �rst we present

the dynamic system and dynamic inversion for non

aÆne systems; next we introduce the single hidden

layer neural network model and the stability analysis.

Then we present simulation results of the proposed

controller in a tracking task. Summary and concluding

remarks are given at the end.

Dynamic inversion and derivation of the error

dynamics

Consider the following nonlinear system in

Brunovsky form:

_xn = f(x; u) + d

where x 2 R
n, u 2 R, f is suÆciently smooth, and

d 2 L1, i.e. jdj � �
�, �

�
> 0.

Assumption 1. There exist positive constants

f
L
; f
U
; H such that

0 < f
L
�
@f(x; u)

@u
� f

U
; (1)

and ���� ddt @f(x; u)@u

���� � H <
�min(Q)

�max(P )
f
L
; (2)

for (x; u) 2 
�R, with 
 � R
n, where Q;P are posi-

tive de�nite matrices that will be de�ned in the sequel.

The condition in Eq.(2) is needed in the stability anal-

ysis.

Consider the following state dependent transformation

_xn = v

v = f(x; u); (3)

where v is commonly referred to as the pseudo control.

The pseudo control is chosen in this derivation as a

linear operator. In general, it may also be nonlinear,

for example including a sliding mode component [23,

26].

The transformation in Eq.(3) is de�ned locally by

invoking the implicit function theorem [1]. Since the

pseudo control v is in general not a function of the

control u but rather a state dependent operator, by

Assumption 1 we have

@[v � f(x; u)]

@u
6= 0: (4)

The fact that the expression in Eq.(4) is non singular

implies that in a neighborhood of every (x; u) 2 
�R

there exists an implicit function �(x; v) such that

v � f(x; �(x; v)) = 0: (5)
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Fig. 1 Controller Architecture.

Since Assumption 1 holds in a domain 
�R, we could

consider the union of all such neighborhoods and ex-

tend the existence of the transformation to the entire

domain. Let

u
� �
= �(x; v) = f

�1(x; v): (6)

Before proceeding to the construction of the error

equation consider the following remark.

Remark 1. For systems that are aÆne in the con-

trol as

_xn = f(x) + g(x)u

the ideal feedback linearizing law is given by

u
� =

�f(x) + v

g(x)
:

This feedback linearizing law is de�ned for all (x; u) 2


�R as long as g is bounded away from zero, whereas

in the non aÆne case we can only invoke the im-

plicit function theorem for local existence (although

we could consider the union of all neighborhoods to

extend the result). The analysis in this paper is there-

fore equally applicable to aÆne in control systems.

With reference to Fig. 1 de�ne the tracking error e =

x
f � x

�
= e1; the error dynamics can be written in the

following form

_ei = ei+1; i = 1; : : : ; n� 1

_en = _xfn � f(x; u)� d:

By invoking the mean value theorem there exists a real

number �,with 0 < � < 1, such that

f(x; u) = f(x; u�) +
@f(x; u)

@u

���
u=u�

(u� u
�);

with u� = �u + (1 � �)u�. Introduce the short hand

notation for the partial derivative fu
�
= @f

@u

���
u=u�

. The

n
th equation in the error dynamics becomes

_en = _xf
n
� f(x; u�)� fu(u� u

�)� d:



Based on the transformation introduced in Eq.(3), we

know that for u� = f
�1(x; v) we have f(x; u�) = v.

Using this fact in the error dynamics

_en = _xfn � v � fu(u� u
�)� d:

Let the control u be de�ned as follows:

u
�
= f̂

�1(x; v) + uad + �u; (7)

where f̂�1(x; v) is an arbitrarily poor approximation

of the unknown function f�1(x; v), uad is a neural net-

work based adaptive signal, and �u is a robust adaptive

term.

Assumption 2. When introducing an approxi-

mate inversion model, experience has shown that it

is best to satisfy the following condition

sign

 
@f̂(x; u)

@u

!
� sign

�
@f(x; u)

@u

�

for all (x; u) 2 
�R.

Remark 2. The choice of an approximate inverse

in Eq.(7) is not required. In the absence of any in-

formation about the system dynamics except for the

sensitivity as of Assumption 2, the control may as well

be de�ned as

u
�
= v + uad + �u: (8)

The controller architecture with the de�nition of the

control u using an approximate inverse as in Eq.(7) is

shown in Fig. 1. In this block diagram we have in-

cluded the command �lter, a linear transfer function

that generates the �ltered command and its derivatives

that are needed in the construction of the pseudo con-

trol v. Substituting the control law and the expression

for u� in the nth equation of the error dynamics:

_en = _xf
n
� v � fu [uad ��(x; v) + �u]� d;

where the inversion error �(x; v) is de�ned as

�(x; v)
�
= f

�1(x; v) � f̂
�1(x; v):

The pseudo control v is designed as

v
�
= _xfn + kn�1en�1 + � � �+ k1e1 + �v; (9)

where �v is a nonlinear term introduced to reject the

disturbance d, such that the error dynamics can be

written in matrix form

_e = Ae� b (fu [uad ��(x; v) + �u] + �v + d) ; (10)

for e = [ e1 e2 � � � en ]T , b = [ 0 0 � � � 1 ]T ,

and A a Hurwitz matrix with the following structure:

A =

2
666664

0 1 0 � � � 0

0 0 1 � � � 0
...

...
...

. . .
...

0 0 0 � � � 1

�k1 �k2 �k3 � � � �kn�1

3
777775 :

Since A is Hurwitz, a unique positive de�nite solution

P to the following Lyapunov equation exists

A
T
P + PA = �Q; (11)

where Q is any positive de�nite matrix.

Neural Network Augmentation and Stability

Analysis

In this section we analyze the neural network ap-

proximation of the inversion error function �(x; v) and

we present the uniform boundedness analysis of all sig-

nals in the closed loop.

The input-output map of a SHL perceptron can be

written in matrix form as [12]

y =M
T
�(NT �x);

where the weight matrices include the bias in the �rst

row. The squashing function � is de�ned as:

�(z) =
1� e

�az

1 + e�az
:

The factor a is known as the activation potential.

Based on the universal approximation property of

SHL NN [9, 7] there exists a set of NN weightsM and

N such that the nonlinear approximation error �(x; v)

can be approximated by its output as

M
T
�(NT �x) = �(x; v) � �(�x)

for all (x; v) 2 D, D � R
n+1, and the approximation

error is bounded as

j�(�x)j �  
�

�

where  
�

� > 0 is an unknown constant, and �x =

[ x v ]T . In the above expressionsM and N indicate

constant parameter values that minimize j�(�x)j. These

values are not necessarily unique.

Let M̂ and N̂ be the estimates of M and N respec-

tively, and M0; N0 the initial value of these estimates.

Let uad be the output of a SHL neural network

uad
�
= M̂

T
�(N̂T �x): (12)



Then the error dynamics in Eq.(10) can be written as

_e = Ae� b
�
fu

h
M̂

T
�(N̂T �x)

�M
T
�(NT �x) + �u� �(�x)

�
+ �v + d

�
;

De�ne ~M = M̂ �M , ~N = N̂ �N . In order to back-

propagate the estimation error through the NN hidden

layer consider the Taylor series expansion of �(NT �x)

about N̂T �x:

�(NT �x) = �(N̂T �x)� �
0(N̂T �x) ~NT �x+O(� ~NT �x)2:

Following the procedure presented in [13, 29] it can

be shown that the following holds:

M̂
T
�(N̂T �x)�M

T
�(NT �x) =

~MT (�̂ � �̂
0

N̂
T �x) + M̂

T
�̂
0 ~NT �x+ w

where �̂
�
= �(N̂T �x), �̂0 is the Jacobian of �̂, and the

higher order terms included in w are bounded as fol-

lows

jwj � kNkFk�xM̂
T
�̂
0

kF + kMkk�̂
0

N̂
T �xk+ kMk1;

where "F" stands for Frobenius norm and "1" for the

1 norm. This bound can be re-written as follows:

jwj �  
�

w
sw(N̂ ; M̂ ; �x);

where

 
�

w

�
= maxfkNkF ; kMk; kMk1g;

sw(N̂ ; M̂; �x)
�
= k�xM̂T

�̂
0

kF + k�̂
0

N̂
T �xk+ 1:

Note that  w is an unknown coeÆcient and sw is a

known function. Substituting the Taylor series expan-

sion in the expression for the error dynamics we obtain

_e = Ae� b
�
fu

h
~MT (�̂ � �̂

0

N̂
T �x)

+M̂T
�̂
0 ~NT �x+ �u+ w � �(�x)

i
+ �v + d

�
;(13)

De�ne

�
�
= eTPb: (14)

In the proof of stability we will use the following result:

Lemma 1. Let M ,M̂ ,M0, and ~M be matrices in

R
n�m with ~M

�
= M̂ � M . Then the following fact

holds:

tr
h
~MT (M̂ �M0)

i
=

1

2
k ~Mk

2

F +
1

2
kM̂ �M0k

2

F

�
1

2
kM �M0k

2

F

Proof: Direct expansion and manipulation of the

right hand side is suÆcient to prove the equality.

Theorem 1. Consider the domain 
 containing the

origin. Then the feedback control law given by

u = f̂
�1(x; v) + uad + �u;

where uad = M̂
T
�̂(N̂T �x), �u =  s

� tanh
�
2�s

�

Æ

�
, �v =

�sgn(�), v and f̂�1 are de�ned in the previous section,

with the following adaptive laws

_̂
N = G

h
2�x�M̂T

�̂
0

� �N j�j(N̂ �N0)
i

_̂
M = F

h
2(�̂ � �̂

0

N̂
T �x)� � �M j�j(M̂ �M0)

i
_ = 
 

�
2�s� tanh

�
2�s�

Æ

�
� �j�j( �  0)

�
_� = 
� [2j�j � ��j�j(� � �0)] ;

for s�
�
= 1+sw,  

�

max

�
= maxf �

�
;  

�

w
g, F;G; 
 ; 
� > 0,

�M ; �N ; �; Æ > 0, guarantees that all signals in the

closed loop system are uniformly bounded and that

the tracking error e is uniformly ultimately bounded.

Proof: Let ~ 
�
=  �  

�

max
and ~�

�
= � � �

�.

Let  0; �0 denote the initial estimates of  and � re-

spectively. Consider the following Lyapunov function

candidate V

V =
eTPe

fu
+

1

2
tr( ~MT

F
�1 ~M) +

1

2
tr( ~NT

G
�1 ~N)

+
1

2
~ 
�1
 

~ +
1

2fU
~�
�1
�

~�: (15)

The derivative of V along the trajectories of Eq.(13)

after substituting the adaptive laws is:

_V = �
eTQe

fu
�
eTP _fue

f2
u

� �M j�jtr ~M
T (M̂ �M0)

��N j�jtr ~N
T (N̂ �N0)� 2� [�u+ w � �(�x)]

+ ~ 

�
2�s� tanh

�
2�s�

Æ

�
� �j�j( �  0)

�

�
2�

fu
[�v + d] +

~�

fU
[2j�j � ��j�j(� � �0)] :

The derivative is bounded by

_V � �
eT [�min(Q)�H�max(P )=f

L]e

fu

��M j�jtr ~M
T (M̂ �M0)� �N j�jtr ~N

T (N̂ �N0)

��j�j ~ ( �  0)� ��j�j
~�(� � �0)

+2j�j��
�
1

fL
�

1

fU

�
+  

�

max
�Æ;



where we have used the fact that 0 � j�j�� tanh
�
�

Æ

�
�

�Æ, and � = 0:2785 (refer to [18, 19] for more details).

By using Lemma 1, it is straightforward to show that

the following bound holds:

_V � �[�min(Q)�H�max(P )=f
L]
eTe

fu

+
�M

2
j�jkM �M0k

2

F + j�j
�N

2
kN �N0k

2

F

+
�

2
j�jj 

�

max �  0j
2 +

��

2
j�jj�

�

� �0j
2

+2j�j��
�
1

fL
�

1

fU

�
+  

�

max
�Æ:

De�ne

�Z =
�M

2
kM �M0k

2

F
+
�N

2
kN �N0k

2

F

+
�

2
j 
�

max
�  0j

2 +
��

2
j�
�

� �0j
2

+2��
�
1

fL
�

1

fU

�
;

then

_V � �[�min(Q)�H�max(P )=f
L]
ke2k

fu

+kekkPbk �Z +  
�

max�Æ:

De�ne �
�
=

[�min(Q)�H�max(P )=f
L
]

fu
. This last bound

can be reduced to

_V < 0

provided

kek >
kPbk �Z +

p
(kPbk �Z)2 + 4� �

max
�Æ

2�
:(16)

This condition implies uniform ultimate boundedness

of the tracking error and uniform boundedness of
~M; ~N; ~ ; ~�. The compact set in Eq.(16) can be made

as small as desired by increasing the gains in the linear

control design. A proper choice will ensure this set to

be contained in the domain D.

Simulation Results

To illustrate the performance of the proposed adap-

tive controller, we consider a Van der Pol oscillator

with the following dynamics�
_x1
_x2

�
=

�
0 1

�� �

� �
x1

x2

�
+

�
0

1

�
u

+

�
0

1

�
[(x2

1
+ x

2

2
)�(u) � �x

2

1
x2] + d;
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Fig. 2 Tracking Performance with/without NN.
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where �(u) = (1 � e
�u)=(1 + e

�u) and d = 0:2 is

the disturbance. No approximate inversion is assumed,

which amounts to letting f̂�1(x; v) = v, reducing the

control law to

u = _x2c + kd~x2 + kp~x1 + uad + �u; (17)

where ~xi
�
= xic � xi, the subscript c denoting �l-

tered commands. The parameters in the dynamics are

� = 2�!, � = !
2, and � = j�j, for ! = 0:4�. The gains

are chosen as follows: kp = 1; kd = 2; F;G = I ; 
 =

0:01; �M ; �N = 0:01; � = 0:1; �� = 1; 
� = 0:1.

We employed 27 hidden layer neurons; the vector of

inputs to the neural network �x is chosen to include

the states and �ltered commands. The neural network

weights are initialized at zero, and the hyperbolic tan-

gent functions of each neuron are shifted by a constant

amount, i.e.

�(N̂T �x� �); (18)



where � is a vector of constant values that o�sets each

neuron. This values of � were chosen between -2.5 and

2.5 with 0.2 spacing. The motivation behind shifting

each neuron by a di�erent constant value comes from

the fact that distributing them over a certain domain

will cause each neuron to exhibit a di�erent activation.

Although the inner layer weights' bias can shift the

neurons, o�setting them causes the weights to move

in di�erent regions of the weight space. The transient

learning involves those neurons that are closer to the

activation region, and hence, although the gradient of

all neurons have the same sign, its magnitude varies

greatly due to the o�set.

Fig. 2 compares the performance of the baseline con-

troller (no NN) and the NN augmented controller. The

disturbance was not included in the linear control case.

Fig. 3 illustrates the weight histories, which reach a

nearly steady state value after 1 second, the history of

the adaptive bound gain  , the magnitude function s�

used in bounding the higher order terms in the Tay-

lor series expansion, and the history of the adaptive

bound on the disturbance d. It is worth noting that

this estimate is slightly bigger than the true value (0.3

vs. 0.2), thus ensuring disturbance rejection.

Conclusions

In this paper we have presented an adaptive feed-

back linearizing controller architecture that is appli-

cable to the control of nonlinear non aÆne dynamical

systems. A single hidden layer neural network is used

to estimate on-line the inverting control law. Update

laws are derived from Lyapunov analysis. The per-

formance of the controller is demonstrated in tracking

control of the Van der Pol oscillator.
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